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Abstract
We will first give the proof of the existences of Flett’s mean value points and Sahoo-Riedel’s points for
conformable fractional differentiable functions. Then we will prove the Hyers-Ulam stability of Lagrange’s
mean value points, Flett’s mean value points and Sahoo-Riedel’s points for conformable fractional differ-
entiable functions.

1 Introduction

In 1940, Ulam [1] posed a question: “When is it true that by changing ‘a little’ the hypotheses of a theorem
one can still assert that the thesis of the theorem remains true or ‘approximately’ true?” We now call it
Hyers-Ulam stability question.

Later on, Hyers [3] worked on the stability of the equation f(z +y) = f(z) + f(y), where f: X — Y is
a map and X,Y are Banach space. He proved that: corresponding to any € > 0, there exists a § > 0, such
that if ||f(z +y) — f(z) — f(y)|| <9, then there exists a addictive map I(z) with || f(z) — I(2)] <e.

In 1986, Rassias[4] gave a more general theorem of the Hyers-Ulam stability of addictive map.

Hyers-Ulam stability questions can infiltrate many fields, such as differential equation, homomorphism
between metric groups, mean value points and so on. Especially for differential functions, there are lots of
relevant results, including linear, nonlinear and fractional differential equations [12]-[17]. It is driving lots
of people to study it. In 2010, Pasc, Jung and Li [6] proved the Hyers-Ulam stability of Lagrange’s mean
value points and Flett’s mean value points. In 2009, Lee, Xu and Ye [8] proved the Hyers-Ulam stability of
Sahoo-Riedel’s points.

In this paper we will give corresponding results for conformable fractional differentiable functions.

Now, we will introduce the Lagrange’s mean value points (Theorem 1), Flett’s mean value points (The-
orem 2) and Sahoo-Riedel’s points (Corollary 1) [10] separately.

Theorem 1 Let f : [a,b] — R is a function on a finite closed interval. Suppose that f is continuous on
[a,b] and differentiable on (a,b), then there exists a point £ € (a,b) such that

b) —
o~ 1O =1
Theorem 2 If f(x) is differentiable in [a,b] and f'(a) = f'(b), then there exists a point £ in (a,b) such that
/ _ f(g) - f(a)
[ = T i—a

Corollary 1 If f : [a,b] — R is a differentiable function, then there exists a point n € (a,b) such that

_Lf0) = f(a)

_ 2
2 b_a (77 a)'

’

fn) = fla) = (n—a)f'(n)
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Now let’s introduce the definition of “conformable fractional derivative” posed by Khalil, Horani, Yousel
and Sababheh [7].

Definition 1 Given a function f : [0,00) — R. The conformable fractional derivative of f of order « is
defined by
t+ett™) — f(t
7,(7)0) = i LD IO
e— 3

forallt >0, a € (0,1). Sometimes we write T, (f)(t) as f(t). If f is a-differentiable in some (0,a),a > 0
and lim,_o+ f()(t) exists, then define

F0) = lim ().

t—0t

They also gave the Rolle’s theorem (Theorem 3) and the mean value theorem for conformable fractional
differentiable functions (Theorem 4). The results are similar to familiar Lagrange’s mean value theorem with
only slightly different in form (see [7] for more results and details).

Theorem 3 Let a >0 and f : [a,b] — R be a given function satisfying:

(1) f is continuous on [a,b].

(2) f is a-differentiable for some a € (0,1).

(3) f(a) = F(b).

Then there exists ¢ € (a,b) satisfying f)(c) = 0. We call ¢ the a-order Rolle’s point.

Theorem 4 Let a >0 and f : [a,b] — R be a given function satisfying

(1) f is continuous on [a,b].

(2) f is a-differentiable for some o € (0,1).

Then there exists ¢ € (a,b) such that f(®)(c) = %. We call ¢ the a-order Lagrange’s mean value point.
Remark 1 If a =1, then the theorem is the classical Lagrange theorem.

At the end of this section, we will introduce two Hyers-Ulam stability results that we will use later.

