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Abstract

In this paper we discuss Bass diffusion model, which is widely used in technology forecasting. Some
recurrence relations between the single and product moments of progressively Type-II right censored
order statistics from Bass diffusion model have been established. These relations would enable one to
compute all the single and product moments of progressively Type-II right censored order statistics for
all sample sizes n and all censoring schemes (R1, R2, ..., Rm), m < n, in a simple recursive manner. For
the estimation of the parameters and the reliability characteristic, maximum likelihood approach is used.
Monte Carlo simulation study is conducted to compare the performance of the estimates for different
censoring schemes.

1 Introduction

The Bass diffusion model was developed by Bass [6], and was described as the process of how new products
get adapted as an interaction between users and potential users. He developed a growth model for the timing
of first purchase (adoption) of a new product (innovation) by consumers in the marketplace, which has been
widely used in marketing research both from a practical and theoretical point of view.

It has been described as one of the most famous empirical generalizations in marketing, along with the
Dirichlet model of repeat buying and brand choice. The model is widely used in forecasting and technology
forecasting. Mathematically, the Bass diffusion is a Riccati equation with constant coeflicient.

The modelling and forecasting of the diffusion of innovations is a topic of increasing research interest in
marketing science and other disciplines (cf. Meade and Islam [12]). In particular, the Bass diffusion model
assumes that the time to first purchase of an innovation by a consumer can be modelled as a random variable,
which henceforth we denote by X, with probability density function (p.d.f.) f(z) satisfying the following
Riccati differential equation with constant coefficients

f(z)
— F <1 <g<l1 1
T F@ Pt (), 2>0,0<p<1,0<qg<1, (1)
where F(z) = P(X < z), denotes the cumulative distribution function (c.d.f.) of X. The solution of the
differential equation (1) gives the p.d.f. as

g = (@ q)2/p)e’(”+q)z e 0. 2)

(1+ (g/p)e=rrae)®’
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The parameters p and g determine the shape of the diffusion process and are interpreted as the coefficients of
innovation (external influence) and imitation (internal influence), respectively. If we denote sum of external
influence and internal influence by « and the ratio of internal influence to external influence by 3, then form
of p.d.f. given by (2) becomes

a(l+ Be

f((E) = (1 +ﬂe—06:v)2 ’

x>0, a>0, 8>—1, (3)

where e = p+ ¢ and 8 = ¢/p. The corresponding c.d.f. is given by

1—e™@%
Flz) = —— 0 0 —1. 4
(2) et >0, a>0, > (4)
From (4), the reliability function R(¢) is given as
(14 B)e
R(t)=———F—, t>0 0 —1. 5
(t) ¥ Bt >0, a>0, > (5)

The failure rate function of Bass diffusion model is given by

f() _ o
R(t) 14 fe—at’

h(t) = t>0, a>0, 8> —1. (6)

It may be noted that the function f(z) obtained in equation (3), is a well-defined probability density function
when the parameters take the values a > 0, 8 > —1, i.e.,

/OOO F@)da = 1.

From (3) and (4), we observe that the characterizing differential equation for the Bass diffusion model is
given as

of

2
Sl - P, ™)

f(@) =all = F(z)] -

Note. If imitation (internal influence) ¢ = 0, then p.d.f. given in (2) or in (3) becomes the p.d.f. of
exponential distribution.

2 Progressively Type-II Right Censored Order Statistics

Progressive censoring sampling scheme is very useful in reliability and life time studies. Its allowance for
removal of live units from the test at various stages during the experiment will potentially save the ex-
perimenter cost while still allowing for the observation of some extreme data. Inferential issues based on
this scheme have been extensively studied in the literature for a number of distributions by several authors
including Aggarwala and Balakrishnan [1, 2], Balakrishnan and Aggarwala [4], Athar and Akhter [3], Cohen
[7, 8, 9], Cohen and Whitten [10], Balakrishnan and Sandhu [5], Saran and Pushkarna [16, 17], Saran and
Pande [15], Pushkarna et al. [13] , Saran et al. [14] and Singh and Khan [18].

Let the random variable X represent the waiting time of purchase of an innovation (new product).
Suppose n independent individuals (namely A;, As, ..., A,) are observed for their respective purchases of a

newly launched product, with continuous identically distributed purchase times X, Xo,..., X,. Suppose,
m
further that a censoring scheme Ry, Ra, ..., Ry, is chosen before the experiment such that n = m + > R;.
i=1
Now immediately following the first purchase, suppose by Ay (k € [1,n]), Ax and R; others (randomly
chosen) i.e. (R; + 1) individuals are removed from the experiment; immediately following the first purchase
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after that point. After second observed purchase say by A,, A, and Ry others (randomly chosen) i.e. (Rz+1)
individuals are removed from the experiment; this process continues until, at the time of the m*® observed
purchase, R,, + 1 individuals are removed from the test. Thus, in this type of sampling, we observe in all m
observed purchases and

m m
Z R; items are progressively censored so that n = m + Z R;.
i=1 i=1

Let X{fg;fQ""’R"") < Xéféjfz"'”R”L) < oo XS Bn) B the m, ordered observed first purchase times

in a sample of size n from the Bass diffusion model as defined by (3), under the progressive Type-II right
censoring scheme (R1, Ra, ..., Ry), m < n. Then the joint p.d.f. of

