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Abstract

The existence of limit cycles is interesting and very important in applications. It is a key to understand
the dynamic of polynomial differential systems. The aim of this paper is to investigate a class of planar
differential systems of degree 6n + 1 where n is strictly positive integer. Under some suitable conditions,
the existence of three non algebraic limit cycles or three algebraic limit cycles. Furthermore, these limit
cycles are explicitly given in polar coordinates. Some examples are presented in order to illustrate the
applicability of our results.

1 Introduction

We consider two-dimensional polynomial differential systems of the form

i:%:P(x,y%

m
=2 =y
y_dt_ Y

where P and @ are polynomials of R[z,y] (R [z,y] denotes the ring of polynomials in the variables z and y
with real coefficients). A limit cycle of system (1) is an isolated periodic orbit and it is said to be algebraic
if it is contained in the zero set of an algebraic curve, otherwise it is called non-algebraic.

System (1) is integrable on an open set of R? if there exists a non constant continuously differentiable
function H : Q2 — R, called a first integral of the system on (2, which is constant on the trajectories of the
system (1) contained in €, i.e.

dH (z,y) OH (,y)

O0H (z,y)

By =0.

Moreover, H = h is the general solution of this equation, where h is an arbitrary constant. It is well known
that for differential systems defined on the plane R? the existence of a first integral determines their phase
portrait.

An important problem of the qualitative theory of differential equations is to determine the limit cycles
of a system of the form (1). We usually only ask for the number of such limit cycles, but their location as
orbits of the system is also an interesting problem. And an even more difficult problem is to give an explicit
expression of them. Until recently, the only limit cycles known in an explicit way were algebraic (see, for
example, [5] and references therein). After the work of Odani [7], who proved without giving its explicit
expression, that the limit cycle appearing in the van der Pol equation is not algebraic, several papers have
been published exhibiting polynomial differential systems for which non-algebraic limit cycles are known
explicitly (see, [4], [1], [6] and [3]).
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Subsequently, the authors’ interests converted to the coexistence of algebraic and non-algebraic limit
cycles. (see, [6] for n =9 and [2] for n = 5).
In this paper we are interested in studying the integrability and the limit cycles of systems of the form
T=x+n (am (9:2 +y? — ’y) -2y (3:02 +3y? — 'y)) (m2 +y? — 7)%71
x (az? + ay? + bx? — by?)" @
2
y=y+n (ay (1:2 +y? ,7) + 2z (3z2 + 3y? —fy)) (:c2 +y? —7)27%1
X (ax2 + ay® + bx? — by2)n

where a,c and « are real constants and n is strictly positive integer (n € N*). Moreover, we determine

sufficient conditions for a polynomial differential system to possess an explicit three non-algebraic or three
algebraic limit cycles. Concrete examples exhibiting the applicability of our result are introduced.

2 Main Result

As a main result, we shall prove the following theorem.
Theorem 1 Consider polynomial differential system (2). Then the following statements hold.

(1) Ifa> |b|,b#0,a < 0, and 4"nay®™ (a — |b|)" +27" < 0, then system (2) has three explicit non algebraic
limit cycles, given in polar coordinates (r,0) by

r1(0) = \/g’y (1 + cos (% arccos (% (p(0) — 22773))))7

ro(0) = \/37 (1 + cos (% arccos (% (p(6) — ?2773)) _ %ﬂ))
r3(6) = \/§7 (1 + cos <§ arccos (22; (p(e) _ 22773>) _ 4;))

on 62an7rf (27T) 0 o—ans
p(0) = em? <1_€2amr +f(0)> and f(6) :/0 (a+b00528)"d8'

where

(2) If a > 0,b = 0,a < 0, and 4"nay>"a™ + 27" < 0, then system (2) has three explicit algebraic limit
cycles, given in Cartesian coordinates (x,y), by

n n 1
(a:2+y2) (m2+y2—7)2 +

Proof. Firstly, we have
Ty — Yy =2n (332 + y2) (3332 +3y% — 'y) (332 + 92— 7)27171 (aa:2 + ay® + ba® — byQ)n

Thus, since a > |b| then, the equilibrium points of system (2) are present on the curve

(32% +3y° — ) (2® +y* — ’y)%_l =0. (3)

Proof of statement (1) of Theorem 1. The polynomial differential system (2) in polar coordinates
becomes )
P =r+nrar® (r* — ) "(a+bcos20)" (4)
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0 = 2nr®" (r? — 7)2n—1 (3r* =) (a + bcos20)" .