Theorem 5 Let f(z) be a function with n'" derivative in a neighborhood N of the point x = n. If f(™ (1) =0
and f) (z) changes sign at x =1, then corresponding to each € > 0, there exists § > 0 such that, for each
function g(x) with an n** derivative in N and satisfying the inequality |g(x) — f(x)| < & in N, there ewists
a point x = & such that g™ (£) =0 and |€ —n| < e.

Theorem 6 Let X be a complex Banach space and let I = (a,b) be an open interval, where a,b € RU{to0}
are arbitrarily given with a < b. Assume that g : I — C and h : I — X are continuous functions such that
g9(z) and exp { [, g(u)du} h(z) are integrable on (c,b) for every c € 1. Moreover, suppose ¢ : I — [0,00) is
a function such that p(x)exp {R (fbm g(u)du)} is integrable on I. If a continuously differentiable function
p: I — X satisfies the differential inequality

I’ (z) + g(z)p(x) + h(z)]| < (z)

for all x € I, then there exists a unique z € X such that

Hp(m) — exp {— /b g(u)du} <z - /b oxp {/bvg(u)du} h(v)dv> H
< o {—ye (/b g(u)du) } / o(v) exp {afe </b g(u)du) } dv.

Here R(z) denotes the real part of complex numbers z.
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2 Main Results

2.1 Hyers-Ulam stability of a-Order Lagrange’s Mean Value Points
First, we will prove two lemmas.
Lemma 1 Assume function f:(0,00) — R and a € (0,1). Then f is a-differentiable at t > 0 if and only
if f is differentiable at t. Moreover, we have f((t) = f'(t)t'= (or f'(t) = (@ (t)t*1).
Proof. Sufficiency. If f is differentiable at ¢ > 0, let € = ht®~ !, then
t+ett™) — f(¢ _
P i L) W) )~

e—0 £ h—0 hte—1

h) — d
_ tlfoc }ILILY%) f(t + I’)L f(t) _ tlfadi-i(t)'

Necessity. If f is a-differentiable at t > 0, let h = !~ then

() = tim TEER PO FlEAetT) (1)

h—0 h e—0 etl-a

=t T (f)(1).
]

Lemma 2 Let f: (0,00) — R be a-differentiable in a neighborhood N of the point 1, where o € (0,1). Sup-
pose that f(*)(n) = 0 and f*)(x) changes sign at 1. Then, for all € > 0, there exists § > 0 such that for
every function g : R — R which is a-differentiable in N and satisfies |f(x) — g(z)| < & for any x € N, there
exists a point £ € N with g(®(€) =0 and |€ —n| < e.

Proof. Utilize Theorem 5 in the case n = 1, if f(*)(n) =n'=*f'(n) = 0, since n > 0. We get f'(n) = 0 and
f(@)(z) changes sign at 7 means f’(x) changes sign at 1. So there exists § > 0 such that for every function
g : R — R which is differentiable in N and satisfies |f(x) — g(z)| < § for any x € N, there exists a point
£ € N with ¢/(€) = 0 and |¢ — 5| < . Note that ¢(®) (&) = £'~*¢/(¢) = 0, which completes the proof. m

Now, let’s prove the Hyers-Ulam stability of a-order Lagrange’s mean value points for conformable
fractional differentiable functions.

Theorem 7 Let a,b,n be real numbers satisfying 0 < a < n < b and « € (0,1). Assume that f : (0,00) = R
is twice continuously a-differentiable and n is the unique a-order Lagranges mean value point of f in open
interval (a,b) and moreover that [T (Ty)fl(n) # 0. Suppose g : (0,00) — R is a-differentiable function.
Then for any given € > 0, there exists § > 0 such that if | f(z) — g(x)| < & for all x € [a,b], then there is an
a-order Lagrange’s mean value point § € (a,b) of g with | —n| < e.

