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Abstract

In this paper, we present a common fixed point theorem for two pairs of
self mappings satisfying a generalized almost contractive condition in metric-
like spaces. We provide two examples to illustrate our obtained results, also an
application to study the existence of solution for a system of integral equations
is given.

1 Introduction and Preliminaries

The idea of metric-like spaces (dislocated metric spaces) is initiated by Hitzler and Seda
[20]. Later Amini-Herandi [3] discovered the metric like spaces are generalizations of
metric spaces, and he obtained some fixed point results in such spaces. In last years,
many authors established some fixed point or common fixed point theorems in metric-
like spaces, see for instance [5, 6, 7, 8, 9, 12, 21, 24].

On the other hand, Berinde [13] defined the weak contraction (contraction of
Berinde-type) and obtained some results under some contractive conditions. He also
introduced the concept of almost contraction in [14]. Recently, Babu et al. [10] intro-
duced a new type of contractive condition, which is called "condition (B)", they proved
the existence of a fixed point for this class of mappings, later Abbas et al. [2] gener-
alized the last concept to "generalized condition (B)". Quite recently, Ciri¢ et al.[16]
introduced the concept of almost generalized contractive condition and they obtained
some fixed point results in order metric spaces.

Firstly, we recall some basic definitions and properties of partial metric spaces and
metric-like spaces.

DEFINITION 1 (]25]). Let X be a nonempty set. A function p: X x X — Ry is
said to be a partial metric on X if for all z,y and z in X, the following conditions hold:
(P1) p(z,z) = p(y,t) = p(z,y) if and only if z =y,

(P2) p(z,z) < p(z,y),
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128 A Common Fixed Point in Metric-Like Spaces

(P3) p(z,y) = p(y, ),
(P4) p(z,2) < plz,y) +p(y, 2) — p(y, y).

The space (X, p) is called a partial metric space.

Clearly if p(x,y) = 0, then (P1) and (P2) imply « = y. If p is a partial metric on
X, then the function p* : X x X — Ry given by

p*(z,y) = 2p(z,y) — p(x, ) — p(y,9),

defines a metric on X.

Every partial metric p on X generates a topology 7, on X, which has as a base the
family of open p-balls {B,(z,¢);z € X,e > 0}, where

BP('%'?E) ={y € X, |p(z,y) — p(z,2)| <&},
for all z € X and € > 0.
DEFINITION 2 ([25]). Let (X, p) be a partial metric space.

(i) A sequence {z,} in X is said to be convergent to a point x € X with respect to
Tp if and only if
lim p(z, 2,) = p(z, 2).

n—oo

(ii) A sequence {z,} in X is said to be Cauchy if lim, . p(zn, ) exists and is
finite.

(iii) (X,p) is said to be complete if every Cauchy sequence {z,} in X is convergent
with respect to 7, to a point z € X such that lim,, . p(z, z,) = p(z, ).

In this case, we say that the partial metric p is complete.

DEFINITION 3 ([3]). Let X be a nonempty set. A function: o : X x X — Ry is
said to be a metric-like on X if the following conditions hold:

(i) o(z,y) = 0 implies that x =y,
(i) o(z,y) = o(y, ),
(iil) o(z,2) < o(z,y) + o(y, 2).
The space (X, o) is said to be a metric-like space.
Every partial metric is a metric-like.

EXAMPLE 1 ([3, 4]). Let X =R and define o for all x,y € X by:

_ lr =yl 4+ Jyl
5 :

a(z,y)
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If X = (0,00), we see that o(z,y) = max{z,y}. In this case o is also a partial metric.

EXAMPLE 2 ([3]). Let X = {0,1} and define o : X x X — R, as follows:

2 fa=y=0,
o(z,y) = { 1  otherwise.

Then o is a metric-like on X. Since ¢(0,0) > (0, 1), o is not a partial metric.

