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Abstract

The main purpose of this paper is to investigate the edge fixing edge-to-vertex
monophonic number of certain classes of graphs and to study its general proper-
ties. In addition, we have shown that for every integers a and b with 2 < a <b,
there exists a connected graph G such that me, (G) = a and meseo(G) = b.

1 Introduction

In this paper G denotes (G = (V, E)) a finite undirected connected graph without
loops or multiple edges. The order and size of G are denoted by p and ¢ respectively.
We consider connected graphs with at least three vertices. For basic definitions and
terminologies and for the concepts of distance in graph we refer to [1, 3].

A cord of a path ug,u1,us, -, un is an edge u;u; with j >4+ 2. A w-v path is
called a monophonic path if it is a chordless path. The monophonic distance has been
introduced and studied by [7, 8]. The monophonic distance d,(u,v) is the length of
the longest u-v monophonic path in G. A wu-v monophonic path of length d,,(u,v)
is called a u-v monophonic. The monophonic eccentricity e, (v) is the monophonic
distance between v and a vertex farthest from v, where v € V(G). The minimum
monophonic eccentricity among the vertices is the monophonic radius, rad,,(G) and
the maximum monophonic eccentricity is the monophonic diameter, diam,,(G) of G.

A monophonic set of G is a set M C V such that every vertex of G lies on a
monophonic path joining some pair of vertices in M. The monophonic number m (Q)
of G is the minimum order of its monophonic sets and any monophonic set of order
m (@) is a minimum monophonic set or simply a m-set of G. The monophonic number
of a graph has been introduced and studied in [2, 4]. Later Santhakumaran and John
introduced edge-to-vertex geodetic concepts in [9, 10]. John and Arul developed the
concept the edge monophonic number of a graph in [5].

Although the edge monophonic number is greater than or equal to the monophonic
number for an arbitrary graph, the properties of the edge monophonic sets and re-
sults regarding edge monophonic number are quite different from that of monophonic
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concepts. These concepts have many applications in location theory and convexity
theory. There are interesting applications of these concepts with regard to the problem
of designing the route for a shuttle and communication network design. In the case of
designing the route for a shuttle, although all the vertices are covered by the shuttle
while considering monophonic sets, some of the edges may be left out. This drawback
is rectified in the case of edge monophonic sets and hence considering edge monophonic
sets is more advantageous to the real life application of routing problem. In partic-
ular, the edge monophonic sets are more useful than monophonic sets in the case of
regulating and routing the goods vehicles to transport the commodities to important
places. This is the motivation behind the introduction and study of edge-to-vertex
monophonic concepts.

In [6], we define the edge-to-vertex monophonic number of a graph and have studied
the edge-to-vertex monophonic number of standard graphs. Recently, Santhakumaran
et al. developed the concept of edge-to-vertex detour monophonic number of a graph
in [11].

1.1 Notation and Terminology

We consider finite and simple graphs and use standard terminology. For a graph G, the
vertex set is denoted by V(G) and the edge set by E(G). If e = {u,v} is an edge of a
graph G, we write e = uv, we say that e joins the vertices v and v; u and v are adjacent
vertices; v and v are incident with e. If two vertices are not joined, then we say that
they are non-adjacent. If two distinct edges e and f are incident with a common vertex
v, then e and f are said to be adjacent to each other. A set of vertices in a graph is
independent if no two vertices in the set are adjacent. A vertex of degree 0 in G is
called an end-vertex of G. A cut-vertex (cut-edge) of a graph G is a vertex and edges
whose removal increases the number of components. A vertex v is an extreme vertex
of a graph G if the subgraph induced by its neighbors is complete.

2 Preliminaries

In this section, we give definition, example and a theorem which will be used in our
main results.