Proof. Consider the function:

Hy(w) = 1) - T4 (Lov - Lo ).

lpa _ lpa \ o a
« «

We find H; is also twice continuously a-differentiable and Hy(a) = H¢(b) = f(a). According to Theorem 3,
there exists a n* € (a,b) satisfying H}O‘)(n*) =0, that is

f(“)(n*) _ f() - f(a) -0

lpa _ 1,a
(03 [e3%
Suppose a-order Lagrange’s mean value point of f is 1 ,by uniqueness, we get n* = 7. Since

(@) = 1) (@) - JU O

lpa _ 1ga”
(e} (e}
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we see that

Moreover, since

[To(Ta) f(n) = (0"~ f" () = (e = 1)~ f'(n)) (n' %) # 0,

f”(’l’)) # (O( — z)f/(ﬁ) )

Thus (H](ca) (7)) # 0, which means H](ca) changes sign at 7, since H;a) (n) =0 and (H](ca)(n )" is continuous.

we have

)
Now let g(z) be an a-differentiable function, satisfying |f(x) — g(z)| < % for all z € [a, b], we consider an
a-differentiable function H,(z):

H,y(x) = o) - S —9(0) <1 2% — 1aa) .

lpa _ Loa \ o a
[0 [e3

Then for all z € [a,b], we get
% —a® % —a®
[Hy (@) — Hy(@)] < 17(2) — g(o)| + T | fa) — gla)] + 5

<|f(@) = g(@)| +1f(a) — g(a)| + [ £(b) — g(b)|

<4.

(0%

£(b) — 9(b)]

Utilize Lemma 2, there exists a point £ € (a,b) with H_[ga) (§) =0 and |¢ — 1| < €, note that the & is exactly
a-order Lagrange’s mean value point of function g. m

Theorem 8 Let a,b, & be real numbers satisfying 0 < a < £ < b and a € (0,1). Assume that f : [a,b] — R

is twice continuously a-differentiable. Moreover, suppose that either [To(To f)](x) > 0 for all x € [a,b], or
To(Tof)l(z) <O for all z € [a,b]. Then, if

f(a)(g) _ f(b) - f(CL) <

lpa _ 1,a
« «

(1)

for some § > 0, then there exists an a-order Lagrange’s mean value point n of f on (a,b) satisfying

Lo la|. J
TS i T T I

e
Proof. Due to a-order Lagrange’s mean value theorem(Theorem 4), there exists a Lagrange’s mean value
point n € (a,b),such that

f(b) — f(a)

lpa _ Lo’
[e3 «

F () =

So from (1), we have
FE) = F )] <6,

If £ = 5, then our assertion is true. Otherwise, without loss of generality, we assume that a < n < & < b.
Since f is twice continuously a-differentiable, use Theorem 4 on f(®) on interval [n, £], we know that there
exists a point 0 € (1, ) with

SO = 1)

1 1
S8 —an”

:’f<a><§>—f<a><n> ) 5
To(Taf)6) |~ mingepos) [Ta (T ) (@)

[T (T f)](0)

7&-01 _ 7,,7(1
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2.2 Hyers-Ulam Stability of a-Order Flett’s Mean Value Points And a-Order
Sahoo-Riedel’s Points

In [7], Khalil, Horani, Yousel and Sababheh proved the a-order Rolle’s points theorem and a-order Lagrange
mean value points theorem for conformable fractional differentiable functions. However, they didn’t prove
the same results of a-order Flett’s mean value points and a-order Sahoo-Riedel’s points.

So first we give the existences of a-order Flett’s mean value points and a-order Sahoo-Riedel’s points for
conformable fractional differentiable functions.

Theorem 9 Suppose 0 < a < b < oo, a € (0,1) and f(x) is a-differentiable in [a,b], and £ (a) = f(*)(b).
Then there exists a point i in (a,b) such that

PO = S
Otlr] Ota

Remark 2 If o =1, then the theorem is the Flett’s theorem in the case of integral order derivative [9].
Definition 2 We call the point n the a-order Flett’s point of f.
Proof of Theorem 9.

1) Suppose f(®(a) = f(*)(b) = 0 first. Define a function v(z) on [a, b]:

f(x)—f(a) <
7,/1(3:)—{ T T a<zx<hb,

Lypa_Llja>
o o

0, T =aq.