Each metric-like 0 on X generates a topology 7, on X, which has as a base the
family of open o-balls {B,(z,¢);z € X,e > 0}, where

Bo(z,6) ={y € X, |o(z,y) — o(z,2)| <e},
for all z € X and € > 0.
DEFINITION 4 ([3]). Let (X, o) be a metric-like space.
1. A sequence {z,} is said to be convergent to a point x € X if, and only if

lim o(z,z,) = o(z,x).

n—oo

2. A sequence {x,} in X is said to be a o-Cauchy sequence if lim, o0 0(Zpn, Tsm)
exists and is finite.

3. (X, o) issaid to be o-complete if every o-Cauchy sequence {x,, } in X is convergent
to a point z € X such that lim, . o(z,z,) = o(z, x).
DEFINITION 5 (]26, 19]). Let (X, o) be a metric-like space.

1. A sequence {z,} in X is said to be a 0—o-Cauchy sequence if lim,, oo 0(Zp, Tm) =
0.

2. (X, o) is said to be 0 — o-complete if every 0 — o-Cauchy sequence {z,} in X is
convergent to a point € X such that o(z, ).

REMARK 1.

1. Every 0 — o-Cauchy sequence is a o-Cauchy sequence.

2. Every 0 — o-complete metric-like space is a c0— complete metric-like space.

Abbas et al. [1] introduced the concept of almost contraction property for two self
mappings on a metric space which generalizes that given by Berinde [13, 15].
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DEFINITION 6 ([1]). Let f, g be two self mappings on a metric space (X,d). The
mapping g is said to be an almost contraction with respect to f, if there exist ¢ € [0,1)
and L > 0 such that

d(gz, gy) < dd(fx, fy) + Ld(fy, g).

Babu et al. [10] defined that a self mapping g on metric space (X,d) is said to
satisfy the condition (B) if there exist 6 > 0 and L > 0 such that 6 + L < 1 and for all
z,y € X we have

d(gz, gy) < dd(z,y) + Lmin(d(z, gx), d(y, gy), d(z, gy), d(y, g)).

Abbas et al. [2] generalized the last definition for two self mappings, called generalized
condition (B).

DEFINITION 7 ([2]). Let (X, d) be a metric space and let there be two self map-
pings f,g: X — X. The mapping g satisfies the generalized condition (B) associated
with f, if there exist § € (0,1) and L > 0 such that

d(gz, gy) < 0M(z,y) + Lmin{d(fz, gz),d(fy, gy), d(fz, gy), d(fy, gx)},

where

M (x,y) = max {d(fx, 1), d(fz, gz),d(fy, gy), d(fz,gy) ;‘d(fy,gx) } .

We find the same definition in paper [2], called g generalized almost f-contraction.
In our framework, we will need the following definition. Jungck and Rhoades [22]
defined weak compatibility of two self mappings as follows.

DEFINITION 8 ([22]). Let X be nonempty set. Two self mappings f,S: X — X
are said to be weakly compatible if they commute at their coincidence points; i.e., if
fu = Su for some v € X, then fSu = Sfu.

2 Main Results

DEFINITION 9. Let (X, o) be a metric-like space and let 4,5 : X — X. The mapping
S satisfies the generalized condition (B) associated with A, if there exists § € (0,1)
and L > 0 such that

o(Sz,Sy) < 0M(z,y) + Lmin{o(Az, Sz),0(Ay, Sy),c(Azx, Sy),o(Ay, Sx)}, (1)

where

M(z,y) = max {a(Ax, Ay),o(Az, Sz), o(Ay, Sy), ZA2:5Y) . o(Ay, 5z) } ,
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If A =1idx, then S satisfies the generalized condition (B).

EXAMPLE 4. Let X = {0, 1,2} and define o as follows: ¢(0,0) = 0,

o(1,1) =2, 0(2,2)=3, 0(0,1)=0(1,0) =1,

0(0,2) =0(2,0) =2 and o(1,2) =0(2,1) =4.

Let A and S be two self mappings such that

{2 ze {01}, o Ax{? if{;u},

Su = 0 z=2,

We show the inequality (1) is satisfied, with 6 = % and L = 0.

1. Forx =y=0o0r x =y =1, we have
12 4 4 4

0(50,80) =o(1,1) =2 < <

2. For z =y = 2, we have

=~

0(52,52) =0(0,0)=0< 30(142, A2).

