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Abstract

In this paper, we consider the long time behavior of solutions for two-dimensional
generalized Benjamin-Bona-Mahony equations with periodic boundary conditions.
By the method of orthogonal decomposition, we show that the existence of asymp-
totic attractor from the precision of approximate inertial manifolds. Moreover,
the dimensions estimate of the asymptotic attractor is obtained.

1 Introduction

It is well known that the concept of an inertial manifold plays an important role in the
investigation of the long-time behavior of infinite dimensional dynamical systems, see,
for example, [5, 6, 8, 10]. Inertial manifold is a finite dimensional invariant manifold
in the phase space H of the system which attracts exponentially all orbits. It is con-
structed as the graph of a mapping from PH to (I-P)H, where P is a projection of
finite dimension N. However, the existence usually holds under a restrictive spectral
gap condition. To investigate the case when the spectral gap condition does not hold,
the concepts of approximate inertial manifolds have been introduced in [7].

But the precision of approximate inertial manifolds is inextricably difficult at all
times. To overcome this difficulty the concept of asymptotic attractor has been intro-
duced [14].

Now let us recall the definition of the asymptotic attractor. We consider the solution
u(t) of a differential equation

up + Au = F(u), (1)

with initial data
u(0) = up. (2)

The variable u(t) belongs to a linear space E called the phase space, and F' is a mapping
of E into itself. The semigroup S(t), denotes the solution map associated to problem
(1)-(2):

S(t):up € E — u(t) € E. (3)
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If B is a bounded absorbing set, then

A= ﬂ U S(t)ug (4)

s>0t>s,ug€EB

is a global attractor for problem (1)—(2).

DEFINITION 1.1 ([14]). Let & be a finite-dimensional subspace E, and let B be a
bounded absorbing set in E. Suppose there exists a number t*(B) > 0 such that for
all up € B and all t > t*(B), there exists a sequence {u*(t)} 5 C € such that

lu*(t) = S(tyuolle — 0, &k — co. ()

Then the sequence of sets A”* defined by

AR = uk(t) (6)

s>0t>s,up€B

is called an asymptotic attractor of the problem (1)—(2).

In an asymptotic attractor A*, we know || - || is the module of phase space E,
u®(t) depends on the initial value of ug, and t*(B) only depends on the radius of
absorbing sets. In other words, t* is consistent with uy of B. When k& — 4o0, if
the limit value exists, then the limit value is a global attractor; otherwise, there is no
global attractor. we can discuss the structure of A*, since u* is the solution of finite
dimensional dynamical systems. (5) guarantees the asymptotic approximation of u*(t)
to the real solution of u(t), and not only the approximation. In the next section, we
construct a finite dimensional asymptotic solution to the generalized Benjamin-Bona-
Mahony equations, and then prove the asymptotic solution to the real solution. Then
we give the asymptotic attractor of the generalized Benjamin-Bon-Mahony equations.

In this paper, we will show the existence of the asymptotic attractor for the following
generalized Benjamin-Bona-Mahony equations with periodic boundary conditions

ug — 0Auy — pAu+ V- F(u) = h(x), (7)
J J .
Gu(@,t) _ 8u(x+2wez,t)’ =012 i=12 ()
ox! ozl
u(z,0) = up(x), wo(x) = ug(x + 2me;), (9)

/ u(z,t)dz =0, (10)

where z = (x1,29) €
positive constants, F
properties:

Q, Q = [0,27] x [0,27], e1 = (1,0), ea = (0,1), § and p are
= s), F5(s)) is a given vector filed satisfying the following

—~
>_nj
—~

(i) Fr(0) =0, k=12

(i) the function Fy, k = 1,2 are twice continuously differentiable in R!;
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(iii) the functions fx(s) = < Fy(s), k = 1,2, satisfy the growth conditions

lfe(s)| <CA+1s|™), k=12, 0<m<2.

The existence and uniqueness of solutions, as well as the decay rates of solutions for
this equation was studied by many authors, see, for example, [1, 2, 3]. On the other
hand, the long-time behavior for this equation were considered also by many authors,
see, for example, [4, 9, 11, 12, 13, 15, 16, 17].