X (R1,Ra . Rin)

A m:m:m

(R1,Rz2,....Rm) (R1,R2,...,Rm)
X m , X m -

l:m:n 2:m:n

is given by (Balakrishnan and Sandhu [5])

fl,2,...,m:m:n(1'1; T2,... 7xm,) = A(TL, m — 1) H.f(-rz)[l - F(xl)]Rla
i=1

0<z <o <+ < Ty < 00, (8)

where
A(n,m—1)=n(n—R1—1)(n—R1—R3—2)...(n—R1—Ry—...— Rj_1—m+1),

f(z) and F(x) are given by (3) and (4), respectively. Here, note that all the factors in A(n, m—1) are positive
integers. Also it may be observed that the different factors in A(n,m — 1) represent the number of units still

on test immediately preceding the 15,27 .. m!" observed purchases, respectively.
Similarly, for convenience in notation, let us define for ¢ = 0,1,...,(p — 1),
Ap,q) =pp— R —1)(p—R1—Ry—2)...(p— R — Ry — - — Ry — q),

with all the factors being positive integers.
X_(RLRQ,H-’RW)
K3

m:n ?

We shall denote the single moments of progressively Type-II right censored order statistics
as follows:
For1<i<m<mn, k>0,

imin m:n

— Aln,m — 1) // . / . f[l F@)l - F@)]® do, ()

0<z1 <+ < Ty, <O
(R1,R2,.,Rm) ™ _ (R1,Ra,...,Rim)

min — Miitm:n

(R,Ra,oonsBn) P _ E[X(Rl,Rz,..A,qu’“

We shall denote the product moments of progressively Type-II right censored order statistics as follows:
For1<i<j<m<mn,rs>0,

Ry,Ra,...,Rp)™®) Ry,Ra,....Rm) " R1,Ra,....Rm) 5
S [0 i WP ¢ e

m
R
= A(n,m —1) // . / T T Hf(ﬂ?t)[l — F(x)] " dxy, (10)
0<@y <+ <y <00 t=1
(R1,Ra,....Rp) ™) _  (Ri1,Ra,....Rp) "+ .
i,i:lnfu'ri = i:ni:n ’ ; 1<i<m<n. (11)
In Sections 3 and 4, utilizing the characterizing differential equation (7), we have derived recurrence
relations for the single and the product moments of progressively Type-II right censored order statistics
from Bass diffusion model.
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3 Recurrence Relations for Single Moments

Theorem 1 For2<m<mn,n € N and for k>0,

(Ry+1,Ra,.., Ry ) F+D) (n+1)(1+75) R (Ri+R2+1,Rs,..., Ry ) +1)
. . = —_— - - 1 . .
H1min+1 TLO&B(Rl + 2) (TL 1 ) 1:m—1:n

R1,Ra,...,Rpy) FHY)
+Q(R1 + 1)M(1:771L:n2 )

aﬁn(n — R1 — ].) (R1+R2+2,R3,...,Rm)(’”'+1)
- :U’lszlzn+1
(I+B8)(n+1)

(ke 1)u§ﬁfg"“ﬂm)(k)} ,

and form=1,n€ N and k > 0,

= H1:1:m H1:1:n

(n)B+D) (1 + ﬂ) (n—1)(k+D (k‘ + 1) (n=1)®
Hidimy1 = aﬁ - T .

Proof. Cousider (9) for i =1, i.e.,

S L T // / { /Omméff(m[l—F(m)}Rldml}

0<zo<a3< <Ly <0OO

X f(z2)[1 = F(x2)]®2 ... f(zm)[l — F(zp)]| B drydes . . . depy,
— A(n,m—1) // . / Iwa) [T o)1 = F(we)) R dae,

O0<zo<a3< < Ty <0OO

where

I(z3) = /Ow 2 f (@)1 = Fa1)] ™ day.

Making use of the relation in (7) by replacing there in = by x1, we have

I(z2) = al;(x2) — (1(:_56)1—2(%2),

where

T2
Ia(@):/ 11— PP ey, a=1,2.
0

Integrating by parts yields,

(o) = Gy o470 Pl 4 (R ) [ el = Pl ) den

251

(12)

(14)

(15)

(16)

Substituting the values of I1(z2) and I3(x2) from (16) in (15) and then substituting the resultant expression
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for I(z2) in (14), we get