3. For z,y € {0.2} with z # y, we have

16 4 1
0(50,52) = 0(0,1) = 1 < 2 = Z0(2,1) = 20(A(0), A(2)).

For x =y € {0,1} with = # y, we have

0(50,51) =0(1,1)=2< % = %J(AO,A].).

For x = y € {1, 2} with  # y, we have
16 4 4

Consequently, S satisfies the generalized condition (B) associated with A.

In our work, we will apply this condition for two pairs of self mappings to prove the

existence of common fixed points in a metric like-space.

Let (X,0) be a metric-like space and let A, B,S and T be self mappings on X

satisfying (1) and
T(X) C A(X) and S(X) C B(X). (2)
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Let 2p € X. Since S(X) C B(X) there is a point 1 € X such that yo = Bx; = S,
for this point yo there exists a point y; = Tx1, and since T'(X) C A(X) thereis xo € X
such that y; = Axo = Txq, so by continuing in this manner, we construct a sequence
{yn} in X as follows.

{ Yont1 = BTopy1 = Stop, (3)
Yont2 = ATonio = TTony1.

LEMMA 1. The sequence {y,} which is defined by (3) is a o-Cauchy sequence in
(X,0).

PROOF. First we prove
lim o(Yn,Yns1) = 0.

n—oo

We have
M(x2pn, Tony1)
= maX{U(A$2n73332n+1)70(A962n,szn),U(B$2n+1>T$2n+1)7

U(Axgm T9f2n+1) + U(B$2n+17 S$2n) )}
4

IN

max {U(y2n, Yon+1), 0 (Y2ns Y2n+1), 0 (Y2n+1, Y2nt2,

0 (Y2n: Yoan+2 + 0 (Y2n+1, Y2n+1) }
4

max{a(yzn, Yon+1), 0 (Y2nt1, y2n+2)}

IN

and

miH{U(Aiﬁzm szn)’ U(B$U2n+1, T172n+1), U(Al’zm T$2n+1), U(B$2n+1, Sl’zn)}
= min{a(ygm y2n+1)a U(yQW y2n+1)7 U(y2n+1a y2n+2)a U(yzn,2n+2 ), 0(y2n+17 y2n+1)}
= miH{U(y2m y2n+1); U(y2n7 y2n+2)7 U(y2n+17 y2n+1)}-

If 0(Yon, Yon+1) < 0(Y2n+1, Yant2), by (1) we get

U(y2n+1a y2n+2) - 0'(53327“ T$2n+1) S 6U(y2n+ly y2n+2) + LU(an-‘rly y2n+2)
= (04 L)o(y2n+1,Y2n+2) < 0(Y2n+1,Y2nt2),

which is a contradiction. Then

0 (Yon+1, Yont2) < (6 + L)o(Y2n, Y2n+1)-

Since § + L < 1, we put A = (§ + L) < 1, and by induction we obtain

U(yn+1, yn+2) S )\no_(y()’ yl)
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Hence {0(Yn, Yn+1} is convergent to 0. For all n,m € N such that m > n we have

da(ynvym) = QJ(ynaym) - U(ynayn) - J(ymaym)
< Q(U(yrn yn+1) + U(yn-‘rla yn+2) +ot U(ym—ly ym))
< 27 (a(yo,w) + Ao (o, 1) + - + )‘m_n_la(yanl))
1 \m—n
< 2)\"ﬁa(y0,y1) — 0 as n,m — oo.

This yields that {y,} is a Cauchy sequence in (X, d,), so it is a o-Cauchy sequence in
(X, 0). Since (X, 0) is o-complete, {y, } is convergent to z € X. Moreover, we have

lim o(yn,2) = lim o(yn,ym) = o(z,2) =0.

n—oo

THEOREM 1. Let (X,0) be a complete metric-like space, and let A, B, S and T
be self mappings on X satisfying (1) and (2). If A(X) or B(X) is closed, then A, B, S
and T have a unique common fixed point in X.

