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Abstract

A finite Toeplitz matrix T is normal if and only if it is a rotation and a translation of a Hermitian
Toeplitz matrix (Type I) or it is a generalised circulant (Type II). In this paper, we show that the powers
of a Type II matrix T are also Type II.

1 Introduction

The purpose of the present paper is to study the normal structure of powers of finite normal Toeplitz matrices.
There are already results related to the structure of finite or infinite normal Toeplitz matrices. An important
result is given by Brown and Halmos in [1]. It is stated that an infinite Toeplitz matrix (operator) is normal
if and only if it is a rotation and a translation of a Hermitian Toeplitz matrix. Ikramov [3] has also shown
that a normal Toeplitz matrix (of order at most 4) over the real field must be symmetric, skew-symmetric,
circulant, or skew-circulant. In [2] Farenick et al. state that every finite complex normal Toeplitz matrix T
is a rotation and a translation of a Hermitian Toeplitz matrix (Type I), that is T'= ol + SH, where o and
B are complex numbers, and H is a Hermitian Toeplitz; or is a generalized circulant (Type II ) Toeplitz
matrix of the form

ao aNe“’) aleie
a a
T — 1 0
G,Nele
an T a Qo

for some fixed real §. Here we are interested in 7", n € N, and try to find out whether it remains of the
same type as T, be it Type I or II.

2 Type II Matrix

Let
ag a yei? aet?
a a
T = 1 0 (1)
GJNGZQ
an ai ap

be a normal Toeplitz matrix of Type II for some fixed real 6.
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Theorem 1 Fach T", n € N, is of Type II.

Proof. We proceed by induction. First we prove that T2 is of Type II. Let T be the matrix given by (1).
Then

app Qo1 Qo N

T2 — 1o 0O11 . : ' (2)
' . . QN—-1N
aNo - annN-1 N N

To see this, we prove that:

Qpp = Qqgq Vp,qE{O,---,N},

Opg = Op+1q+1 vp7qe{05aN_1}7

aON—p+1:apOe“9 Vpe{l, ,N}

Step 1. We prove that a,, = ag4. Clearly, oy, is given by

10 2

app = (apan—pp1+ Gp_1aN_—pp2 + -+ azan—_1 + a1an) €’ + ag
14

+(anya; +ay_1as + -+ Ap12aN—p—1 + CLp.HLLN_p) e”.

We obtain

N
Qpp = a% + (Zakajka) e = constant Vp e {0,--- ,N}.
k=1

Hence: ay,p = aqq-
Step 2. We prove that a,q = apyi1¢+1. We have to consider two cases:
Case 1: We assume that p > ¢q. Then

i0
apg = (apan—_g+1 + ap_1aN—g+2 + -+ Gp_gr10N) €

+ (ap—q@o + ap—g—1a1 + -+ + a1ap_g—1 + A0aAp—q)

160
+ (aNapqurl +an—10p—gy2 + -+ apr2aN—g-1 + ap+1aN7q) e”.

We have

P—q N—-p+q
10
Qpq = E :apqukak'i'el E Ap—q+kAN—k+1 |

k=0 k=1
Wpr1grt = (Gpr1aN—q T apaN—gi1 + Gpo1aN—_gr2 + -+ ap_grian) e’
+ (ap—qao + ap—g+101 + - + a10p—g—1 + A0ap—g)
4 (AnGp—qi1 + AN_1ap_gra + -+ Qpi3aN_g2 + Gpioan_q_1) €’
= (apan—g+1 +ap-1aN—g+2 +  + Qp_g110n) e’
+ (ap—qao + ap—g—101 + - + a10p_g—1 + A0ap—g)
(ANGp—gi1 + AN 10y g2+ + Qpi20N -1 + Gpr1aN—g) €

= Qpgq-

As a result, we see that apgq = @pt14+1-
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Case 2: We assume that p < ¢. Then

1
apg = (apan—gt1+ap-1aN—gi2 +++ + Q1AN—g1p + QAN—gtpt1) €'
2160
+ (aNaAN—gtp+2 + AN-1AN—g1p+3 + - + AN—g4p+30n—1 + AN—g4p+20N) €
1
+ (AN—g4p+100 + AN —qpaN + AN —_gyp—1a2 + -+ + Apy2aN_g—1 + Gpr1aN_g) €'

q—p—2 N—q+p+1
2i0 0
= e ZaN—kaN—q+p+2+k + e Z kAN —q+p+1—k | 5

k=0 k=0

1
Wptrigtt = (ap41aN—q + ApaN—g1pt1 T Ap—1aN—g2 + ** + A1AN—g+p + QAN —g4p+1) €'
2160
+(aNON—gt+pt+2 T AN-1GN—g1p+3 + " + AN—g+p+3AN—1 + AN—q4+p+20N) €
1
+ (AN —q4p+1G0 + AN—g4pG1 + AN—g4p—102 + -+ + Ap13AN—g—2 + Apr2aN—_g—1) €'

= Qpgq-

Step 3. We prove that agn41—p = apoe“’ where

ap0 (apao + ap—1a1 + - -+ + a1ap—1 + apayp)
i0
+ (ap+1aN + apyoan—1+ - +an_10p12 + aNap+1) e’
p N-p
i0
= E Qp— Q5 + E AptkON—k+1 | €7,
k=0 k=1
_ i0 20
o N—pt1 = aoape” + (anGpy1 +an—1Gpy2 + -+ Gpr2an—1 + Gpyian)e

+ (apao + ap—10a1 + -4 a20p—2 + alap_l) 67'0.

