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Abstract

In this paper, we are interested in the study of the nonexistence of nontrivial
solutions for a class of ellptic equations, in unbounded domains. This leads us to
extend these results to systems of equations. The method used is based on energy
type identities.

1 Introduction

In this work we study the absence of nontrivial solutions for the following problem

_i%@(y) 20) 4 f (yu) = 0 in RxQ, W

=1
u—&—s%:OonRxaQ.

considered in H2(R x Q) N L=(R x Q), for a bounded and positive function p €
C (R x Q).

We use the notations
t= Y1 S R7 T = (xla---vxnfl) = (y?; ayn) S Q7

H:Lz(Q)a

1
2

lu(t, )| = (/ |u(t,x)2d1:> , the norm of v in H,

Q
n—1 au
2
IV (t,2)] =/QZ

1=1

2
d
aZEZ‘ i

F(y,u) = F(t,x,u) :/f(t,ac,a)da7 Ve, uelk.
0

*Mathematics Subject Classifications: 35J25; 35J60.
TLAMIS Laboratory, Larbie Tebessi University, Tebessa, Algeria,

162



K. AKROUT

Let L be the operator defined by

n—1
Luto) == 3 g (p(t) g ) () e Rx
i=1 " ’

and f:Rx Q x R — R a real continuous function, locally Lipschitz in u, such that

f(t,z,0) =0, Vaxe.
We assume that
u € H*(R; H) N L>®(R; L>())
satisfies the equation

0

_8t< (t, x)aat)-l-[/u(t )+ f(t,z,u) =0 ae (t,z) eRxQ

under the boundary conditions
ou . "
(u+ Ea—n) (t,0) =0, (t,0) € R x 99, Robin condition,
u(t,o) = 0,(t,0) € R x 99, Dirichlet condition,

Ou(t,o)
ov

We will extend our result for (1) to the system of m equations of the form

=0,(t,0) € R x 99, Neumann condition.

=3 o (P ) 5) + S 01 ) = 0 i R

i=1

u;c—i—sa“’“ =0on R x 09,
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where 1 < k < m, fi : RxQ x R™— R, are real continuous functions, locally Lipschitz

in u;, verifying

fk(t,lf,Ul, ...707 ...7u7n) - O, Vx S Q,

oF,,
3F,, : R x Q x R™ — R such that 9. fita,s1, .0 8m),1 < j<m.
J
Let Ly be the operators defined b
Lyu (t,z) i 19U ) erxQ
k C 8% s \by y

and assume that
up € H*(R; H) N L>=(R; L (Q))

are solutions of the system

ot

_8< (t, x)aat>+Lkuk(t )+ ft,z,u1, e Uy) =0, (5 x) ER X Q,
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where 1 < k < m with boundary conditions

(ug + E%) (t,0) =0,(t,0) € R x 99, Robin condition, (7)
n
ug(t,0) =0, (t,0) € R x 99, Dirichlet condition, (8)
W =0,(t,0) € R x 09, Neumann condition. 9)
v

The study of the nonexistence of nontrivial solutions of elliptic equations and sys-
tems is the subject of several works of many authors, and various methods are used
to obtain necessary and sufficient conditions that guarantee that the systems studied
admit only trivial solutions. The works of Esteban & Lions [4], Pohozaev [9] and Van
Der Vorst [10], contain results concerning semilinear elliptic equations and systems. A
similar result can be found in [7] and [1], where equations of the form

2 (A (1) %) — ;ai (p(t,a:) 37“) 4 f(mu)=0in R x Q,
u—i—s% =0 on RxJw,

are considered in H*(R x w) N L®(R x w), where Q is a bounded domain of R",
0<e<4oo, A€ R* p: QxR — R is continuous and positive function in 2, and f
: 2 x R — R is locally Lipschitz continuous function such that

A(t) >0 (resp <0), Vt € R,

2F (x,u) — uf (x,u) <0 (resp > 0),
where F' is the primitive of the function f.
Our proof is based on energy type identities established in section 2, which make it
possible to obtain the main nonexistence result in section 3. In section 4 we apply the
results to some examples.

2 Identities of Energy Type

In this section, we give essential lemmas for showing the main result of this paper.

LEMMA 1. Let F and p satisfy

9E (t,2,u) <0 (resp >0),V(t,z) € R x Q, (10)
S (t,x) <0 (resp >0),V(t, ) € Rx Q.
Then the following energy identity,
1 dul? 1
—= / p(t, x) D dr+ - / p(t,z) |Vul® dz —|—/ F(t,x,u)dz
1
+ p(t, s)u? (t,s)ds =0 (11)

2e o0
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holds for any solution of the Robin problem of (2) and (3).

PROOF. The assumptions f € W2 (R x Q@ x R), p € L(R x Q) and f(t,z,0) =

loc
0, for z € Q, allow us to deduce the existence of two positive constants C,and Cs, such

that
|p(t,l’)‘ < Cla |F(t,x,u)\ <Cy ‘u(t7z)|2 .