PROOF. From Lemma 1 the sequence {y,} is a o-Cauchy sequence, and X is o-
complete, so it converges to z € X. Also, the subsequence {yant2} = {Azanta} is
convergent to z. Suppose AX is closed, then z € AX and there exists u € X such that
z = Au. We claim z = Au = Su, if not by using (1) we get

o(Su,Txony) < dM(u,z2,41)+ Lmin {O’(AU, Bxopt1),0(Au, Su),

0(Brapy1, Twons1),0(Az, Tx2n41), 0 (Brapy1, SZ)}

Letting n — oo, we get
o(Su, Au) < do(Au, Su) + Lo(Au, Su) < o(Au, Su),
which is a contradiction, and so w is a coincidence point for A and S. Since S(X) C

B(X), there is v € X such that z = Su = Bv. We show Bv = T, if not by using (1)
we get

o(Bv,Tv) = o(Su,Tv) <M (u,v)+ Lmin {a(fu, Su), o(Bv, Tv),
J(fu,Tv),U(Bv,Su))}
< dmax{o(z,z),0(Bv,Tv)} + Lmin{o(z, z),0(Bv,Tv)}.
If o(2,Tv) < o(z, z), we get

o(z,Tv) < (§ + L)o(z,2) < o(z,Tv),
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which is a contradiction. Then z = Bv = Tv and the pair (B, T) is weakly compatible
imply that Bz = T'z. Now we prove Az = Bz, if not by using (1) we get

0(Az,Bz) = 0(Sz,Tz)
< dmax {U(Az,Bz),a(Az,Sz),a(B@Tz),i(U(Az,Tz)—i—a(Bz,Sz)}

+Lmin{o(Az,Sz),0(Bz,Tz),0(Az,Tz),0(Bz,5%)}
< (0+ L)o(Az, Bz) < 0(Az, Bz),

which is a contradiction. Then Az = Bz. Next, we prove z = Az, if not by using (1)
we get

0(Sz,Txy) < IM(z,z,) + Lmin{c(Az, Sz),0(Bxy, Txy),0(Az, Txy),0(Bxy,, Sz)}.
Letting n — oo, we get
0(Az,2) =0(Sz,2) < (6 + L)o(Az,2) < 0(Az, 2),

which is a contradiction. Then z is a common fixed point for A, B,S and T. For
uniqueness, suppose there are two common fixed points z and w, by using (1) we get

o(z,w) = o(Sz,Tw)
OM(z,w) + Lmin{o(Az, Sz),0(Bxy, Txy),0(Az, Txy,),0(Bxy,, Sz)}

<
< (64 L)o(z,w) < o(z,w),

which is a contradiction. Then z = w.
Theorem 1 extends Theorem 2.1 in [23] to the setting of metric-like spaces.

COROLLARY 1. Let (X, 0) be a complete metric-like space and let A and S be two
self mappings on X satisfying (2). If S satisfies generalized condition (B) associated
with A and the pair (A, S) is weakly compatible, then A and S have a unique common
fixed point in X.

If A= B =idx, we get the following corollary.

COROLLARY 2. Let (X,0) be a complete metric-like space and let S and T be
two self mappings on X such that

o(Sz, Ty) < ON(z,y) + Lmin{o(z, Sx),0(y, Ty), o0 (z, Ty), o (y, Sx)},

where

N(z,y) = min {a(m, y),o(z, Sz),o(y, Ty), o(x,Ty) 4+ o(y, Sx) } .

4

Then A and S have a unique common fixed point in X.
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In order to support our results, we give the following illustrative examples.

EXAMPLE 5. Let X = {0, 1,2}. Define o as follows:
7(0,0) = 0,0(1,1) = 2,0(2,2) = 3,
0(0,1) =0(1,0) =1,
0(0,2) =0(2,0) =2,
0(1,2) =0(2,1) = 4.

Let A and S be two self mappings such that A0 = 0, A1 = A2 = 2 and S0 = S1 =
0,52 = 1. We have also SX = {0,1} C X = AX. For the inequality (1), we discuss
the following cases.

1. For x = y and z,y € {0,1}, we have o(Sz,Sy) = ¢(0,0) = 0, obviously the
inequality (1) holds.

2. For z = y = 2, there exists § = % such that

0(52,52)=0(1,1) =2 < % = %U(A2,A2).