The differential system (4) where 2nr2" (r2 — 'y)%fl (

equivalent differential equation

3r? — ) (a+bcos20)" # 0 can be written as the

dr  r4nar® Tt (—y+ r2)2n (a + bcos 260)"
A0 2nr2n (12 — )1 (372 — 4) (a + beos 20)"

()

Via the change of variables p = (r2 (r2 — 7)2> , the differential equation (5) becomes the linear differential

equation

dp 1
ag T (a+bcos20)"" (©)

The general solution of linear equation (6) is

p(0,h) =" (h+ f(0)),

—ans
€

where h € R, f(0) = f(f mds. Consequently, the implicit form of the solution of the differential
equation (5) is

F(r,0) =12 (0) (2 (0) = 7)™ = "7 (h+ £ (6)) = 0.
Notice that system (2) has a periodic orbit if and only if equation (5) has a strictly positive 2m-periodic
solution. This, moreover, is equivalent to the existence of a solution of (5) that satisfies r(0,r.) = (27, r.)
and r(6,r,) > 0 for any 6 in [0, 27].

We remark that the solution 7 (6, rg) of the differential equation (5) such as r(0,7¢) = ¢ > 0, corresponds
to the value h = rg" (r% — 'y) 2”, provided a rewriting of the implicit form of the solution of the differential
equation (5) as

n 2n
F(r,0) = 12" (0) (r* (0) =~) " — p(0,70) = 0.
where

p(0.70) = e (rd" (18 =)™ + £ (6)) -

A periodic solution of system (4) must satisfy the condition r(2m,79) = 7(0,79).
Since 12" (0,7¢) (72 (6,70) — fy)Zn = p(0,79), we see that r(2m,ro) = r(0,79) if and only if p(27,7y) =
p(0,70) and we have

n 2n anm " 2n
po = p(0,70) = 18" (rF —=9)™" and p(2m,r) = €2 (3" (rd 7)™ + £ (27))

then, the condition p(27,79) = p(0,r9) implies that

2anm
po = 18" (=) = T g ] (27), (7)
thus e
pO) = (@) £0) 0

and the implicit form of the solution of (5) such that r(27,rg) = r(0,r9) can be written as

2n

F(r,0) =7 (0) (r* (6) =) — p(8) =0. 9)

where

on e?anwf(Qﬂ) 0 o—ons
p(0) = e’ (1—&‘””7 +f(‘9)> and f(6) :/0 (aFboosza)™ 45-
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1 2 3 3\ "
Next we prove that 0 < p= (0) < 2—77 for all € R. Let () = (%) e — f(#). We have

dp(0) 1 e—and 3 n
L= (4" " b cos 26 27" .
do 27" (a + bcos 20)" (4"noy™ (a+ beos 20)" +27")

Since a > |b|, @ < 0 and v > 0, we see that
0<a—|bl <a+bcos20 < a+ b

and
4"nay™ (a + |b])" + 27" < 4"nay" (a + beos 20)" 4 27" < 4"nay®™ (a — b)) + 27"

Since 4"nay®™ (a — |b])" + 27" < 0, it follows that 4"nay®" (a + bcos20)" + 27" < 0 and the function
0 — ©(0) is strictly increasing with
— _r _r ant __ 2 — _r anm 2 . 1
0= (5) <(F5) s <sen = (G ) e sen) (10)
Since (%) < (%) e~2an™ _ £(21), we see that
4,7/3 n 1— 62an7r 4,}/3 n
2) —2anm __ 1 = S A .
f( 7T)<(€ )(27) e2anﬂ' (27
Taking into account (10) and since « < 0, it follows that

e2an7rf(27.() 4,},3 n 4’)’3 n Comd
FErT <(27) <<27) ACE

620m7rf(271') 4,}/3 n Cond

thus

and

p0) = e (L en + 1)

pand ((z?;)”eana —£(0) +f(9)> = (4277:’:>"

Then p= (0) < % for all 6 € [0,27[. On the other hand, because f (6) > 0 for all § € R and o < 0, we have

A

2anm
anf €
p(0)=e (“Mrf @2m) + f (9)) > 0.
From (9), we have r2" () (r* () — 7)% = p(#), this is equivalent to 72 (9) (r* (9) — 7)2 = p# (0), then we
have
(r)* =2y (r?)7 4922 — pr = 0. (11)

This equation can be reduced by the transformation R + 2% =72 to the cubic equation

1 2 . 1
R? — g'yzR + (277‘3 - pn) = 0. (12)
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The discriminant of (12) is A = —p# (0) (27/)% 0) — 473) . Since 0 < p (0) < % for all # € [0,2n[, then
A > 0 for all § € R and there are three different solutions of the equation (12), and thus the roots are given
by ( for more details see [9]):