Here, by the method of orthogonal decomposition, we show the existence of as-
ymptotic attractor for problem (7)—(10). Furthermore, the dimensions estimate of the
asymptotic attractor is obtained. Throughout this paper, we set [[u||* = [, |u|*dz and

per

H? () = {u : D% € L3(Q), Y0 < |a] <2

/ u(z,t)de = 0; u(x,t) = u(x + 27e;, t), € R? }
Q

Applying Faedo-Galerkin method similar to [4], it is easy to prove that the problem
(7)-(10) has a unique solution u(t) € H2,.(Q) if ug(x) € H2,,.(Q) and h(z) € L3(Q).

per per

Moreover, there are tyg > 0 and p, > 0 such that

B={u(t) € H2,(9) : l[ulw, 0)|]* + 8| Vule, O < 43, ¢ > 1o}

per

is a bounded absorbing set. Now we are in a position to state our main result:

THEOREM 1.2. If ug(z) € ngr(Q) and h(x) € L?(Q), the semigroup S(t) as-

sociated with problems (7)—(10) possesses an asymptotic attractor A* in ngr(Q).
Moreover, the dimension of A* satisfies

(1l + 26182 po (1 + p5"))* _ |
Cn(N+ 128

2
2 (V201(1+pf) Cipy
— + - <1y,
Cap N+1 2(N +1)257

NAk:min{NeN:

where Co = min{u(N +1)%, £}

2 Asymptotic Attractor

In this section, we show the existence of asymptotic attractor for problem (7)—(10) by
the method of the orthogonal decomposition. Let

{coskix1 coskaxa, coskixysinkaza, sinkix; coskaza,

sin kyzq sin ko, ki,ke =1,2,--- .}
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be an orthogonal basis of L2,,.(Q) and denote

per
Hy = span{coskizycoskaxa, coskizsinkoxa, sinkix;coskazs,
sin kyxq sin kaxa, k1, ka =1,2,...,N}.

(Q) — Hy and Qn = I — Py. For any u(z,t) € L2

per

Let Py: L2

per

(Q), we denote
p= Pyuand ¢ = Qnu.

By projecting (7) on the Hy, we have

Pt — 0Ap; — pAp + Py (V - F(u)) = Pyh (11)
and

q — 0Aq — pAg+ Qn(V - F(u)) = Qnh. (12)
For any ug(z) € B, we set u* = p + ¢* satisfying:

g7 —0Aq) — pAq® + Qn(V - F(p)) = Qnh,

(2, t) = ¢°(z + 2me;,t), i=1,2, (13)
¢°(x,0) = Qnuo

and
af — 0Aq; — pAg" + Qn(V - F(u* 1)) = Quh,
" (z,t) = ¢*(z + 2me;, t), i=1,2,
q"(x,0) = Q% uo.
where QIICV = QN - Q2k+1N,k = 1,2,"' .
Thus by (12)-(13), we can get a sequence {u*(t)} for problem (7)-(10). To prove
Theorem 1, it suffices to check the condition (5), that is, to prove the following Lemmas
2.2 and 2.3.

LEMMA 2.1. Under the hypotheses of ¢ = Qnu for N € N, we can get
IVal* > 2(N + 1)*[|q1*.

PROOF. Here we have

o0
u = E (u,lC cos ki1 cos koo + ui cos kix sin koxo
k,k1,k2=1

—l—ui sin k1x1 cos kaxo + ui sin k11 sin kzl‘g),

where uj, u%, ui, uﬁ are constants. Noting that
q=Qnufor N € N,

it follows that

o0
q = g (u,lc cos kix1 cos koo + ui cos kyixq sin koxo
kk1,ko=N+1

+ui sin k1x1 cos koxo + ui sin k1x1 sin kgmg)
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and
o0
lal? = > (k4 [l + [ + [ui?).
k=N+1
Therefore
dg O
ve = (91 9
6.’1?1 85[:2
o0
= < Z —kluisinklxlcoskgxg—kluﬁsinklmlsinkgmg
k,k1,ka=N+1
+ klui cos k1x1 cos koo + klui sin k1x1 sin k2$2:| ,
oo
Z [ — kgu,lC cos kixq sin koxo + ]{32’11,% cos kixy sin koxo
k,k1,ko=N+1
_ kQUi sin k1x1 sin koxa + k4ui sin k121 cos k2$2:| > ,
and
dq 2 dq 2
V| = ||| +||l=—
e I e
oo
= > (B4R (ubl + [ug ] + [ud | + [ui]?)
k,k1,ko=N+1
o0
> 2N+ 12 > (Jubl® + [ug]” + [ud]” + |ui]?)
k=N+1
= 2(N+1)%ql*.