DEFINITION 2.1. Let e, f € E(G). The e-f monophonic path is a u-v monophonic
path where u is one end of e and v is one end of f. The vertex z is said to lieon a e — f
monophonic path if z is a vertex of e- f monophonic path. A set S C E(G) is called an
edge-to-vertex monophonic set if every vertex of G lies on a monophonic path between
two vertices in V(S). The edge-to-vertex monophonic number of G is the minimum
cardinality of its edge-to-vertex monophonic sets and is denoted by me,(G) and also
any edge-to-vertex monophonic set of cardinality me,(G) is a me,-set of G.

EXAMPLE 2.2. For the graph G given in Figure 2.1 with e = v1vg and f = v3vy,
the e-f monophonic paths are P; : vy, v9,v3, P2 @ vg,v1,02,v3, P3 : vg,v7,v8,v3 ,Py :
vg, Vs, Vg ,P5 1 Vg, V7,08, V3, V4, Ps 1 vg,vs5,v4,v3, and Pr : vg,v1,v4. Since the vertices
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va, U5, v7 and vs lies on the vjvg-vs3v4 monophonic path, S = {e, f} is a mey,-set of G
so that me, (G) = 2.

U1 V2 v3

(8

Cig

Vg s vy
G
Figure 2.1

THEOREM 2.3 ([6]). Every end-edge of a connected graph G belongs to every
edge-to-vertex monophonic set of G.

We have organized this paper in the following way. In section 3, edge fixing edge-
to-vertex monophonic number of standard graphs are obtained. In Section 4, a lower
bound and upper bound for edge fixing edge-to-vertex monophonic number of a graph
is obtained. In Section 5, the realization result involving edge-to-vertex monophonic
number and edge fixing edge-to-vertex monophonic number of a graph is obtained.

3 Edge Fixing Edge - To - Vertex Monophonic Num-
ber of a Graph

We begin with the following

DEFINITION 3.1. Let e be an edge of a graph G. A set S, C E(G) — {e} is called
an edge fizing edge-to-vertex monophonic set of e of a connected graph G if every vertex
of G lies on an e- f monophonic path of G where f € S.. The edge fixing edge-to-vertex
monophonic number of G is the minimum cardinality of its edge fixing edge-to-vertex
monophonic sets and is denoted by me e (G) and also any edge fixing edge-to-vertex
monophonic set of cardinality mefe,(G) is an mefe,-set of G.

V1

v U2

G
Figure 3.1

EXAMPLE 3.2. For the graph given in Figure 3.1, the edge fixing edge-to-vertex
monophonic set is given in the following Table 3.1.
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Fixing Edge (¢) | Minimum Edge Fixing edge-to-vertex | mefev(G)
monophonic sets (Se)

V107 {vsva}, {vavs} 1
Ve U7 {0304, 0102} ) {0203, 0102} ) {'UG'US; 0102},

{v1v7, v304}, {vgv5, v107}, {vov3, V1V7} 2
VaUs {vivr, v3v4}, {V1V2, v3V4} 2
Va7 {vivr, v304}, {v1V2, v3V4} 2
V102 {vsvs} 1
V34 {v1vr}, {v1ve} 1
VgUs {v1va, v304}, {v1V7, V304 } 2
V45 {v1vr}, {v1ve} 1
VU3 {viv7} 1

Table 3.1

REMARK 3.3. For a connected graph G, the edge e of G does not belong to edge
fixing edge-to-vertex monophonic set Se.

THEOREM 3.4. Let e be an edge of G and let v be an extreme vertex of a
connected graph G such that v is not incident with e. Then every edge fixing edge-
to-vertex monophonic set of e of G contains at least one extreme edge that is incident
with v irrespective of the fact whether e is an extreme edge or not.

PROOQOF. Let e1, ea, - - - , e be the edges incident with v and let S, be any edge fixing
edge-to-vertex monophonic set of e of G. We claim e; € S, for some i (1 <i < k). Let
us assume that e; ¢ S, for all i(1 < i < k). Since S, is an edge fixing edge-to-vertex
monophonic set of e of G, the vertex v lies on the monophonic path joining a vertex,
say x, incident with e and y € V(S,). Since v is an internal vertex of a monophonic
path z-y, v is not an extreme vertex of G, which is a contradiction. Hence e; € S, for
some i (1 <i < k).