Ri(0) = 24 (cos (% arccos (% (p% 0) — %73»)) ’
Ry(0) = 2y (Cos (é arccos (277 (P% () — %VS)) _ Q%D ’
(

R3(0) = 2+ (cos (é arccos (2277

Going back through the changes of variables, we obtain :

r(0) = \/gfy (1 + cos (% arccos (% (p% (9) — 2177‘5»)), (13)
ro(0) = \/§ (1 + cos ( arccos (2—7 (
r3(0) = \/37 (1 + cos < arccos <27 (

2anm 271_) 0 e—ans
0) = and | € f ( / d )
p(6) =e ( 1= etonm o (a+bcos2s)" °

From (7), there are three different values with the property (2w, r) = r¢ > 0,

o= o e s (5 (- )
1 27 1

Thg = \/gfy <1 ~+ cos (3 arccos (273 <P€ - 22773)> - 2;)),
1

Tug = \/37 (1 + cos (3 arccos ( (PéL - 22773>> - 4;))

. . 2 1 2anm
which are solution of 73 (rg - 7) = pg where py = elTw

The implicit form of the solution of (5) can be written as

e‘,_.
l\D
\1
\g
v
N———

|

[V
e[y
N—
N————

q‘,_‘
l\.')
\]
~Q
N
~_
|
w‘ﬁ
~__
~_

where

F(r.0) =1 (0) (* (6) =) — p* (6) = 0 (14)
where
0= (2240 1 [ ).
To show that r; (0), ¢ = 1,2, 3 are periodic solutions, we have to show that
a) there does not exist any singular point of (14),
b) the functions 8 — r; (0), i = 1,2, 3 are 2w-periodic,

c) ri(6) >0,i=1,2,3 for all § € [0, 2n].
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a) We first prove that there is no singular point of (14). In particular we prove that the curve (3) does

not intersect the orbit (14). This curve in polar coordinates becomes (31“2 - 'y) (1“2 - 'y) =1 2 0. To show

this, we have to show that the system

(15)
(37‘2 6) — 'y) (7"2 (0) — 7)271_1 =0

has no solutions. Indeed the equation (3r? —~) (r? — 'y)%_l = 0 implies that r? (0) = 3 or r%(0) = 7.
1

If 72 () = ~ substituting 7% () = v into 7% () (r*(6) — 7)2 — pw (0) = 0, we get pw (0) = 0 which is
a contradiction. If r?(f) = I then the system (15) can be written as 5=7 — pr (§) = 0, which is a
contradiction because p= (9) < 24—773 for all # € R. Hence, (15) has no solution.
b) From (13), it follows that r;(6),i = 1,2,3 are 27-periodic if and only if p(6) is 2r—periodic and we
have
p (0 + 2m) = g2onmeond (% +f(0+ 2“)) ; (16)
we have

0427 s 0427 s
f (0 + 271—) = /(; (aJr% cos 20)™ ds = f (27T) + /2 (aJr% cos 20)™ ds;

making the change of variable u = s — 27 in the integral f9+27r e 2

27 (a+bcos20)™ dS, we get

—an(u+t2m)

0
f(0+27) = f(27) +/0 arresaaramyrdu = [ (2m) +e 2T [ ().

We replace f (6 + 27) by f (2m) +e~2¢7 £ (0) in (16), and after some calculations we obtain p( +2m) = p(6).
Since p(0) is a 2w-periodic function, then r;(0), i = 1,2, 3 are also 2r-periodic functions.

c) Next we prove that r;(f) > 0, i = 1,2,3 Indeed, since 0 < p% 0) < %, it follows that —1 <
27

5,3 (pwlT 9) — %73) < 1 for all § € R. Since the function x — arccosz is strictly decreasing in the interval
]—1, 1] then

0 < arccos (% (p% 9) — 2%73» <. (17)

Since v > 0 and the function x — cosz is strictly decreasing in the interval ]0, 3 [, then
1 27 1
1> cos (3 arccos (2’7“}’ <p% 0) — 22773)>) > 5
and r1(0) > 0 for all § € R. Taking into account (17) we have
1 1
-2 < 3 arccos (% (pn 6) — %73)) -z
since v > 0 and the function x — cosx is strictly increasing in the interval ]—%’r, —%[ then
—13 < cos (%arccos (% (p% 0) — %73)) - 2?”) <1,
and rz(0) > 0 for all § € R. Taking into account (17) we have
1
—4% < Larccos (% (pn 0) — 2%73)> -4 < -,

since v > 0 and the function = +— cos x is strictly decreasing in the interval ]—%ﬂ, —T('[ then