(R1,Ra,...,Rp)™

1:m:n
- efems ) L[ s e - P e [T el - ) do

0<@o <@g < < Ty <OO t=3

S A

0<z1<T2< < Ty <O

aBA(n,m—1) 1 LR i .
gy [ e - Rt s T - P,

0<z2<x3< "< Ty <0OO

aBA(n,m —1)(Ry + 2) 1 Ri+1
— A+ B k+1) /// xlf"’ flx1)[l = F(z1)] g,

0<z1 <x2< <Xy <OO
<[] f@)t = Fz,) ™ dxy
t=2

(R +1) (R Ry Ro) ™D | (= B — 1) (R4 Rot1,Rs,.s Ri) B+

— i 1 Hi:men k +1 Him—1:n
__ednn I 1 it Rat 2B, R ) F0 afn(R +2) (R R R ()
(1 + B)(n + 1)(/€ + 1) 1:m—1:n+1 (1 + 5)(” + 1)(k' + 1) l:m:n+41 )

which on rearranging the terms leads to (12).
To prove the relation in (13), we take ¢ =1, m = 1 in (9) and then using (7) with = replaced by x1, we

get
uﬁl.v);k) = A(n,0) {a/ b1 — Fz)]™ M day — op / i1 — F(ml)]RIHdml] .
. 0 (1+8) Jo

Integrating the right hand side integrals by parts and noting that R; = n — 1, since the equation n =
m+ Ry + Ry + - - - + R, must be satisfied, we have

(n-1)®  _ n /00 kg p 1 B af(n+1) /oo by .
e - [an (el = P e - SR [T el PP oo
_ n ( 1)+ af  (p)¢tD
- ]{I—I—l mn (1+B)M11n+1 ’

which on rearranging the terms leads to (13). m

Remark 1 It may be noted that the first progressively Type-II right censored order statistic X:E:}j,ijfz """ Bm)

is the same as the first usual order statistic from a sample of size n, regardless of the censoring scheme
employed. This is because no censoring has taken place before this time.

Theorem 2 For2<i<m-—-1,m<n and k >0,

(R1,...,Rifl,RiJrl,RiJrl’W’Rm)(k-%—l)

m:n+1

(1+B)A(n+1,i—1) O e
= —Ri—Ry—---—R; — 1,R2,..,Ri—1,Ri+Riy1+1,Rit2,...Rm

BB 1 2) A0, i—1) |2~ B B Dbz 1o

(R1,Ra2,...,Ri—2,Ri—1+Ri+1,Riq1,....Rpp) FHD

—a(n—Ri—Ro— - = Rima —i+ 1)1, 10,
(k+1) aBA(n,i) (Ri,Ray..,Ri—1,RitRis142,R; Ry ) D)
R, 1 (R1,R2,....,Rm) . ) (F1, Rz, Bimy, Rit Rip1 42, Riga, B
-I-Oé( i + )Mz m:mn (1 4 B)A(TL 4 1,7; . 1):u’z.m—1.n+l
afA(n,i—1) (R1.Raooo,Ria Ri 1+ Ri+2,Rig1,cc, Ri) FHD (Ri.Ra,.ooRy) ™)
e R R = (e Dl | )

T A B A+ 1,0 =2l tmtmi
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Proof. Using (9), we have for 2 <i<m — 1,

BB Bn)® g 1) /”/”/ J(@iet,zin) [[ Fl@n)l - Fla)ed,  (18)

i

0<z1 <+ <xi—1 <Ti41 <+ <Typ <00 i;L
where
AR R
T = [ ab fa(t - Fao)dai
Ti—1

Making use of the relation in (7) and splitting the integral accordingly into two, we have

a
J(@im1,Tiq1) = aJi(zi—1,Tiq1) — MBB)JQ(%A,MH), (19)
where
Tiq1
Jo(Tim1,Tit1) = / wi[1 = F(zy)] " de;,  a=1,2.
Ti 1
Integrating by parts yields
1 . .
Jo(Tiz1,Tip1) = D) {xfjll[l — Flzi)e = P — Fa )]
Tiq1
HRia) [l P ) | (20)
Ti_1

Upon substituting for Jy(z;_1,x;41) and Ja(z;_1,2;41) from (20) in (19) and then substituting the resultant
expression for J(z;_1,2;11) in (18) and simplifying, on using (9), it leads to (17). =

Corollary 3 For2<m<mn,n € N and k > 0,

(R1,e;Rm—1,R,, +1) D
m:m:n—+1

1+ p)An+1,m-1) afA(n,m—1) (Ri,RaseosRon—2 Rom—1 4+ R 42) 1)
aB(Rom + 2)Am,m —1) |1+ B)A(n + 1,m — 2)H'm—lim=Tn+1

(R1,Ra,...;Rim—2,Rin—1+ Ry +1) F+D
—a(n — R1 — R2 — Rmfl -—m—+ 1),u'm71:m71:n

+a(R,, + 1) (R1,Ra,...;Rp) D (k+1) (R1,Rz,....Rm

M’"L:"L:TL ILL‘H'LITVLZ'VL

(21)

Proof. The recurrence relation in (21) can be established by following exactly the same steps as those used
in proving Theorem 2. m