COROLLARY 3.5. Every end-edge of a connected graph G belongs to every edge
fixing edge-to-vertex monophonic set of an edge e of G.

THEOREM 3.6. Let G be a connected graph and S. be an edge fixing edge-to-
vertex monophonic set of e of G. Let f be a cut-edge of G, which is not an end-edge
of G and let Gy and G be the two components of G — {f}.

(i) If e = f, then each of the two components of G — {f} contains an element of Se.
(ii) If e # f, then S, contains at least one edge of components of G — {f} where e

does not lie.

PROOF. Let f = uv. Let G; and G2 be the two components of G — {f} such that
u € V(G1) and v € V(G3).
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(i). Let e = f. Suppose that S, does not contain any element of G;. Then
Se € E(G5). Let h be an edge of E(G1). Then h lies in e-f monophonic path

’

P:’U,Ul,’UQ,...,’Ul,’U,’LL,’LLl,’LLQ,...,’LLS,’LL,’U,Ul,’UQ,...,’U,

where vy, vs, ..., v € V(G2), u1, ug, ..., us € V(G1) and v is end of f . Since u, v lies
in P more than once, P is not a path, which is a contradiction. Hence each of the two
components of G — {f} contains an element of .S,.

(ii). By similar arguments, we can prove that if e # f, then S, contains at least
one edge of component of G — {f} where e does not lie.

THEOREM 3.7. Let G be a connected graph and S, be a minimum edge fixing
edge-to-vertex monophonic set of an edge e of G. Then no cut-edge of G which is not
an end-edge of G belongs to Se.

PROOF. Let S, be an edge fixing edge-to-vertex monophonic set of an edge e = uv
of G. Let f = u/v' be a cut-edge of G which is not an edge of G such that f € S..
If e = f, then by definition of edge fixing edge-to-vertex monophonic set of an edge e
of G, f ¢ S.. If e # f, let G1 and G5 be the two components of G — {f} such that
u' € V(Gl) and v e V(Gg) By Theorem 3.6, G1 contains an edge zy and G5 contains
an edge 'y, where zy, 2’y € Se. Let S, = S. — {f}. We claim that S, is an edge
fixing edge-to-vertex monophonic set of an edge e of G.

Case 1. Suppose that e = xy is an edge in G; and az/y/ is an edge in Ga.
Let z be any vertex of G. Assume without loss of generality that z belongs to G.
Since w'v’ is a cut-edge of Ga, every path joining a vertex of G; with a vertex of
G4 contains the edge w'v'. Suppose that z is incident with w'v’ or the edge xy of
Se or that lies on a monophonic path joining zy and w'v'. If z is incident with
u'v', then z = /. Let P : y,y1,¥2, -,z = v be a zy-u’ monophonic path. Let

Q: v’l/,v;, e ,y/ be a v’/y/ monophonic path. Then, it is clear that P U {u/v/} U@ is

a ry- x/y/ monophonic path .Thus z lies on the xy- x/y/ monophonic path. If z is inci-
dent with zy, then there is nothing to prove. If z lies on a ry-ry monophonic path,
SaY Y, V1, V2, 4 2, . u then 1et v vl, v2, .- y be v 33 y monophonic path. Then
clearly y, vy, v, -+, 2, u v 01,02, .- ,y/ is a zy- z y monophonic path. Thus z
lies on a monophonic path joining a pair of edges of S;. Hence we have proved that a
vertex that is incident with u'v" or an edge of S, or that lies on a monophonic path
joining zy and u'v' of S also is incident with an edge of S; or lies on a monophonic
path joining a pair of edges of S/ Therefore it follows that S/ is an edge fixing edge-

to-vertex monophonic set of an edge e of G — 1, which is a
contradiction to Se a Mefev- set of G.

Case 2. Suppose that e = zy € Gs.
The proof is similar to that of Case 1.