We obtain agn—pi1 = apoe®.
Thus, T2 is of Type II. Assuming that the matrix 7™ is of Type II,

tO tNeiQ T t16i9
| ot , 3)
tNeiQ
tn . t to
we prove that T"*! is of the same type
Boo  Por Bon
Tl =T x T = Bro Bu A A . (4)
' Bn-1n
Byvo - Byn-1 Buw
For this, it is sufficient to prove that
ﬁpp:ﬁqq vpaqe{oa"'aN},
6pq:/6p+1q+1 vpaq 6{07"' 7N_1}7 (5)

BoN—pt1 = Bpoew Vp e{l,---,N}.
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In order to prove (5), we need the following three steps.

Step 1. We prove that 3,, = 3,, where
Bpp = toao+ (tpan—p+1 +tp-1an—pi2+ - - +tian) e’
+ (tNa1 +ty_1a9 4+ -+ tp+1aN,p) e’
N
= tgag + <Ztka]v_k+1> 619 Vp € {0, s ,N} .
k=1
Then we have: 3,, =03,
Step 2. We prove that 3,, = 8,11 ,+1- We have to consider two cases:
Case 1. We assume that p > ¢. Then
Bog = (tpan—q+1 +tp—1aN—gt2 + -+ tp—gr10N) e’ + (tp—qao + tp—q—101 + -+ + t1ap—g—1 + toap—q)
+ (ENGp—g41 +EN-1Gp_gi2 + -+ + tpyaan g 1 + tpp1an—_g) €7,
6p+1 ¢+1 = (tpt1aN—q + tpan—g+1 + tp_1aN—g+2 + + + tp_gr1aN) e’

+ (tp—qao +tp—g—1a1 + - +t1ap_g—1 + toap—q)
+ (ENGp—g41 +EN 10y g2+ +lpysan g2+ tproan g1)€”

ﬁpq'

Case 2. We assume that p < g. Then

0

Bpg = (tpan—q+1 +tp—1aN—gt2 + iGN —g1p + toaN—g4p+1) €'
216
+ (ENAN—gip+2 HIN-1GN—gipt3 + -+ EN—grpr2an) €’

+ (EN—qipt100 T EN—g1p01 + -+ tproan g 1 + tpr1an—g) €,

16 1
6p+1 +1 = tpr1aN—g€"” + (tpaN—g+1 +tp-1aN g2 + -+ t1aN—g+p + L0AN—g1pt1) €'
2160
+ (INaN—gipt2 + F EN—gipr2an) €
10
+ (EN—g+p+100 + EN—g+pa1 + +tpr3an—g—2 + tpr2aN—g—1)€"

= Bpy
Step 3. We prove that By n_,11 = Bpoew where

Bpo = (tpao +tp_1a1+---+tia, 1+ toay)
0

+ (tvapt1 +En—1Gpyo + -+ tproan—_1 + tpr1an) €',

Bontiop = toape” + (ENGpi1 +EIN-_1Gp10 + -+ tproan 1 + tprian) €
+ (tpao + tp_lal + 4 tgap_g -+ tlap_l) ei‘g
— Bp()eZH'

Consequently, we have obtained : T" is of Type I Vn € N. m

Example 1 Let

1 3¢ 2
A= 2 1 37 |, 6 € R.
3 2 1
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A simple calculation yields;

1+12e?  10e? (44 9¢)e?

A2 = 449 14 12¢% 10e%
10 4 4 9¢™ 1+ 12¢%
and
1+ 44e% 4 27e20 (21 + 54e™)e? (6 + 63¢%)et?
A3 = 6 + 63" 1+ 44e® +27e29 (21 + 54e'?)e??
21 + 54¢e'? 6 + 63e? 1 + 44¢e'? 4 2720

3 Type I Matrix

In general, the n-th power of a normal Toeplitz matrix T of Type I is not always of type Type 1. To see a
counterexample, let A = oI + SH be a normal Toeplitz matrix of type (I) with @« = —2i and 8 =1 and H
be a Hermitian Toeplitz matrix given by

3420 2—1 143
H= 241 342t 2-—1
-1-3i 2+7¢ 34+

Then we have

3 2—4 —143¢
241 3 2—14
—1-3i 2+ 3

A

While a simple calculation gives us

24 7T—4 —3414¢
A? = T+i 19 7T—4
—3—14i T+1 24

It is clear that A2 is not of Type I merely because it is not a Toeplitz matrix.
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