Then ¢ (z) is a-differentiable on (a, b] with

(o) €T xTr) — a
w(o‘) (1‘) = éa‘:fa —(;ao‘ - (fia)_ ({éa))Q
and
O

lpa 1,
and continuous on [a, b] with

vla) = @) (a) = 0.
It’s enough to show that In € (a,b) such that w(a)(n) = 0. If ¥(b) = 0, then by Theorem 3, we know
it’s true. If (b) > 0 ( 1(b) < 0 is similar), then ©'(b) = ¥(®)(b)b*~ < 0. So there exists a point
x1 € (a,b) such that ¢¥(z1) > ¥(b). Thus 0 = ¢(a) < ¥(b) < ¢(x1), there is a point x5 € (a,x1)
such that ¢ (z2) = ¥(b). Then by Theorem 3 in the interval (z2,b), we get: In € (z2,b) such that
v () =0.

2) For general case of f(®)(a) = f(®)(b), consider the function g(z) = f(z) — 22%f(®)(a). Then ¢'®(z) =
@ (z) = f@(a), so g (a) = ¢! (b) = 0. Thus there exists a point 7 in (a,b) such that

g(a)(n) _ 9(77) — g(a‘)

an® = qa®
So
F@ ) — f@ () = L =S @ = (%Z:f_(ai(;j - ia“f“*)(a)),
that is ’ )
f(a)(n) _ Ji(ﬂ) - Jj(a)

loa 1 a°
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Corollary 2 Suppose 0 < a < b < o0, a € (0,1) and f : [a,b] — R is an a-differentiable function. Then
there exists a point n € (a,b) such that

L0 — f@a), 1, 1
_5 1(()3 T a( )(71,} —_Za )2.
o — ECL « «

1
_ I e o o (@)
fn) = fa) = (o0 = —a®) F* (n)
Remark 3 If a =1, then the theorem is the Sahoo-Riedel’s theorem in the case of integral order derivative
[10].
Definition 3 We call the point i the a-order Sahoo-Riedel’s point of f.

Proof of Corollary 2. Define an auxiliary function 1 : [a,b] — R as

(@) (p) — (@)
M@:ﬂ@_%flg_ﬁwm>gﬁ_é

Then () (@)
_f (b)_f (CL) l a_laa)_

lpa _ 1,a «a a
[0} [0

V@ (@) = £ ()

We sece that % (a) = ) (b) = f(*)(a). Then there exists a point 7 in (a,b) such that

o = Y
Oln - Ola/

That is

() laila7f(a)(b)7f(a)(a)laila2

£ = —a®) Ty~ Ign (S0 = ~a%)

1 f@)(b) — fl 1 1
= g~ g0 - 5T T G L
therefore,
1 1 1 f(@)(b) — f() 1 1
f) — fla) = (577& - Eaa)f(a)(ﬂ) - gf i(bz _ éaa(a) (ana - aaa)Q-

| |

Next, we will prove Hyers-Ulam stability of a~order Flett’s mean value points and a-order Sahoo-Riedel’s
points.

Theorem 10 Suppose 0 < a < b < 00, 0 < a < 1. Let f,h : [a,b] — R be a-differentiable and n be an
a-order Sahoo-Riedel’s point of f in (a,b). If f has 2nd a-order derivative at 1 and

FOb) = £ (a)

lpa _ 1ga
« «

[To (Ta f)](n) #

b

then corresponding to any € > 0 and any neighborhood N C (a,b) of 1, there exists § > 0,such that for every
h satisfying |h(z) — h(a) — (f(x) — f(a))| < & for all z in N and () (b) — b (a) = f()(b) — f()(a), and
there exists a point & € N such that & is an a-order Sahoo-Riedel’s point of h and |§€ —n| < €.

Proof. Define a function G (z) on [a, b]:

(z) { fl-fla) lf(a)(b)_fw(a)(lxa —1a%), a<az<b
f frng le% ? — bl

lya_lja 2 lpa_ 1o @
ey o

']g((‘)‘)(aa)7 xr = a.