THEOREM 3.8. For any non-trivial tree T with k£ end-edges,

() = k—1 if eis an end-edge of G,
MMefev R if e is an internal edge of G.
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PROOQOF. This follows from Corollary 3.5 and Theorem 3.7.

THEOREM 3.9. For the cycle graph G = C), (p > 4), Meyen(G) = 1, for every edge
in E(G).
PROOF. Let G = C), be a cycle graph and e be an edge of G. Let f be an edge of G,

which is independent of e. Let S. = {f} be an edge fixing edge-to-vertex monophonic
set of an edge e of G so that mcfe,(G) = 1.

THEOREM 3.10. For the complete graph K, (p > 4) with p even, meyfeo(G) = p;2,
for every edge in E(G).

PROOF. Let G = K, be a complete graph K,(p > 4) and e be an edge of G. Let S,
be any set of p2;2 independent edges of K, such that e ¢ S.. Since each vertex of K, is
either incident with an edge of S, or incident with e, S, is an edge fixing edge-to-vertex
monophonic set of an edge e of G. Hence it follows that

p—2

mefev(G> S T

If Mesen(G) < B52, then there exists an edge fixing edge-to-vertex monophonic set

2
S of e of K, such that S,

< %2 Therefore, there exists at least one vertex v of

K, such that v is not incident with any edge of S;. Hence v is neither incident with
any edge of S; nor lies on a monophonic path e-f where f € S; and so S; is not an
edge fixing edge-to-vertex monophonic set of an edge e of G, which is a contradiction.

Thus S, is an edge fixing edge-to-vertex monophonic set of an edge e of K,. Hence
mefev(G) = %

THEOREM 3.11. For the complete graph G = K,(p > 5) with p odd,

—1
Mefeo(Kp) = pT for every edge in E(G).

PROOF. Let G = K, be a complete graph K, (p > 5). Let e be an edge of G and
let M. consist of any set of p2;5 independent edges of K, such that e ¢ S. and Mé
consist of 2 adjacent edges of K, each of which is independent with the edges of M.
Let S, = M, U Mé Since each vertex of K, is either incident with an element of S, or
incident with e, S, is an edge fixing edge-to-vertex monophonic set of an edge e of G.
Hence it follows that

-5 1
mefev(G> < pT +2= pT

If mepeu(G) < E5E, then there exists an edge fixing edge-to-vertex monophonic set S,
of K, such that S; <

that v is not incident with any edge of S;. Hence the vertex v is neither incident with
any edge of S, nor lies on a monophonic path e-f where f € S, and so S, is not an
edge fixing edge-to-vertex monophonic set of an edge e of G, which is a contradiction.

7”2;1. Therefore, there exists at least one vertex v of K, such
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Thus S, is an edge fixing edge-to-vertex monophonic set of an edge e of K,. Hence

Mefen(Kp) = B3

THEOREM 3.12. For the complete bipartite graph G = K, ,(2 < m < n),
Mefen(G) = 1, for every edge in E(G).

PROOF. Let G = Ky, n(2 < m < n) be the complete bipartite graph. Let

X = {xlaan"' axﬂ’L} and Y = {ylayQa"' ;yn}
be the bipartition of G. Let e be any edge of G and let S. = {f}, where e # f. Let

e=z;y; and f = zry,

where 1 < i, k <m, and 1 < j,1 < n such that ¢ # k and j # l. Let = be any vertex
of G. If z € Y, then z lies on the monophonic path z;-xy. If x € X, then x lies on the
monophonic path y;-y;. Hence S, is an edge fixing edge-to-vertex monophonic set of
an edge e of G so that meye, (G) = 1.

4 Results on Edge Fixing Edge-to-Vertex Monophonic
Number of a Graph

THEOREM 4.1. Let G be a connected graph with at least three vertices. Then
1 < mefev(G) < q— 1.

PROOQOF. For an edge e, an edge fixing edge-to-vertex monophonic set needs at least
one edge of G so that mese,(G) > 1. For an edge e € E(G), E(G) — {e} is an edge
fixing edge-to-vertex monophonic set of an edge e of G so that mefe,(G) < ¢ — 1.
Therefore 1 < mefe,G) < q—1.