LEMMA 2.2. Assume that u(x,t) is a solution for problem (7)—(10) with uo(z) € B,
and ¢F(k = 0,1,2,---) satisfy (12)-(13). Then there are Ny € N and t;(B) > 0 such
that for N > No,

[u*[[? + 81 Vu|* < 208, ¢ > 15(B), k=0,1,2,--. (14)

PROOF. We only need to prove the following inequality:

lg™11* + 81V a" (1> < . (15)
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Here we verify (15) by the inductive method. Firstly, multiplying (12) by ¢°, we have
1d

L2 (1012 + 81921 + VeI < ) (11l + 19 - F@)])
< ﬁllquJn (Il + 1+ Ve, + Fo)ps)
< ﬁ”(qujn (14l + 2611+ ™) V)
< nlls (20,4357 00)

< BV + s (Il 200 Fpg(1 4 )
= glivd 4u(N +1)2 19 "Polt TP

It follows that

1 . .
W(HMHQ(M po(1+03))

d
2112 + 01196 %) + | Ve"|1* <
Note that
uIVe I =SIVe 12 + £11v4°|1

I
Zp(N + 12M1¢°1” + 5501V I” = Ca(lla”l” + 6l ValI?),

where Co = min{u(N + 1)?, 1. Then we have

1 2
(Il + 20162 py (1 + )
2u(N +1)2

IN

d
Z(1°17 + 31V’ %) + Calla”|* + 811 Va"*)

By Gronwall’s Lemma, we have

IO + 8lVa" (B

1 2
21l + 2015~ oo 1+ )
< (IO + 8 Ve (0)]2)e= " + ( ) (1

- efczt).
- 2C5u(N +1)2
There exists a t3;(B) > 0, such that for V¢ > t3,(B), we have
_1 2
SO 1 81ve)? < (IRl + 20182 p (1 + o))
la" @I +6lIVe'||” < Cop(N +1)?
Let N be so large that
_1 2
(Il + 20162 o1+ o))
< (16)

1,
Con(N + 1207 =
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we have
Ig°1> + 6lVa°|1? < p§, t > t1,(B). (17)

Now assume that [|¢*~1||2 + §||V¢*~1||?> < p? holds, we shall prove that for Vk (15)

holds. Multiplying (13) by ¢*, we have
1d _1 X
5 22 (1112 + 81V 112) + Va2 < (1Al +2C16~ 2 po(1 + p§)?) lla" .

By using similar argument as above, we can obtain
_1 2
(I8l + 201672 po 1+ o))
2u(N +1)2

By Gronwall’s Lemma, there exists a t7,(B) > 0, such that for V¢ > t],(B), we have

d
Z (6" + 81Ve" (1) + Ca(llg™1I* + 81 Ve"[|*) <

1 2
(Iall + 2016~ 2 o1+ o))
Copu(N +1)2

lg®@)1* + 81 Ve"||* <
Let N be so large that

N 2
(Il + 20163 o1+ o))
<1,
Con(N+ 178

(18)

we have
1g"I1” + 811V g"||*> < p§, t>t1,(B). (19)

Let t§(B) = max{t};(B),t5(B)}. Then (15) follows from (17) and (19). The proof of
Lemma 2.2 is completed.

LEMMA 2.3. Under the hypotheses of Lemma 2.2, there are N7 € N and t5(B) > 0
such that for N > N; we have

lg" = all* +8[Vg" = Va|* = 0, k— oo, t > t5(B). (20)
PROOF. Here we verify (20) by the inductive method. Firstly, set w® = ¢° — ¢, by
(11) and (12) we have
w) — 6Aw) — pAuw’ + Qn(V - F(p) — V- F(u)) = 0. (21)
Multiplying (21) by w® we obtain
1d
2dt
_1 m
<[V -F(p) = V- F(u)|[[w’]| <4C1672po(1 + pg")[[w°]].

(w1 + I Vw|[?) + pl V®]|?