4 Recurrence Relations for Product Moments

The recurrence relations for the product moments, defined in equation (10), of progressively Type-II right
censored order statistics from Bass Diffusion model, are given in the following theorems.
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Theorem 4 For1 <i<j<m,m<nandr,s>0,

(R1,Ra, s Rj—1,Rj+1,Rj 1,y Ry ) 75D

3,5:m:n+1
1+An+1,5—-1 . R LR o (rs+1)
— ((R f)z) (/BA( ] 1§ Of(n _ Rl _ R2 . RJ _ j)Mg?.l”;f%ji.nng—17R1+R]+1+17R]+21 7Rm)
7 « n,jp— e )
) . ] ) (r,s+1)
—an— Ry — Ry — - — Rj_q — j + )t iof el b Rt b R fin)
(R1,R2,...;Rp) (5 Y) aBA(n,j) (R1,R2,.. ., Rj—1,Rj+Rj 142, Rjq2,..., R )Tt
+a(Rj + 1)Mz',j:1m:721 - (1 +ﬁ)A(TL + 1 j* 1) :ui,jclmflszrlJ v o e
)
a,@A(n,j — 1) (R1,Rz2,..,Rj_2,Rj_ 14+ R;j+2,Rj 41, Rpn) "5+ D

* 1+ B)A(n + 1,5 — 2)/1i-tm-tm1

(R1,Ra,...,Rpm) (")
_(8 + 1)/”Li,j:m:n :| .

Proof. From equation (10), we have

(R1,Raz,....Rpn) ")
1,7:mn

~ Amm—1) [ff x;{/:Tx;f@j)[l—F(mejdxj}

0<21 < <@ 1 <Tjp1 < < Ty <OO ’

<[] f (@) [1 = F ()] day

t=
t#]

= An,m—1) / . / . / 2T () 1, xj41) ﬁ fla)[1 = Fz)])™ day,

Z

-

o o
<.

0<xzq < <L 1 <1 <o <Xy, <OO

where
Tjt1

T(2j-1,2j41) = / 2 ()1 — F(ay)™ da;.

Tj—1
Making use of the relation in (7) and splitting the integral accordingly into two, we have

of

T(zj-1,7j41) = T (zj-1,7541) — mTz(%—hl’jH),

where
Tjt1

x5l — F(z)® ey, a=1,2.

To(zj1,m541) = /

Tj—1
Integrating by parts yields

1 s Rj+a s Rj+a
Ta($j71,$j+1) = (S+1) [Iji}[l—F($J+1)] it —l‘jt%[l—F(ibj,l)] it

(R; +a) / T L () B f () .

j—1

(22)

(23)

(24)
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Upon substituting for T4 (z;—1, z;+1) and To(z;_1, z;+1) from (25) in (24) and then substituting the resultant
expression for T'(x;_1,Tj+1) in (23) and simplifying, on using (10), we get

(R1,Ra,...,R) (™)
iuz,] m:n

_ % ///

0<z1 <+ <21 <T 41 <+ <Xy <O

25T = o)) ] £l — Fo) ™ day

tj

aA(n,m—1 s T )
—i(s =l [ amtn - R0l T Aol - P s,
0<z1 < <1 <T 1<+ <Typ <OO i;;
aA(n,m—1)(R; +1) - .
N 1 2 At | IR
0<z1 < <Tpp <00
afA(n,m—1)

0<zy <+ <Tj o1 <Tj41 < e <Ly KOO

0<z1 <+ <xj -1 <Tjp1 <o <Typ <OO

aBA(n,m — R+2 ///

(1+ ﬁ)(s +1
0<z1 <x2< <& <00

1+ B8)(s+1)

afA(n,m—1)

(e

r s+1

This implies that

T = Py

25T = Flay)] 2 [ fao)l - F(ao)]Pda

t#]

W] Fa)ll = F(a)] ™ day

t#j

()1~ P da; T] Fe0lt — Fa) ™ d,.

t#j

(R1,Ra,..,Rpn) )
(S + l)l’Ll j m:n "
o (R1,Ra, s Rj—1,Rj+Rj11+1,Rj 12,0, Ryy ) (M5
_a(n_Rl_RQ_'”_R _])Mljm 1:in

—a(n—Ry—Ry——Rj_1 —j+ 1)M(R13?2; 1Rg 2, Ry 14+ R+ 1, Ry 1, Ry ) 7D
J— i, m—1:n
R 4 1) BB Ren) 05D aBA(n, j)
Oé( J + ) z ,jrmen

(R1,R2,...,R;

Rm)(f‘,8+1)
X Mz ,jim—1: n+1

—1,Rj+Rj11+2,Rj12,...