REMARK.4.2. For the cycle G = Cp(p > 4), for an edge e, any edge which is
independent of e is its minimum edge fixing edge-to-vertex monophonic set of e of
G so that mefey(G) = 1. For the star G = K 4, for an edge e, the set of edges
E(G) — {e} is the unique edge fixing edge-to-vertex monophonic set of e of G so that
Mefen(G) = ¢ — 1. Thus the star K, 4, has the largest possible edge fixing edge-to-
vertex monophonic number ¢ — 1 and the cycle Cp(p > 4) has the smallest edge fixing
edge-to-vertex monophonic number 1.

THEOREM 4.3. Let G be a connected graph so that G is neither a star nor a
double star. Then mefe, (G) < g — 2 for every e € E(G).
PROQOF. We consider two cases.

Case 1. Suppose that G is a tree such that G is neither a star nor a double star.
Then by Theorem 3.8, Mefen(G) < ¢ — 2 for every e € E(G).

Case 2. Suppose that G is not a tree. Then G contains at least one cycle, say,
C. Let e be an edge of G and let S. = E(G) — {e, f}, where f is an edge of C such
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that f # e. Then S, is an edge fixing edge-to-vertex monophonic set of e of G so that
mefev(G> S q— 2.
So by Cases 1-2, we prove Theorem 4.3.

THEOREM 4.4. Let G be a connected graph and e € E(G). Then me ey (G) = g—1
if and only if e is an edge of K 4 or e is an internal edge of a double star.

PROOF. Let G be a connected graph. If e is an edge of K 4, then by Theorem
3.8, Mefen(G) = g — 1. If e is an internal edge of a double star, then by Theorem 3.8,
Mefen(G) = g—1. Conversely, let me e, (G) = ¢—1 for an edge e € E(G). Suppose that
e is neither an edge of K; 4 nor an internal edge of a double star. Then by Theorem
4.3, Meger (G) < ¢ — 2, which is a contradiction.

THEOREM 4.5. Let G be a connected graph with ¢ > 4, which is not a cycle and not
a tree and let C(G) be the length of the longest cycle. Then mefe, (G) < ¢—C(G) +1.

PROOF. Let C(G) denote the length of the longest cycle in G and C' the cycle of
length of C'(G). We consider two cases.

Case 1. C(G) is odd.

Subcase 1la. C(G) = 3. Let C : vy, v2,v3,v1 be a cycle of length three.
Since G is not a cycle, there exists a vertex v in G such that v is not a vertex of C' and
which is adjacent to v;. Let e = v1v be an edge of G such that e is not an edge of C
and let

Se = E(G) — {viva, v1v3} — {e}.
Clearly S, is an edge fixing edge-to-vertex monophonic set of e of G so that
Mefen(G) < q—=3=¢q—-C(G) <q—C(G)+1.
Suppose that e = vovs is an edge of G such that e € E(C). Let
Se = E(G) — {viva, v1v3} — {e}.
Then S, is an edge fixing edge-to-vertex monophonic set of e of G so that
Mefen(G) <q—3=q-C(G)<q-C(G)+ 1.
Subcase 1b. C(G) > 5. Let
C :v1,v2, Uk, Vg1, "+ V2k41, V1

be a cycle of length C(G) =2k + 1, k > 2. Since G is not a cycle, there exists a vertex
v in G such that v is not a vertex of C' and which is adjacent to v;, say. Let e be an
edge of G but not in E(C). Let

Se ={E(G) — E(C)} U{vg410k42} -

Clearly S. is an edge fixing edge-to-vertex monophonic set of e of G so that me ey (G) <
g — C(G) + 1. Suppose that e is an edge of both G and C, and which is incident with
V1. Let

Se ={E(G) — E(C)} U {vks10k+2} -
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Then S, is an edge fixing edge-to-vertex monophonic set of e of G so that

Mefen(G) < q¢— C(G) + 1.

