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Abstract

This work is concerned with a class of Kirchhoff-Schrodinger-Poisson systems involving the critical
Sobolev exponent. By means of the variational method and the concentration compact argument, for
each positive integer k, the existence of k pairs of nontrivial solutions is established.

1 Introduction
Let Q be a bounded smooth domain of R3. Consider the system

—M ([, IVul?dz) Au+ ¢u = A|ul*u + f(z,u) in Q,
“A¢ = u? in Q, (1)
u=¢=0 on 02,

where A > 0 and M, f are continuous functions satisfying some conditions which will be given later.

The presence of the nonlocal term M ([, |Vul?dz) in (1) causes some mathematical difficulties and so
the study of such a class of problems is of much interest. This type of problems are closely related to the
following hyperbolic equation
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which was proposed by Kirchhoff [13] as a model to describe the transversal vibrations of a stretched string
by considering the subsequent change in string length during the vibrations. Recently, the Kirchhoff type
problems with or without critical growth have been investigated by many researchers, we cite here [1, 3, 8,
9, 10, 11, 12, 16, 21].

When M = 1, system (1) reduces to Schrédinger-Poisson system. Due to its importance in many physical
applications (see[5, 18]), it has received much attention in the recent years. Many interesting papers have been
devoted to the existence or multiplicity of solutions for (1), when A € {0,1} see for instance [7, 14, 15, 20].
In [4], Batkam and Junior studied the following Kirchhoff-Schrodinger-Poisson system

—(a+0b [, |Vul?dz) Au+ pdu = f(z,u) in €,
7A¢ = U2 in Qa (3)
u=¢=0 on 092,

with g = 1. The authors proved that (3) has at least three solutions. Furthermore, in case f is odd with
respect to u, they established the existence of unbounded sequence of solutions. Under the general singular
assumptions on f and by using the variational arguments, Li et al. [17], proved the existence and the
uniqueness of solutions for (3). In the critical case, to my knowledge, the existence of multiple solutions for
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system (1) has not investigated until now. Motivated by the above results, in this note we are interested in
finding multiple solutions by using the variational method and the concentration compact argument.
Throughout the paper, we assume the following conditions on the Kirchhoff function and the nonlinearity:

(my) M :[0,4+00) — [Mp, +00) is continuous for some My > 0;
(ma) 2M(t) > M(t)t for all t > 0, where M (¢ fo

)

(mg) There exist a > 0 and b > 0 such that M (¢) < a + bt for all ¢ > 0;
)
)

(f1) f(z,t) € C(Q x R,R) is odd in t;
(f2) f(x,t) = o(|t|?) as |t| — oo, uniformly in €2;
(fs) There exists an open o C Q of positive measure such that liminf,_ F(tﬁ b = = 0, uniformly in Q,

where F(z,t) fo f(x,s)ds;

(f4) There exist ¢ € [0,2) and a1, a2 > 0 such that

1
F(x,t) — Zf(x,t)t < a1+ asglt|? forall z € Q and t € R;

(f5) There exist r € (2,6) and by, by > 0 such that

F(x,t) < by + bolt|” for all x € Q and ¢t € R.

(f6) &(x) :=limsup,_,, F(;’t) is such that max{0,¢(x)} =: £ (x) € L®(Q).

The main result is the following theorem.
Theorem 1 Suppose that (m1) — (m3), and (f1) — (fa) hold, furthermore, one of conditions (f5) or (fs) is
verified. Then for each positive integer k, there exists Aj, > 0 such that system (1) admits at least k pairs of
nontrivial solutions for all X € (0, \}).

2 Auxiliary Results

We look for solutions in the Sobolev space Hg(€2) with the norm [|ul|? = [, |Vu|*dz. Denote

lul, = (/ |u|pda:) " forue LP(Q).
Q

Thanks to the Lax-Milgram theorem, for any u € HZ(Q2) the Poisson problem —A¢ = u? in 2, ¢ = 0 on
99, has a unique solution ¢, € Hg(2). Moreover, we recall the following lemma (see [15]).

Lemma 1 Let u € H}(Q). Then
1. ¢,(x) >0,z €
2. For allt >0, ¢, = t2¢,;
8. There exists Ay > 0 such that [, ¢, u*dx = [, |V, |[*dx < Agllu|*;
4. If up = u in H}(Q), then ¢, — ¢, in H(S2).
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By substituting ¢,,, system (1) reduces to following problem

=M ([o, |Vul?dz) Au+ ¢,u = Aul*u+ f(z,u) inQ,
u=0 on 0f).

The energy functional associated to (4) is given by

1~ 1
I(u) = 5M (/QVu|2da:> —i—Z/QqSuqua:— %/Q|u\6dx—/QF(ac,u)dx.

By assumptions of Theorem 1, I, € C*(Hg(Q)) and for all u,v € H} ()

(I\(u),v) = M </Q |Vu2da:> /QVquda: + A ¢ uvde — /\/Q lu|*uvds — /Q f(z,u)vdz. (5)

Lemma 2 Suppose that (my1) — (ma), (f1) — (f2), (fa) and one of conditions (fs) or (fs) hold. Then, for
any B > 0, there is A > 0 such that for all X € (0, A), the functional I satisfies the (PS). condition at every
level ¢ < B.