(R1,R2,....Rj_5,Rj_1+Rj+2,Rjq1,..., Rp) ("5 H Y
i,j—lim—1:n+1
(R1,Rz2,...,Rj_1,R;+1,Rjq1,....Rp) ™Y

X Mi,j:m:nJrl ’

which on rearranging the terms leads to (22). m

(1 +B)AMn+1,5-1)

aﬁA(naj — 1)
(

(1+B)An+1,j—2)
(R +2)apA(n

1+ 8)An+1,5—-1)

Remark 2 It may be noted that Theorem 4 holds even for j =i+ 1, without altering the proof, provided we

(R1,Ra,..
T, Z m:n

wRm)™ _ (Ri,RassRim

min

) y(re)
realize that

Theorem 5 For1<i<m-—1,m<n andr,s >0,

(R1,Ra s R =1, Ry 1) 7o+ D)
i,m:m:n+1

1+p8)An+1,m-1) afA(n,m —1)

, as mentioned in equation (11).

(R1,Rz,.; R —2, R 1+ Ry +2) (5D

(Rm +2)afA(n,m —1) [ (1+B)A(n+1,m —
(R1,R2,...

2) i,m—1l:m—1:n+1

Rm—2,Rm_1+Rm+1)"s+D

—a(n—R1 _RQ—"'_Rm—l _m+l):uzm 1I:m—1n
Ri,Ra,..,Rpy) e th) Ri1,Rz,..,R
Ry + Dz om0 (g 1) Pt

)"0 (26)
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Proof. The relation in (26) may be proved by following exactly the same steps as those used in proving
Theorem 4. m

Remark 3 For the special case Ry = Ry = --- = R, = 0 so that m = n, in which case the progressively
censored order statistics become the usual order statistics X1.n, Xom, ..., Xnm, whose single moments are
denoted by ,ugliz for 1 < i < n and product moments are denoted by NETJS)L for 1 < i < j <mn, the recurrence

relations established in Sections 3 and 4 reduce to that of usual order statistics from Bass diffusion model.

5 Recursive Computational Algorithm

Thomas and Wilson [19] gave a computational method for obtaining single and product moments of progres-
sively Type-II right censored order statistics from an arbitrary continuous distribution through a mixture
form that expresses them in terms of those of the usual order statistics from a sample of size n. Utilizing
the knowledge of recurrence relations obtained in Sections 3 and 4 in a systematic manner, along with the
mixture formula for missing moments, one can evaluate the moments of progressively Type-II right censored
order statistics from Bass diffusion model for all sample sizes and all censoring schemes (R, Ra, ..., Ry) in
a simple recursive way. The same has been demonstrated in the next section.

5.1 Single moments

Case I: When n =1, then m = 1.

In this case, we have only one progressive censoring scheme Ry = 0. Thus, from equation (9), we have

L+ALk+1),

0 )" k
E(Xfl)l)k = :u‘g:izl - H’(ll) = E(Xk) == ak,@ Uk

(=8, (27)

where L;, (z) is called the polylogarithm of order k, k = 1,2,..., defined as
z LZ
Li (2) = / L(u)du, with L;, (2) = % wherek=1,2,....
’ 0 U 1-=2

The case k = 1 is the natural logarithm L;, (2) = —log(1 — z) (cf. Jodfa [11]).
Putting £ = 1 and 2, in equation (27), we get

1
i =t} = B0 = g1 4.5,

and
0@ 2 2(1+5)
Mgzi:l = /j‘gz = E(XQ) = _fLiz(_ﬁ)'
a?f
Proceeding in a similar manner MEO%(:) for all k =1,2,..., can be calculated.

Case II: When n = 2, then m =1 or 2.

Subcase (i): m=1
We have only one progressive censoring scheme Ry = 1, and in this case we have from equation (13), on
putting n =1,

1 k+1 1)+ (1 + ﬁ) 0)(k+1) 0)(®)
E (X§1)2> = ﬂgiz:Q = 7 |:Oélu‘§:%:1 - (k + 1)/“’5%1 :| . (28)
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Putting k£ = 0 in equation (28), we get

1H® 1 y_ (1+58)
Mg:i:Q = /’1’5:%:2 = Mg% = 04/6 [arul:l:l - 1]

= (1;625) [(1+B)log(1 + B) — f]. (29)

Also, for k =1 in equation (28), we have

(1)@ (1 =+ ﬂ) [Oé 0)® (0) ]
1:1: )

Hia2 = Taf 1 7 4Ha (30)
where .
ug%l and Mﬂ;l can be calculated using (27).
(®)
Proceeding in a similar manner ,uggﬂ for all K =1,2,..., can be calculated.

Subcase (ii): m =2
We have only one progressive censoring scheme R; = Ry = 0, in this case we have

0,0 0,0 0,0 0,0
E(X§22)) = lu‘(1:2:2) = H1:2 and E(X§22)) - :ué:Q:Q) = Ha:2-
Also,
0,0 0,0)® 2 0,0 0,0)® 2
E(X£:2:2))2 = /.1/5:2:% = ug% and E(X2(:2:2))2 = /’Lg:Q:% = /’Lg%
and these values concerning ordinary order statistics can be evaluated.

Case III: When n =3, then m =1 or 2 or 3.