Caes 2. C(G) is even.

Subcase 2a. C(G) = 4. Let C : vq,vq,v3,v4,v1 be a cycle of length 4. Since G is
not a cycle, there exists a vertex v in G but not a vertex of C' and which is adjacent to
vy, say. Let e = v1v be an edge of G but not in F(C). Let

Se = E(G) — {v1va, v1v4, vav3} — {e} .
Clearly S, is an edge fixing edge-to-vertex monophonic set of e of G so that
Mefen(G) <q—4=¢—C(G)<q—C(G)+1.

Suppose that e is an edge of G which is incident with v; and also an edge of C. Let
Se = E(G) — {vavs, v1va} — {e}.

Clearly S. is an edge fixing edge-to-vertex monophonic set of e of G so that
Mefen(G) < q—3=q—C(G)+1.

Subcase 2b. C(G) > 6. Let

C:v1,02," Uk, Vkt1, -+ + 5 U2k, V1

be a cycle of length C(G) = 2k, k > 2. Since G is not a cycle, then there exists a vertex
v in G such that v is not a vertex of C' and which is adjacent to v;, say. Let e be an
edge of G but not in E(C). Let

Se = {E(G) = E(C)} U{vkvg 41}

Clearly S. is an edge fixing edge-to-vertex monophonic set of e of G so that mefe, (G) <
g — C(G) + 1. Suppose that e is an edge of both G and C, and which is incident with
(5 Let

Se ={E(G) — E(C)} U{vrvri1}.

Then S, is an edge fixing edge-to vertex monophonic set of e of G so that mefe,(G) <
q—C(G)+1.
Thus mefey < ¢ — C(G) + 1.

THEOREM 4.6. Let G be a connected graph which is not a double star with
Mefen(G) = q — 2 for some edge e of G. Then G is unicycle.

PROOQOF. Suppose that G is not unicycle. Then G contains more than one cycle.
Let Cy and Cs be the two cycles of G. By Theorem 4.5, |C1] = |C2| = 3.

Case 1. Suppose that C; and Cs have exactly one vertex, say v in common. Let
Cy :v,v1,v2 and Cs : v, uy, us be two cycles.
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Subcase 1la. Let e = vivs be an edge of C; and let
Se = E(G) — {e, vv1, v, vuy, vus}.

Then S, is an edge fixing edge-to-vertex monophonic set of e of G so that mefe,(G) <
q — 5, which is a contradiction.
Subcase 1b. Let e = vv; be an edge of C and let

Se = E(G) — {e,vuy,vua, f}

where f € E(C) such that f = vjvy or vuy .Then S, is an edge fixing edge-to-vertex
monophonic set of e of G so that mcfe,(G) < ¢ — 4, which is a contradiction.
Subcase 1c. Let e = ujus be an edge of Cy and let

Se = E(G) — {e, vv1, vva, vuy, vus}.

Then S, is an edge fixing edge-to-vertex monophonic set of e of G so that mefe,(G) <
q — 5, which is a contradiction.
Subcase 1d. Let e = vu; be an edge of C5 and let

Se = E(G) - {ea V1, VU2, 9}

where g € E(C3) such that ¢ = ujus or vug .Then S, is an edge fixing edge-to-vertex
monophonic set of e of G so that mcfe,(G) < ¢ — 4, which is a contradiction.

Case 2. Suppose that C; and C5 have a common edge,say uv. Let C1 : u, v, v; and
C5 : u,v,u; be two cycles.

Subcase 2a. Let e = uv be an edge of G and let S. = E(G) — {e, f, g}, where
f € E(Cy) and g € E(C9) such that f = wuy or vu; and g = wuq or vuy. Then S, is an
edge fixing edge-to-vertex monophonic set of e of G so that meyey (G) < g — 3, which
is a contradiction.

Subcase 2b. Let e = vv; be an edge of C; and let

Se = E(G) — {e, uv, uvy, uva} .