In addition, consider the functions

A(t):;/Q (t,z) |Vul* dz and B (t /thu)dxforteR

where A and B are of class C!, and
|A(8)] < C1 | Vu(t,z)||* and |B (t)] < Cq |lu(t,z)| for t € R.
Then,
B'(t) = /Q <f(t,x,u)g:: + %F) dz for ¢t € R,

and

Con ) du ?u 1% dp
Q) = /(Zp DY Zﬁu,x)—
au n— 1
/Zaxz( 6x1> Z
ou Ou
+/89i_zlp(t,s)axiuiat(t,s)ds

Define the function M : R — R by

2

M(t):f%/gp(t,x) % dx + A(t) + B(t).

Obviously M is absolutely continuous and differentiable in R, and

oP ou|? ou 02u
w = - [ G )E d;v—/Qp(t 7) S e+ A(E) + B (1)
B 3P ou|? Op
= 5 QE(ﬁ,x) ot dx + o Bt( )|VU| dx

oF ou u
+/Qat(t,x,u)der/mZ:p(t,s)a%yim(t75)d5

+/Q<_gt< ) Z":axl( gu)+f(txu)>g?dx.
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Because u is solution of (2) and (3), we deduce that
oP ou\? 2 OF
M) = —(t — d — (¢ d
() /Qatm)((at) +|Vu|> ot [ G (s do

! ou Ou
+/6Q ;p(t, s)a—xll/la (t,s)ds,

while on the boundary,

n—1
ou Ou
/89 ;p(t, S)a—xluzg (t,s)ds

ou Ou 1 ou
_ /mpa,s)a@(t,s)ds——f/mpu,s)gu(t,s)ds

€
_ 1d 2 1 9p 2
= —a g ([ o)+ o [ Lo tas
Also
d 1 9 1 oP Ju 2 2
had — = - | = = d
g (M(t)+2E /{mp(t,s)u (t,s)ds) 2/Q D (t,$)< ot + [Vl x

oF
—I—/Q e (t,x,u)dzx
1

Ip 2
% 89a(t,s)u (t,s)ds.

We set

Conditions (2.1) imply that
N'(t) <0 (resp>0), Vt € R,
i.e., M is monotone. However, this function also satisfies

lim M (t)=0

[t| >0
because M € L? (R). Hence, M (t) = 0 for t € R, and this gives the desired result.

LEMMA 2. Let F and p verify (2.1). The solution of the Dirichlet problem (2) and
(4) or the Neumann problem (2) and (5), satisfies the following energy identity

1 ou
_5 /Qp(tam)

2

1
S| doe g [ o)Vl do s [ Feande =0,
ot Q Q

2
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PROOF. For the problem (2) and (4), the fact that u = 0 on the boundary implies
that

|Gt oas - Z(/m (1) 2 1, s>d)

ap ou o0“u
o vn o u (t,s) ds—/agp(t,s)atayu(t,s) ds

= 0.

the fact that % = 0 on the boundary implies that

Ou Ou
/(mp(t, s)ga (t,s)ds = 0.

For the problem (2) and (5),

The remainder of the proof is similar to that of Lemma 1.

LEMMA 3. Let A and py, satisfy

OFm (t, U1y ey U) <0 (resp >0), V(t,z) € R x Q,

%(t z) <0 (resp >0), 1<k <m, V(t,z) € R x Q.

Then any solution of the system (6) and (7) satisfies the following energy identity

—fZ/pktz da:—|— Z/pktx|Vuk\ dx

+/Fm(t,x,u1,..., dm+—Z/ (L, s)uZ (t,s)ds = 0. (12)
Q o0

ta:

LEMMA 4. Let A and py, verify (12). Then the solutions of the systems (6) and (8),
or (6) and (9) satisfy the following equality

1 m aUk 2 1 m )
_ " Ouk i 1 , ]
2;/91719(735) ot (7«%)‘ 1‘+2;/ﬂpk(,x)v'ak| T

+/Fm(t,x,u1,...,um)dx:0.
Q

PROOF. Let us define the function M,, : R — R by

P = —;;/ka(t,x)

2
dx 4+ A (t) + B (2),

= B7)
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where the functions A,, and B,, are defined as follows

Ay (t) = %/QZpk(t,x) |Vuy|? dz for ¢ € R,
k=1

B, (t) = / Fo(t,z,uy, ..., Uy )de for t € R.
Q

The rest of the proof is similar to the proofs of the preceding lemmas.

3 The Main Results

In this section, we present three main theorems.