Subcase (i): m =1
We have only one progressive censoring scheme R; = 2, and in this case we have from (13), on putting
k=0and n =2,

2 2 (14 5) 1 1
E(Xl(l)S) = IU/(l:i:S = Oéﬁ |:Oé/j/§:i:2 - 2:| ;
and upon taking £k = 1 and n = 2, we get
2 2)(2) (]_ + ﬁ) 12 1
E(X1(11)13)2 = /15:2:3 = [aﬂg:iﬁ - Mgziﬁ]’

af

@
where, uﬂg and uﬂ:g can be calculated using (29) and (30), respectively.

Proceeding in a similar manner uﬁ(;) forall k=1,2,... can be calculated.

Subcase (ii): m =2

We have only two progressive censoring schemes. One is Ry = 1 and Ry = 0 and the other is Ry = 0 and
Ry =1.

When Rl =1 and R2 =0

On putting k =0, m =n =2, Ry =0 and Ry =0 in (12), we get

1,0 Loy 3(1+75) 1 1 2a8 2
E(X1(23)) = N’g:2:% = W augziﬁ + aug:% - mug:%:S -1

and upon taking k =1, m=n =2, Ry =0 and Ry = 0 in (12), we get

= H1.2:3 - 4056

1,0 1,0 (2) 3(1 + ﬂ) 1)(2 2 20[5 2)(2) 1
E(X§:2:3))2 = uily) = ap’(lzi:Z + a:ué:% - m#g:iﬂ 2111’(1% :
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Further, on using mixture formula, we have

1,0 1 1,02 171 (2
Mé:2:gy = 5 [/1’2:3 + /1‘3:3] and Mé:&% 5 |:,U/é ;) + /1’( ):|

()
Proceeding in a similar manner ,ug 0% and ,uélgog), " for all k = 1,2,... can be calculated.
When Ry =0 and Ry, =1
In this case, we find that

0,1 0,1 0,1 0,1
E(X£23)) /1‘52%_/1‘1 13 E(Xé2??) /1‘52{;_/1’257
0,1 0,1)® 2 0,1 0,1 2
E( 1( 3))2 = :LLS:Q:\% = ,ugé and E(X§:2:?3)2 = iu‘é:Z:% = ,Ué%
Other moments can similarly be obtained.

Subcase (iii): m =3
We have only one progressive censoring scheme R; = 0, Re = 0 and R3 = 0. In this case
0,0,0 0,0,0 0,0,0 0,0,0
E(X 1(33 )) Mg :3:3 ) = H1:3, E(X£:3:3 )) = :ug:B:B ) = Ha:3,
0,0,0 0,0,0)® 2 0,0,0 o o 0)® 2
E(Xl(:3:3 ))2 = :u(l:3:3 ) = H’g:%? E(X( )) = ( ) = /j’()
and (0,0,0)\2 (0,0,0)® (2)
E(X33.3 )? = [43:3:3 = H3:3-
All these values can be obtained by using the results of Jodfa [11] for ordinary order statistics.

5.2 Product moments

Case I: When n =2 and m = 2.

In this case we have only one progressive censoring scheme i.e. Ry = Ry = 0. Thus, from equation (10),
we have

0,0 0,0 0,
E(X£:2:2)X§:2:2)) /”L ,2: = H1:2:2
=(u

!

We have only two progressive censoring schemes. One is Ry = 1 and Re = 0 and the other is R; = 0 and
Ry =1.

When Ri =1and R, =0

In this case we have E(X1(1203)X§1203?) § % = £ (1,9.3 + 141,3:3), from the mixture formula.

When R; =0 and Ry =

In this case we have E(X1(02’13)X502’13)) ,ug?éé):g, which can be computed on putting m =2, n=2,r =1,
s=1, Ry =0and Ry =0 in (26).

0)
2:2
1)
+

(1+5)
of

log(1 + B))2 )

Case II: When n =3 and m = 2.

Case III: n =3 and m = 3.
In this case we have only one progressive censoring scheme Ry = Ry = R3 = 0 and
0,0,0) y-(0,0,0 0,0,0 0,0,0) 4-(0,0,0 0,0,0
E(X{:B:Zi )X2(:3:3 )) Mg ,2: 3:% = H1,2:35 E(Xf :3:3 )X§33 )) M(l ,3:3:3 ) = = H1,3:3

and (0,0,0) +~(0,0,0) (0,0,0)
E(X233 X3.3:3 )= M2 3:3:3 = [ 3.3

Likewise, one could proceed for higher values of n and all choices of m and (R1, Ra, ..., Rpy).
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6 Maximum Likelihood Estimators (MLEs)