194 Hyers-Ulam Stability of Mean Value Points

1) First, it is easy to see that G is continuous in [a,b] and a-differentiable in (a,b]. Moreover, we have

@)= f@) | @) -

1 1 i 1 1 i , z € (a,b]
(*ZEO‘ _ 7(104)2 Exa _ aaa Q(Eba _ aaa)

A (@) = -

with cha)(n) = 0, since 7 is an a-order Sahoo-Riedel’s point of f.

2) Second, we prove cha)(x) changes sign at point 1. By Taylor formula and expand the following four
items at 7, we have
1 1 o1

= — xr—mn)+olx—n),
(lxa _ éaa)Z (éna _ éaa)Q (éna _ éaa)Z&( 77) ( 77)

: : =) +oz—n)
= — T — o(z —
éxa _ éaa éna _ éa(x (éna éaa)Q n n);

FO ) = £ )+ (F ) ()@ = n) + oz —n),
fl@) = fm)+ f'(n) (@ —n) +olz—n).
Substituting into G}O‘) (x), we obtain

G (@) = =[f(m) = f(a) + f' ()@ —m) + o — )]
[ 1 271

T T ) Hole =)

+ [£9m) + (FY )@ =) + ol — )]

r 1 B 770(71

[an® —3e* (G —ga

F(b) = £ (a)

Q(éba - éaa) '

X

X

Note A := 1p* — Lgo Notice that (z —n)? = o(z — n), Aoz — n) = o(z — n)(A is a constant),
o(x —n)o(x —n) = o(x —n) (when z — 1), we can simplify the above formula and obtain

f) = fla)  fm) F®) = £ (a)

G\(x) = -

& A b - ga?)
()7 /
bz ((f A) () _ fig))
! 2 a—1 _ a
(- [fA(Z) 2 (fZ?S) B ))}
+o(z —n). (2)

Further more, the first line of the right-hand side of (2) is vanished, since 7 is an a-order Sahoo-Riedel’s
point of f, therefore

cha)(iﬂ) — M <(f(a))/(n)A _ 2f/(77) + 2770471(.]0(2) — f(a’))> + 0(1, _ 77)

A2

We claim that -
(f(a))/(n)A72f/(77)+ 277 (f(Z)ff(a)) ?éo




H. Liu and Y. Li 195

Otherwise, X
(f(a))/(n)A_Qf/(n)‘i‘ 277 (f(Z) _f(a)) —O,
then utilize
_f(n) — f(a) n Fm) ) - f(a)( ) _
A2 A ( b — a)

Note that T, (To.f) (n) = (f©)) (mn*=2, f()(n) = f'(n)n' . We get

@) — @) (g
1, (1) ) = T,

which contradicts the conditions. Now we note B := (f(®))/(n)A — 2f'(n) + w. So

G (w) = (a =) ( 33B-+0(1) )

when |z — | is sufficiently small, the sign of iz B+ 0(1) depends on B and B is nonzero, which means
G}a)( ) changes sign at point 7 in some nelghborhood N = (¢,d) C (a,b).

3) Next, we show that if |h(z) — h(a) — (f(z) — f(a))] < d for all z in N, then |G (z) — Gf(x)| < d¢ for all
x in N,where §p = ib+ and Gp(x) is a function defined on [a, b]:

>

Tpa_Tga = 2 ba ac a

h?a)(a)a, x =a.

(=)o)
=[h (w) ) ( ) + f(a)]
(h(“)(b) W (a) = (f90) — f©(a)))

= h(z ) h(a )*f(I)Jrf(a)
and |h(z) —h(a)— (f(z)— f(a))| < d for all z in N, set § = §o(2b*—La®), we get |G, (z) —Gf(z)| < do.

h(z)—h(a) 1 h(“)(b) h<")(a) loa lgay oo p<ph
Gh( ):{ 1 ( « )7 =Y

Since

4) Last, from 1)-3), by Lemma 2, there exists a point £ € N with G,(f‘) (&) =0 and |£ —n| < e. Obviously ¢
is an a-order Sahoo-Riedel’s point of h.