Then S, is an edge fixing edge-to-vertex monophonic set of e of G so that mefe,(G) <
q — 4, which is a contradiction.
Subcase 2c. Let e = vu; be an edge of Cs and let

Se = E(GQ) — {e, uv, uuy, vv1 }.

Then S, is an edge fixing edge-to-vertex monophonic set of e of G so that mefe,(G) <
q — 4, which is a contradiction.
So by Cases 1-2, we have proved Theorem 4.6.

THEOREM 4.7. For a connected graph G, me,(G) < mefey(G) + 1.

PROOQOF. Let e be an edge of G and S, be the minimum edge fixing edge-to-vertex
monophonic set of e of G. Then S, U {e} is an edge-to-vertex monophonic set of e of
G so that

Men(G) < [Se U fel] = mepeal@) + 1.
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REMARK 4.8. The bounds in Theorem 4.7 is sharp. For the cycle Cp, mefen(Cp) =
1 but mey(Cp) = 2. Also the inequality in the Theorem is strict. For the graph G,
given in Figure 4.1, let ¢ = {uqur} and S. = {ujuz, usug} be an edge fixing edge-
to-vertex monophonic set of e of G so that mefer (G) = 2 and me,(G) = 2. Hence
Mey(G) < Mefen(G) + 1.

us
Usq

U9

G
Figure 4.1

5 Realization Result

THEOREM 5.1. For positive integers 7y, d,, and | > 2 with r,,, < d,, < 27y, there
exists a connected graph G with rad,,G = rp, diam, G = dy, and mefe,(G) =1 or
[ —1, for every e € E(G).

PROOF. When 7, =1, G = Kj ;. Then the result follows from Corollary 3.8. Let
Tm > 2. Let Cyyo :v1,v2, -+ ,v42 be a cycle of length r 4+ 2 and let

PdmeJrl U, UL, U2, " ;u’dme

be a path of length d,, — r,, + 1. Let H be a graph obtained from C,12 and Py, 41
by identifying v; in Cr412 and u, in Py, _r11. Now add new vertices | — 1, vig,
w1, Wa, -+ ,wi—2 to H and join each w;(1 < ¢ < I — 2) to the vertex ug,, —,—1 and
obtain the graph G of Figure 5.1. Then rad,,G = r,, and diam,,,G = d,,. Let

Se = {ud,, —r—1w1,Ud,, —r—1W2, ", Ud,, —r—1WI—2, Ud,, —r—1Ud,, 1}

be the set of all end-edges of G.

Ud Udyy_r—y  Udpy_p

m—r—2

. Wi—2

w .
! wo

Ur41 Ur42

G

Figure 5.1

Case 1. Suppose that e € S.. By Corollary 3.5, S. — {e} is a subset of every edge
fixing edge-to-vertex monophonic set of e of G. It is clear that S. — {e} is not an edge
fixing edge-to-vertex monophonic set of e of G so that mefe, (G) > | —2. However, the

set {S. — {e}} U{f}, where

f € {vavs, v3v4, ..., Vry1Vr42}
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is an edge fixing edge-to-vertex monophonic set of e of G so that

Mefen(G)=1—-2+1=1—1.

Case 2. Suppose that e ¢ S,.
Subcase 2a. Let

e=uiuj (0<i<ug, r1,1 <j<ug,—r1)-

By Corollary 3.5, S, is a subset of every edge fixing edge-to-vertex monophonic set of
e of G. Tt is clear that S, is not an edge fixing edge-to-vertex monophonic set of e of
G s0 that mefey(G) > 1. However S U {f} where

f € {vavs, v3v4, ..., Vry10r42}

is an edge fixing edge-to-vertex monophonic set of e of G so that me fe, (G) = I—1+1 = [.
Subcase 2b. Suppose that

e # uiuj (0<i<wug, r-1,1 <j<ug,—r1)-

If e = vyv9, then by Corollary 3.5, S, is a subset of every edge fixing edge-to-vertex
monophonic set of e of G. It is clear that S, is not an edge fixing edge-to-vertex
monophonic set of e of G so that mese, (G) > I. However S, U {f} where