Based on the observed sample 1 < x5 < -+ < &, from a progressive Type-II censoring scheme, (Ry, Ra, ..., Ry),
the likelihood function can be written as

m

L(a, B) :A(n,m—1)Hf(a:t,oz,ﬁ)[1—F(mt,a,ﬁ)]Rt; x>0, a>0, 8>—1, (31)
t=1
where
Alnm—1)=nn—R —1)(n—Ry—Rs—2)...(n— Ry —Ra—--— Rp—1 —m+1),

and f(-) and F(-) are same as defined in (3) and (4), respectively. Therefore, ignoring the additive constant
the log-likelihood function is written as

log(L(a, B)) = mlog(a) + mlog(1+ ) — Y ay— > (R +2)log(1+ fe ")
t=1 t=1
+log(1+3) Z R — « thRt. (32)

t=1 t=1

To compute the MLEs of the unknown parameters o and (3, consider the two normal equations;

m B i (Rt —|— 2)6—0427,,3%
alL(L) — T _ th(l + Rt) + t=1 — 07 (33)
t=1

O ! (14 Be—awt)

and

dlog(L) _ _m it W =0 (34)
( b

96 1418 148 (1% Beam)

whose solution provide the MLEs & and B R
Once MLEs of a and /5 are obtained as a and (3, the MLEs of R(¢) and h(t) can be derived using
invariance property of MLEs as

N 1 DN\, —at
Ruy= 1D (35)
1+ Be—ot
and
i a
W)= —< o 36
0= 5w (36)

7 Simulation Study

In this Section, a simulation study is conducted to observe the behavior of the proposed method for different
sample sizes, different effective sample sizes and for different censoring schemes. We have considered different
sample sizes; n = 20, 25, 30; different effective sample sizes; m = 8,10, 15 and different censoring schemes.
In all the cases we have used @« = 1 and § = 1. For a given set of n,m and a censoring scheme, using the
algorithm proposed by Balakrishnan and Sandhu [5], a sample is generated. Using the sample, the MLEs of
unknown parameters a and 8 are computed based on the method proposed in Section 6.

Finally, with 1000 replications, using a program in R, the MLEs of a, §#, R(t) and h(t) along with their
mean square errors (MSEs) are obtained. The results are presented in Tables 1, 2 and 3.
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Table 1: MLEs of « and (8 along with their MSEs for different censoring schemes, for « =1 and 5 =1

~ o~

n | m Censoring scheme Q MSE(a@) B MSE(8)
20| 8 (7*0,12) 1.0349 | 0.01610 | 1.0505 | 0.01332
20 | 8 (12,7*0) 1.0327 | 0.01534 | 1.0170 | 0.01175

20 8 | (3,0,5,21,1,0,0) | 1.028 | 0.01570 | 1.0217 | 0.01276

20 | 10 (9*0,10) 1.0219 | 0.01553 | 1.0406 | 0.01282
20 | 10 (10,9*0) 1.0285 | 0.01512 | 0.9901 | 0.01330
20 | 10 (3,0,5,2,6%0) 1.0240 | 0.01551 | 0.9839 | 0.01279
20 | 20 (20*0) 1.0093 | 0.01272 | 1.0058 | 0.01095
25 | 10 (9%0,15) 1.0184 | 0.01422 | 1.0229 | 0.01204
25 | 10 (15,9*0) 1.0212 | 0.01499 | 1.0191 | 0.01228
25 | 10 (5,5,5,7%0) 1.0466 | 0.01575 | 0.9963 | 0.01322

25 | 10 (3,0,5,2,1,1,0,0,2,1) 1.0223 | 0.01460 | 1.0076 | 0.01123

25| 15 (14*0,10) 1.0141 | 0.01356 | 1.0188 | 0.01153
25| 15 (10,14*0) 1.0119 | 0.01304 | 0.9878 | 0.01170
25 | 25 (25*0) 1.0067 | 0.00552 | 1.0057 | 0.00748
30 | 10 (9*0,20) 1.0122 | 0.01137 | 1.0214 | 0.01158
30 | 10 (20,9*0) 1.0107 | 0.01215 | 1.0116 | 0.01061

30 | 10 (5,0,5,0,0,5,0,0,0,5) 1.0246 | 0.01540 | 1.0374 | 0.01304

30 | 10 (3,0,5,2,1,1,2,2,2,2) 1.0265 | 0.01500 | 1.0124 | 0.01042

30 | 15 (14*0,15) 1.0103 | 0.01112 | 1.0110 | 0.01096

30 | 15 (15,14*0) 1.0102 | 0.01116 | 1.0091 | 0.01015

30 | 15 | (3,0,5,2,1,1,0,0,1,0,2,4*0) | 1.0202 | 0.01463 | 1.0049 | 0.01036

30 | 30 (30*0) 1.0005 | 0.00480 | 1.0020 | 0.00519
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Table 2: MLEs of R(¢) and h(t) along with their MSEs for different censoring schemes, for & = 1 and 8 = 1;