Proof. Let {u,} C H} () be a sequence such that Iy (u,) — ¢ < 3 and I} (u,) — 0.
We claim that {u,} is bounded. Indeed, we have ‘% — 0 as |[t| — oo, thus for given € > 0, there exists C. >
such that

|t|? < et® + C. for all t € R. (6)

Therefore assumptions (mz) and (fy) yield

c+on(1) +on(D|unl] > I/\(un)_i<l//\(un)7un>
> i\u 6—/<F(:cu)—1f($u)u)dx
= 12t g P gl T
> Al — a9 - a /|u 9z
Z gltnle —@m 2 |t
A 6
> < — 5a2> |unle — (a1 + a2C:)|Q.

12

A
Thus, choose € < o for some c;,cy > 0 and for n large enough

|un|g <1+ eof|unl|- (7)
On the other hand, by (m1), (f5) and Lemma 1 we have

Mo

1~ A
> lunll* < §M(||un||2) < glun\g + b1[Qf 4 bafun|; + ¢ + 0n(1).

Since r € (2,6), we can find C. > 0 such that [¢t|” < et® + C” for all t € R. Then

Mo

A
5 lun||? < <6 +Eb2> [ |8 + (b1 + b2CL)|Q + ¢ + 0n(1).

It follows from (7) that for some c3,cs > and for n large enough

M
7”’%”2 < cslun|| + ca.
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This shows that {u,} is bounded in H} ().
Now the hypothesis (f5) will be replaced by condition (fs). By (f2) we have

F(x,t
lim sup 7| (z,1)]

6 =0 uniformly in Q.
[t]—o0

This and (fs) imply that for any € > 0, there exists C. > such that
F(z,t) < (|€" oo +€)t2 + CctC. (8)

Therefore, by similar arguments as above, we show that {u,,} is bounded. Then, up to subsequence for some
u € Hy (),

Up — u in H(Q),

U, — U a.e. in €,

u, — u in L3(Q) for all s € [1,6), 9)

|Vu,|? = u weakly in the sense of measures,

u8 — v weakly in the sense of measures,

where 1 and v are nonnegative bounded measures on . Applying concentration compact result due to Lions
[19], we can find at most countable index set J and elements {x;};cs of Q such that

v=1|ul®+3,c;vibz;, V>0,
w2 Vul? + 30 1iba;, gy >0 (10)
S*I/;/B < for all j € J.
where
S, = inf ||u||2

ueH} ()\{0} |U|6

3
We claim that v; > ( 3 )2 for all j € J. Let j € J be fixed and for an arbitrary € > 0, choosing v, of
C§°(R?) such that 0 <1, <1
[ 1 ifze B(zj,e),
Ve(z) = { 0 if x ¢ B(zj,2¢),

and Vi, |oe < 2. Clearly (I5(un), ¥ un) = 0, (1), that is

2 2 2
M </Q |V, d:c) </Q u,,,Vu"Vz/}Eder/Qz/)E\VuM daz) +/Q¢unun1/)5dx
)\/Q|un|6w6dx—l—/Qf(%un)unz/Jde—i—on(l). (11)

By the Holder inequality, we have

lim sup /unVuan/Jde < limsup (/ Vun|2> (/ | 2| V), 2dx>
n— 00 Q n— oo
< o [ mervp.pas)
Q
< c'</" |V¢%de> (/ﬁ |uPdm>
B(:E]',E) B(IJV&)
) 5
< C|Vileowie (/ |u|6dx> —0ase— 0, (12)
B(xjve)
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where wg is the volume of B(0,1). In view of Lemma 1, ¢, — ¢,, in Hj(Q), thus

lim (bunuidm:/@tuzdx.
Q Q

n—oo

Since 1, is bounded in €2,

lim [ ¢, ulp.dz = / P u*tp.dr — 0 ase — 0. (13)
Q Q

n—oo

Using (f1) and that f(x, un)untp. — f(x,w)up, a.e. in 2, we have by compactness Lemma of Strauss [6]

lim [ f(x,up)uptp.de = / flzy,w)up . de — 0 ase — 0. (14)
Q

n—oo Q

Letting n — oo and € — 0 in (11), from (9) and (12)—(14) we obtain Myu; < Av;. Therefore (10) implies

M8, \ ?
Vj 2 b\ .

Now we prove that J is empty. Suppose by contradiction that there is 7 € J. Then

1

B+on(1) > c+0n(1):I)\(un)—ZU;(un),un)

A
> —|un|g—a1|§2|—a2/ |t |?da
12 o

A L,
> Al = a0 — as]0)] T /ugdx
12 o

therefore letting n — +o00 and using (9), we get

)\ — 6—g -\ 4
EV(Q) < B+ a1|Q 4+ a2l F v(Q)s. (15)

If v(Q) > 1, from the last inequality, we can write

— 12 —q =9
v(@) < = (8+ @l + a2 T ) v,

hence 6
_(12(B+alel+alel)) T
() < X —0 as A — 0.
If v(Q) < 1, then
_ 12 (ﬂ+a1|m+a2|9|ﬁ%)
v(Q) < as A — 0%,

- A

Since max (1, &) < %, in both above cases, there exists A > 0 such

MopS.