By using similar arguement as above, we can obtain

d
7 ([P 17 + 61V |1%) + Co(([w®|* + 8] Ve|?) <

8CTp5(1 + pf')?
Su(N + 1)2
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By Gronwall’s Lemma, there exists a t5,(B) > 0 such that

16CTp3(1 + pg')*

07412 012 < S g* .
[w™(@)[]7 + o[ Vw™(£) [ < Codp(NT 12 t = t5(B) (22)

Denote w* = ¢* — ¢, by (11) and (13), we have
wf — dAw; — pAw® + Qn (V- F(uF™1) = V- F(u)) =0, (23)

where k = 1,2, --- . Multiplying (23) by w", we have

1d
2dt

Now let us consider the last term

(1w + 6| Vwk ||?) + pl| V|| + (Qn(V - F(u" ) = V- F(u)),w") =0,

(QN(V-F@u" 1) =V -F(u)),w")

= (Z[fi(ukl)uﬁil - fi(u)uxiLQka)

=1

= <Z [fi(uk_l)w!;i_l + (fi(uk_l) - fz(u)) uIz] 7Qka>

i=1
2
= (Z fi(ukl)wﬁil,Qka>
1212 )
+ (Z/ fLOuF1 (1 - 9)u)d9wk_1uzi,Qka> :
i=170

So we have

1d k2 k2 k2
5 < (1 + 817w ?) + |

20 (1 + [u" ™) [V lw]| + Cslw* || Vul| ||

1
20 1_~_m vk—l.ivk
R B o
1

+C36 2 pg - WIIW’HHIIW’“II

2
1 2 1 K
HvakHQ +—. \[Cl( +P0) C3p0 . vakleg
2 2 (N +1) 2(N +1)252

IN

IN

<

It follows that

&‘Q‘

(lw*[I* + 81 Vw® ) + Ca(llw*|* + 6| Vao*||*)

V20, (1 ) C ’

+ Py’ p _

N1 ot | Vet (24)
+ 2(N +1)262

t

I
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where(k =1,2,---.). Let k =1 in (24), we have

d
2 (M2 + 8[IVw|2) + Co(llw | + ol Ve |1?)
2
1 (V201 + pi* Csp
< u( le(+1 °)+2(Nj10)25§> IVw @) (25)

By Gronwall’s lemma, there is a t5; (B) > 0 such that
[l [I? + 8[| Ve ||

2 (V2011 + pp) n Cspg
(N +1) 2(N +1)

2
o 2 55) IV, 1215 (B). (26)
By the inductive method, there is a t3,(B) > 0 such that

lw"|? + 8[| Vw*|®

28 (V2C1(1+ p) Cspo
Cypk N+1 2(N +1)

2k
. 1> [Vu® @)%, t > t5,(B), (27)
02
where £k =1,2--- . If N is large enough, such that

2
2 (V200 +4p5)  Capg -1
Cop N+1 2(N +1)26% ’

(28)

then (20) follows from (22) and (27). The proof of Lemma 2.3 is completed.

In the above lemma, the asymptotic approximation of the real solution is proved,
and the dimension of the asymptotic solution is estimated. Now we explain the com-

pactness of A* in ngr(Q). It is indispensable. First we use the characterisation

A= uk(t).

s>0t>s,ug€B

Since for ¢t > s, the sets [J,~ woEB uk(t) form a sequence of nonempty compact sets

decreasing as ¢ increases, their intersection AF is nonempty and compact. Next, to
show invariance, suppose that

ze A = {y:3t, — o0, S*(tp)uo — yl,

we find that there exist sequences {t,} with ¢, — oo such that S*(¢,)ug — = and
S*(£)Sk (tn)up = S*(t + tn)uo — S*(t)ug

since S(t) is continuous. So S(t)A* C AF. To show equality, for t,, > t+s, the sequence

Sk (t, — t)ug is in the set
U v

t>s,ugEB
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and so possesses a convergent subsequence Sk(tn]_ —t)up — y, and so y € AF. But
since S(t) is continuous,

= lim S(t)S(t,, —t)zn, = S(t)y,

J—00

and so AKX C S(t)A*. Thus S(t)A* = Ak for all t > s. The proof of invariance is
completed. Therefore, AF is the asymptotic attractor.
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