t=0.2

t =0.2; R(t) = 0.9003; h(t) = 0.5498

n | m Censoring scheme R(t) | MSE(R(t)) | h(t) | MSE(h(t))
20 | 8 (7*0,12) 0.9027 0.0022 0.5483 0.0240
20 | 8 (12,7*0) 0.8947 0.0016 0.5910 0.0191
20| 8 | (3,0,5,21,1,0,0) | 0895 | 0.0015 |0.5864 | 00177
20 | 10 (9*0,10) 0.9031 0.0021 0.5445 0.0207
20 | 10 (10,9*0) 0.8919 0.0015 0.6080 0.0171
20 | 10 (3,0,5,2,6%0) 0.8928 0.0016 0.6025 0.0212
20 | 20 (20*0) 0.9009 0.0011 0.5512 0.0102
25 | 10 (9*0,15) 0.9023 0.0020 0.5508 0.0202
25|10 (15,9%0) 0.8936 0.0014 0.5971 0.0132
25| 10 (5,5,5,7%0) 0.8988 0.0016 0.5670 0.0202
25 | 10 (3,0,5,2,1,1,0,0,21) | 0.9053 |  0.0018 | 0.5301 |  0.0245
25 | 15 (14*0,10) 0.8968 0.0017 0.5821 0.0199
25 | 15 (10,14*0) 0.8939 0.0013 0.5954 0.0187
25| 25 (25*0) 0.9007 0.0010 0.5501 0.0101
30 | 10 (9*0,20) 0.9014 0.0017 0.5573 0.0167
30 | 10 (20,9*0) 0.8952 0.0016 0.5880 0.0147
30 | 10 (5,0,5,0,0,5,0,0,0,5) | 0.8984 |  0.0018 | 0.5721 |  0.0136
30 | 10 (3.0,5,2,1,1,2,2,22) | 0.8981 | 0.0018 | 0.5736 |  0.0177
30 | 15 (14*0,15) 0.9005 0.0016 0.5612 0.0160
30 | 15 (15,14*0) 0.8942 0.0013 0.5932 0.0156
30 | 15 | (3,0,5,2,1,1,0,0,1,0,2,4%0) | 0.8929 |  0.0015 | 0.6016 |  0.0143
30 | 30 (30*0) 0.9003 0.0008 0.5499 0.0090
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Table 3: MLEs of R(¢) and h(t) along with their MSEs for different censoring schemes, for & = 1 and 8 = 1;
t=1

t =1; R(t) = 0.5379; h(t) = 0.7311

n | m Censoring scheme R(t) | MSE(R(t)) | h(t) | MSE(h(t))
20 | 8 (7*0,12) 0.5422 0.0030 0.7248 0.0133
20 | 8 (12,7*0) 0.5388 0.0021 0.7464 0.0136

20 | 8 (3,0,5,2,1,1,0,0) 0.5179 0.0025 0.7554 0.0163

20 | 10 (9%0,10) 0.5213 0.0029 0.7639 0.0170
20 | 10 (10,9*0) 0.5345 0.0016 0.7480 0.0142
20 | 10 (3,0,5,2,6%0) 0.5371 0.0014 0.7589 0.0143
20 | 20 (20*0) 0.5370 0.0013 0.7354 0.0133
25 | 10 (9%0,15) 0.5336 0.0028 0.7438 0.0140
25 | 10 (15,9*0) 0.5316 0.0017 0.7541 0.0141
25 | 10 (5,5,5,7*%0) 0.5318 0.0016 0.7660 0.0154

25 | 10 (3,0,5,2,1,1,0,0,2,1) 0.5267 0.0021 0.7417 | 0.0137

25 | 15 (14*0,10) 0.5387 0.0028 0.7476 0.0155
25 | 15 (10,14*0) 0.5215 0.0019 0.8001 0.0168
25 | 25 (25%0) 0.5374 0.0011 0.7322 0.0115
30 | 10 (9*0,20) 0.5381 0.0023 0.7360 0.0125
30 | 10 (20,9*0) 0.5400 0.0022 0.7565 0.0142

30 | 10 (5,0,5,0,0,5,0,0,0,5) 0.5242 0.0028 0.7603 0.0156

30 | 10 (3,0,5,2,1,1,2,2,2,2) 0.5251 0.0027 0.7481 0.0150

30 | 15 (14*0,15) 0.5360 0.0021 0.7432 0.0137

30 | 15 (15,14*0) 0.5349 0.0016 0.7340 0.0101

30 | 15 | (3,0,5,2,1,1,0,0,1,0,2,4*0) | 0.5355 0.0018 0.7464 |  0.0111

30 | 30 (30*0) 0.5378 0.0010 0.7313 0.0063
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8 Conclusion

From Table 1, we observe that for complete samples, MLEs of o and (8 are very nearly unbiased and can
be regarded as good estimators. It is also observed that for complete samples, as sample size n increases
the average MSE decreases. Also, the MSE generally decreases as the failure information m increases, and
for all the censoring schemes the MSE of the estimates are quite small and can be used in all practical
situations. Here one has to make a trade off between the precision of the estimation method and the cost of
the experiment.

Also, from Tables 2 and 3, it is observed that for the MLEs of R(t) and h(t), the MSE generally decreases
as the failure information m increases. In addition, for the complete samples, as sample size n increases the
average MSE decreases.

Acknowledgement. Authors are grateful to the coordinating editor and the learned referee for giving
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