1 1 2
1 27 [ 1 3 2
—5 > cos <3 arccos (273 (p 0) — T )> -5 ) > —1,
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and r3(6) > 0 for all § € R.
In order to prove that the periodic orbits are hyperbolic limit cycles, we consider

\/ (1+cos( arccos(;/7 (p% (9,/\)—%)>)),
\/2?:’ (1+cos (%arccos (%( 0,\) — %))-%))
r3(0,\) = \/23"’ (1+cos(3arccos,(27 (p%(ﬁ,)\)—ﬁ))—%ﬂ))

where p(0,\) = e*™? ()\2" ()\2 — 'y)% +f (9)), and introduce the Poincaré return map A — II(27, \) =
r(2m, A). Therefore, periodic orbits of system (2) are hyperbolic limit cycles if and only if

7”1((9,/\)

7"2(0, /\)

d’l”z' (27‘(’, )\)

1,i=1,2
d)\ # 7Z 773

A=Ty;

where

rep = \/gfy (1 + cos (% arccos (% (pé _ ?2773)))>’
2 1 27 (% _ 2 2
\/3 (1 + cos ( arccos (W (Po - 2773>) - 7)
2. o7 (2 2 4 4m
Tey = 57 1+ cos 5 arccos | 903 | Py — 2—7’y -5

2anm
where p, = 61?2’:(”2,@ After some calculations, we obtain that

d’l“l (271’, )\)
dX

- dT2(27T, )\)
N dA

- d’l“3 (271’, )\)

2Tno
= < ]_,
dX ¢

A=r43

A=7T41 A=ry2

Consequently the limit cycles of the differential equation (5) are hyperbolic and stable, for more details see

[8].
If b # 0, clearly the curve (r(6) cos@,7(0)sin ) in the (z,y) plane with

F(r,0) =2 (0) (2 (6) — 7)™ — e (52522 4 1 (0)) =0 (18)

2am
is not algebraic due to the expression p () = e*™? ("ITJ;(E,?) +f (9)) . More precisely, in Cartesian coordi-
nates the curve defined by this limit cycle is
arctan £

£29nT £ (97r) —ans

n 2n r n¥ > P
(m2+y2) (x2+y2—’y) _ pomarctan 2 L) / mds =0.
0

If the limit cycle is algebraic this curve must be given by a polynomial, but a polynomial F(x,y) in the
7

= 0 and this is not the case

oxm™

. . .. OF . .
because in the derivative e appears again the expression
x

2anm arctan £ —ans
anarctan ¥ [ € f (27T> v €
e T T _2ann + n dS ’
1 — g2anm 0 (a + bcos2s)
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which already appears in F(z,y), and this expression will appear in the partial derivative at any order.

Proof of statement (2) of Theorem 1. If we take b = 0 in (8), we obtain p(f) = —

Going back

a"na’
through the changes of variables we obtain 72" (r? — ) S

——. By passing to Cartesian coordinates
a"no
(z,y), we deduce the

n 2n
(2®+9°)" (& +y* =) +
This completes the proof of statement (2). m

3 Examples

The following examples illustrate our result.

Example 1 Whenv=2,a=2,b=1,a = —1, system (2) reads

v =z+n(-z(2?+y?—2) -2y (32 +3y* - 2)) (2 + 9> - 2)2n_1 (322 +y%)",
Y =y+n(-y@®+y*—2)+ 2z (322 +3y> - 2)) (z* + % — 2)2n_1 (322 +¢2)"

It is easy to verify that all conditions of statement (1) of Theorem 1 are satisfied. We conclude that system
(19) has three non-algebraic limit cycles as shown on the Poincaré disc in Figure 1.

Figure 1: The phase portrait in the Poincaré disc of the polynomial system (19)

(19)

Example 2 Wheny=2,a=2,b=0, a = —1 system (2) reads
¥ =z+n (f:c (a:2 +9? - 2) -2y (3x2 + 3y? — 2)) (x2 +y? - 2)%71 (2:82 + 2y2)n ,
Y =y+n(-y@@®+y>—2)+2z (322 +3y> - 2)) (a? + y* — 2)2n_1 (222 +24%)"

1t is easy to verify that all conditions of statement (2) of Theorem 1 are satisfied. We conclude that system
(20) has three algebraic limit cycles as shown on the Poincaré disc in Figure 2.

(20)

Figure 2: The phase portrait in the Poincaré disc of the polynomial system (20)
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