3
_ 2
v; <v(Q) < ( ) for all A € (0,A).
which is impossible and hence J = () for all A € (0, A). It follows that u,, — u in L5(2), thus

lim [ w’(u, —u)dx =0. (16)

n—oo O
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On the other hand, we see that

lim | f(x,un)(u, —u)de =0 (17)
n—oo Q
According to Lemma 1, we have
lim | ¢, up(up —u)dr =0 (18)
n—oo Q

Since (I'(up,), un —u) = 0,(1), by (mq) and (16)-(18) we deduce that

lim [ Vu,V(u, —u)dx =0.

n—oo Q
Similarly, we have

lim [ VuV(u, —u)dz = 0.

n—oo 0

So that u,, — u in H}(Q). =

3 Proof of Theorem 1

To this end, we need to ensure that I satisfies the conditions of the following version of Symmetric Mountain
Pass theorem [2].

Theorem 2 Let H=V ®&W be a real Banach space with dimV < oo. Assume that I € C*(H,R) is an even
functional verifying I(0) =0 and

(7) there exist a, p > 0 such that

inf I(u) > «;
u€dB,(0)NW

(i9) there exists a subspace E C H such that dimV < dimE and

mea%(I(u) < B for some 3> 0;

(#i1) the functional I satisfies (PS). for every ¢ € (0, 3).

Then I admits at least dimE — dimV nontrivial critical points.

Let {e1,e2,....} be a system of the normalized eigenfunctions of (—A, H(£2)). Consider the k-subspace
Vi = {e1,e2,...,er}

Then H}(Q) = Vi, & V. Moreover, for any s € [2,6) and o > 0 there exists ks, € N such that for all
k> ks
lu|$ < o|u||® for all u € V. (19)

Lemma 3 Assume that (mq), (f1) — (f2) and one of conditions (fs) or (fg) hold. Then, there exist o,p =
p(o),a, A > 0 such that Vk > k., and YA € (0, \),

inf I(u) > a.
u€dB,(0)NV,- Aw) 2
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Proof. By (f5), (m1) and (19), for all u € V;},

My A
B = M0 = 2 - b0 boful
M, Ac
> ( - bza||u|”) all? = 28 jul® — b9

2 6

=
Let ||u]| = p = p(o) := (ﬁi‘;) . Then

Mo o Acs g

I > — b1192].
,\(u)_ 4P GP 1|\

Since p(0) — +oo0 as 0 — 01, we can find ¢ > 0 and so p > 0 such that b,|Q| < %pz. Therefore

Moy 5 Aes g
s” 776
and hence there exists A. such that for all A € (0, A.)

I)\(’U,) Z

Iv(u) > a >0 forall uc dB(0,p) N V. (20)

Now assume that (fs) holds. Then, from (m;) and (8) we have

M, A
D) > TPl = (54 € ) g = (€ + <)l

Arguing as in above, also (20) follows in this case. ®

Lemma 4 Assume that (ms3), (f1) and (f3) hold. Then, for each positive integer k, there is a k-subspace
VY9 c H(Q) and By, > 0 such that for all A > 0.

max I\ (u) < B,.
max Au) < By

Proof. Let {e{,¢Y,...} be a system of eigenfunctions of (—A, H}(£2)) and consider the k-subspace
V2 ={el,e), ..., e} € HY(Q) with €) =0 in Q\ Q.
Since dimV}? < oo, there exists Cj > 0 such that

lulf > Cy|lul|* for all u € V. (21)

b+A¢
4C,

By (f3) and the continuity of F on Q x R, for ¢ > there exists C. > 0 such that

F(z,t) > et* — C. for all (z,t) € Qy x R.
Combining this last inequality with (ms), (21) and Lemma 1, we get

b4y

a
1) < 4 julf - (sck .

) [[ull* + Ce[Q — —o0 as |ul| — oo.

Therefore, there exists 3, > 0 such that

max I(u) < f;, for all A > 0.
ueVP
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Proof of Theorem 1. Obviously I, is an even functional and I,(0) = 0. Let k be a positive integer. In
view of Lemma 3, we can choose kg € N sufficiently large, V =V}, and W = VkJ(; such that H}(Q) =V e W
and condition Theorem 2 (i) holds for all A € (0, \.). By Lemma 4, for the positive integer k + ko, there
exists a subspace V0., C Hj(Q) with dimV,, =k + ko and 3, > 0 such that condition Theorem 2 (ii).
follows. According to lemma 2, there exists Ay such that for all A € (0, Ay), I verifies (PS). for all ¢ < j,,.
Let A := min(Ag, A.). Then, by applying Theorem 2, I has k + ko — ko = k nontrivial critical points, for
all A € (0,A;). m
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