3. For z,y € {0.1} and z # y, obviously the inequality (1) holds.
4. For z,y € {0.2} and = # y, there exists § = % such that

8 4
0(50,52) =0(0,1)=1< E= gO’(AO,A?).
5. For x,y € {1,2} and x # y, there exists § = % such that
12 4
0(51,52) =0(0,1) =1< 5= ga(Al,AQ).

Consequently, all hypotheses of Corollary 2 are satisfied (with L = 0), the point 0 is
the unique fixed point for A and S.

EXAMPLE 6. Let X = [0,00) be endowed with a metric-like: o(z,y) = max{z,y}
(it is a partial metric) and let A, B, S and T be four mappings defined by:

<z< 3 <z<
Ax:{ix’ 0<z<1 7 Bx:{ sz, 0<z<1

, z>1 2, z>1
z <z< <z<
Sx = ?’ O=z=1 and Tx = (1)7 O<sz<l
g z>1 bR x> 1.
In this example we will utilize Theorem 1 with L = 0. Firstly we have
1 3
SX =10, 5] c [0, 5] U{2} = BX

and
TX = {o,i} C[0,2]U {4} = AX.

For the inequality (1), there exists § = % such that
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1. For z,y € [0, 1], we have
o(Sz,Ty) =
2. For z € [0,1] and y > 1, we have
1
3. For > 1 and y € [0, 1], we have
1 2
o(Sz,Ty) = 1 <-= gJ(ALE, St).
4. For z,y € (1,00), we have
1 4 2

Consequently all the conditions of Theorem 1 are satisfied. Moreover the point 0 is the
unique common fixed point for A, B,S and T

3 Applications

In this section, we will apply our results of Corollary 2 to prove the existence of solution
for the following system of Fredholm integral equations:

{w@=ﬁKw@ﬂW“v (4)

2(t) = [y Kalt, s, x(s))ds,

where K; : [0,1] x [0,1] x R — R are continuous functions. For z,y € X define a
metric-like o as follows:

o(2,9) = [z = ylloo + [[£]loc + Ylloo;

where ||z(t)||lcc = maxo<i<i|z|. Since (X,d,) is a complete metric space, where
do(2,y) = 2|z — y||loo, 80 (X, 0) is a o-complete metric-like space.

THEOREM 2. Assume that:

1. There exists a function 6 : [0,1] x [0,1] — R such that

1
| [ Baltosa(9) = Kattosp(e)ds] < 006 5)a(t) - ).
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2. There exists a function 7 : [0,1] x [0,1] — R such that

£(t) +/0 Ki(t, s, 2(s)ds| < n(t, $)x(t)],i = 1,2.

1
sup 6(t,s) =81, sup n(t,s) =ds and § = max{d;,d2} < —.
te0,1] te[0,1] 3

Then the system (4) has a solution in X.

PROOF. Define
1 1
Sx(t) = / K(t,s,2(s))ds and Tz(t) = / Ks(t,s,2(s))ds.
0 0

The system (4) has a solution, if and only if the two self mappings S and T have a
common fixed point in X. Since f and K, are continuous, so S and T are two self
mappings from X into itself. We have also

1
[Sz(t) = Ty(t)] ‘/0 Ki(ts,2(s) = Ka(t, s,y(s)ds| < 0(t, 5) [x(t) — y(t)]

0(t, s) max{|z(t) — y(t)], [Sz(t) — z(@)], [y(t) = Ty(@)], [=(t), Ty()| + ly(t) — S1lz(®)]}
S1llz(t) = y(t)loo-

On the other hand, we have

IAIA

1Sz ()] < n(t, s)lz], [Ty(E)] < n(t, s)[yl,

SO
[152(t)][oo < b2, 1 Ty(t)]loc < 02,

which implies that

o(Sx(t), Ty(t)) [2(t) = y()lloo + 152(E)l[oc + [Ty (#)[loc < 61 + 202

< 36<1.

Consequently, all hypotheses of Corollary 2 are satisfied ( with L = 0), then the system
(4) has a unique solution.
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