f € {vsva,v4v5, ..., Vry10r42}

is an edge fixing edge-to-vertex monophonic set of e of G so that me fe, (G) = I—1+1 = [.
If e = v1vp42,then by Corollary 3.5, S, is a subset of every edge fixing edge-to-vertex
monophonic set of e of G. It is clear that S, is not an edge fixing edge-to-vertex
monophonic set of e of G so that mese, (G) > I. However S, U {f} where

f € {vavs, v3v4, ..., VrUr11}

is an edge fixing edge-to-vertex monophonic set of e of G so that me fe, (G) = I—1+1 = [.
If e # v1v2 and v1v,42, then by Corollary 3.5, S, is a subset of every edge fixing edge-
to-vertex monophonic set of e of G. It is clear that S, is an edge fixing edge-to-vertex
monophonic set of e of G so that mefe, (G) =1 — 1.

Hence mefey(G) =1 or I — 1, for every e € E(G).

THEOREM 5.2. For any positive integer a,1 < a < g — 1, there exists a connected
graph G of size ¢ such that meye,(G) = a, for some edge e € E(G).
PROOQOF. Let G be a connected graph. We consider three cases.

Case 1. a = ¢ — 1. For the star G = K, 4, by Theorem 3.8, we see that mc e, =
q — 1 = a for every edge e € E(G).

Case 2. a = 1. Let G be a path of length ¢ and e be an end edge of G. Then by
Theorem 3.8, Mefey =1 = a.
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Case 3. 1 <a < qg—1. Let G be a tree with a end edges and g — a internal edges
and let e be an internal edge of G. Then by Theorem 3.8, me s (G) = a.

So by Cases 1-3, we have proved Theorem 5.2.

In view of Theorem 4.7, we have the following realization.

THEOREM 5.3. For every pair of positive integers with 2 < a < b, there exists a
connected graph G such that m.,(G) = a and me ey (G) = b, for some edge e € E(G).

PROOQOF. Let G be a connected graph. We consider two cases.

Case 1. a = b. Let G be a double star with a end edges and let e be a cut - edge
of G. Then by Theorem 3.8, me ey (G) = a. Also by Theorem 2.3, me,(G) = b.

Case 2. 2 < a < b. Let G be a graph obtained from the path on three vertices
P : uq,uz,usz by adding a — 2 new vertices 21, 22, -+ , 24—2 and joining each z;(1 < i <
a — 2) with ug. And also adding b — a + 2 new vertices v1,v2, -+, Up—qt2 and a new
vertex x and also joining each v;(1 < i < b —a+ 2) and x with u; and us. The graph
G is shown in Figure 5.2.

First we show that me,(G) = a. Let S = {z1uz, 20us, -, 24—2u2} be the set of
all end-edges of G. By Theorem 2.3, S is a subset of every edge-to-vertex monophonic
set of G. It is clear that S is not an edge-to-vertex monophonic set of G so that
Mey (G) > a— 2. Tt is easily verified that SU{f} where f ¢ S, is not an edge-to-vertex
monophonic set of G. However, S = S U {uius, ugus} be the set of all edge-to-vertex
monophonic set of G so that m.,(G) = a. Let e = zus. By Corollary 3.5, S. =
{z1u2, 29us, - - - , zg—2us} is a subset of every edge fixing edge-to-vertex monophonic set
of e of G. Tt is clear that S, is not an edge fixing edge-to-vertex monophonic set of e
of G. Let

W; = {’U,l’Ui,’U,g’Ui}(l <i<b-— CL—|—2)

It can be observed that every edge fixing edge-to-vertex monophonic set S, of G' con-
tains at least one edge from W;(1 <i <b—a+2) and so

mefev(G)Za—2+b—a—|—2:b,

Now

’
Se = Se U {ulvl, U102, - - ,u1vb7a+2}

is an edge fixing edge-to-vertex monophonic set of e of G so that me e, (G) = b.
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Ub—a+2

G
Figure 5.2
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