Corollary 3 Suppose 0 < a < b < oco,a € (0,1), f(2) is a-differentiable in [a,b], f(*)(a) = £ (b) and n
be an a-order Flett’s point of f in (a,b). If f has 2nd a-order derivative at n and

To (T f) (n) # 0,

then corresponding to any € > 0 and any neighborhood N C (a,b) of n, there exists a § > 0, such that for
every h satisfying |h(z) — h(a) — (f(x) — f(a))| < & for all z in N and h(*)(b) = h(*)(a) and there exists a
point & € N such that € is an a-order Flett’s point of h and |§ —n| < e.

Proof. Tt follows from the above theorem. Since we add the hypothesis f(®)(a) = f(®)(b) and h(*)(b) =
h(%)(a), the a-order Sahoo-Riedel’s points a-order degenerate into Flett’s points. m

At the end of this paper, we give another form of stability of Flett’s points for conformable functions.
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Theorem 11 Suppose 0 < a < b < 0o, € (0,1) and I = (a’,b") with I C (a,b). Here we use the notation:
a & éaa, = éba, z & éxa. Let f : I — C be a function which is continuous on I and continuously

a-differentiable on I. Assume that ¢ : I — [0,00) with

bl
/ #(7) dr < o0.

;T —a

Then if [ satisfies
f(z) = f(a)

z)(x — 2’
e 30( )( )’ VJ?E(al,b/)

< p(a) and |f'()] < BT

f(a) (z) —

where M = a' + o' (')~ + =20, Then there exists a function y : [a,b] — C, which is continuously
a-differentiable on (a,b) with

’
xT

v = LO =YD g () gt < @ - ) [

' —a o T—G
Proof. In the Theorem 6, we put

Tr—a

g(x) ; and p(z) £ f(x).

-1

r—a

1) Easy to see that the function g(x) = -= is integrable on (¢, ') for any o’ < ¢ < V.

2) By calculation, we obtain the following formula

/cb/ exp{- [ - { L SO o

for every c € (d/, V).

3) We claim that
1P (@) + 9(@)p(a) + h(z)| < @(z), Ve € (d',1),
B F(@)(@ - ) — f(2) + f(a)] < p(z)(@ - d),Vz € (1),

In fact, we have

< 1@ |aate s Do d| |+ e - )
< 1P @M+ @)@ - d)
< e —d)

4) According to the condition

we know

is integrable on 1.



H. Liu and Y. Li 197

5) From the 1)-4), we check the functions p, h, g, ¢ satisfying the conditions of Theorem 6 and note that
xz € (V) =2 € (a,b),since (a',b') C (a,b). So there exists a unique complex number z such that

- [N (oo [ [ 2} )|
< exp {/:/ uciua, } /:/ o(T) exp {—//T uciua, } dr, V2’ e (d,b).

6) Set y(z) = Z;,ffﬁ) z + b/fb(fl_);,m/, then y is continuously a-differentiable in (a’,b') and y(a) = f(a). Then
the above implies

)~y < @~ a) [

a

Further more,

y0ﬂ(x):: Zé;;fg?
_ 1 (z—y(a) , z—yla) ,>
o —ad \ VYV —d b —a
1 (zyla), | Vyla) =
- ' — a < b —a b —a (a)>
_ ylz) —y(a)
- ! —q

for all z € (a,b).
]

Remark 4 (1) The condition (a’',b’) C (a,b) can be satisfied when 0 < a < “~Ya < b < 0.

(2) In fact the condition |f'(z)| < %M,Vaz € (a/,b) implies ¢’ < x,50 x > *“Ya. So this theorem needs
a=a = *Ya to make all assumptions satisfied.

(3) In fact, from y(® (z) = W we attain a differential equation '~y (z) =
of the equation is

Q@) =y(@)

. The solution

A
y(x) = —a“ + B,
o

where A and B are undetermined constants.
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