THEOREM 1. Let us suppose that F' and f verify
2F (t,x,u) —uf (t,z,u) <0, (14)

and (10) holds. Then the problem (2) and (3) admit only the null solution.
PROOF. Let us define the function E by
E(t) = / p(t,z)u? (z,t) da.
Q

Multiplying equation (2) by u and integrating the new equation on , we obtain

/Q l—aat (p(t,a:) ?;;) —ni aii (p (t,z) g:i) +f(t,x,u)] udz

i=1

B /Q [_; (3?8(52 ! +p(t’””)aa(tz )> 0|5

2

ot
n—1 ou
2
+p(t,x) |[Vu|” + uf (:c,u)} dx — ;:1 /anp (t,s) 8—xzu (t,s)vids

1d 6('1142) 8u2 2
= —2dt</9p(t,a:) p dx —I—/Qp(t,x) ‘at + |Vu|” | dz

—i—/ﬂuf(m,u)dx—/(mp(t,s)gl’itu(t,s)ds:o

9 (u? u |’
- _%% (/Qp(t,m) (at)d:c>+/ﬂp(t,w) (‘gt +|Vu|2> dz

+/Quf(:r,u)dx+é/(mp(t,s)u2(t,s)ds:0.
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Using identity (11), we have

u2
i(/ﬂp(t,x)a(at )dx> :4/Qp(t,x)

The assumption (3.1) implies that

d 0 (uz)
— > .
p (/Qp(t,x) 5 de | >0, VteR

We conclude that the function

is monotone. But, this function verifies

lim K (t) =0,

[t|—=+o0

witch implies that
K (t)=0,vt € R,

In addition

(t az)d:ch/Qp(t,x)ag: )dx

2 (t,x) de + K (t)

ro - [
/,

p
5
317
5

= a( ) u® (t, ) do.

The condition (10) implies that
E'(t) <0 (resp >0),
i.e. F is monotone. But, this function verifies

lim E(t) =0,

\t|—>+oo

witch implies that
E(t) =0, Vt € R,

We deduce that v =0 in R x Q.

THEOREM 2. Let F' and f verify (14) and assume (10) holds.

solution of the problems (2) and (4), or (2) and (5) is the null solution.

169

2
dm—2/ﬂ(2F (z,u) —uf (z,u))d.

Then the only

PROOF. The proof is identical to that of Theorem 1 using appropriate lemmas.
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THEOREM 3. Let us suppose that F,, and f, 1 < k < m, satisfy
2F, (1‘, ULy eney um) - Z ukfk (ma ULy ooy um) <0,
k=1
and (12) holds. Then the system (6) and (7) admits only the null solutions.
PROOF. Let us define the functions F,, and K,, by
2 9 (9
E,. = [ pr(t,x)u; (t,z)dx and K,,, = | pg (¢, ) En (uk (t, l‘)) dx.
Q Q

Multiplying equation (6) by uy, integrating the new equation on 2, and summing on
k from 1 to m, one obtain

0 (u? i
([0 e

m

—|—Z/pk (t,x)\Vuk|2da:+Z/uk (t,x) fi (T, 01, ...; ) dz
P

2
dz

auk
9t (t,x)

Q

k=1

l’m

+- /p;c t,s)us (t,s)ds = 0.
DI REACHIIOD

—2/ (QFm (T, U1y eey Upy) — iuk (t,x) fr (z,uq, ...7um)> dz.
a2 k=1

Then, the assumption (3.4) implies that
K,, (t) =0, Vt e R.

So
E, (t)=0, Vt e R.

and this gives the desired result.

4 Applications

EXAMPLE 1. Let p,q,> 1, m € R and

Yo P17 P2 :§—>R,
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be nonnegative functions of class C! (R) such that

m2%i S0 vi—0.1.2,
81‘1

-1 -1
fla,u) = mu+ ¢y (@) [ul”™" u+ @y (2) [ul'™ u.

Then the problem defined by

n

=3 i (po @) 22) + fww) =0in Rx Q,

=1

u+e2%) (y,0) =0 on R x 99,
on

admits only the null solution.
In this case we have

1 1 _
F — T2 P q-1
(@0) = i+ —y @ ™ ut = @)l
oF - 1 2 1 8(,01 p—1 1 6@2 q—1
() = g+ — 2 @) [ = S @)l
It suffices to check that
OF .
%(m,u) >0if m >0,
1
OF
a—(m,u) <0ifm <0,
€1
2P (1) — uf(2,0) = ) (1) (= 1) [ul + 9y (1) (e = 1) fuf* <0
9 9 1 p+1 2 q+ 1 = Uy

and apply Theorem 1.

EXAMPLE 2. Let © be a bounded open of set R™, p,q > 1,Then, the system

—Au+(p+1)0(z)ulu" o] =0in R x Q,
—Av+ (g+ 1) 0@ v/ ufTT=0in R x Q,
(u+e%) (t,o) = (v+e22)(t,o) =0on R x 99,

where 6 : Q — R, is nonnegative,

0
6?7:1 >0 (resp <0)
admits only the trivial solutions, ©v = v = 0.
Indeed, there exist a function F defined as follows

F(z,u,v) = 0 (z) [ul”" o]

which satisfies
or

20 = N1@ ) = @+ )0 @) ulul” " o

171
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OF _
5o = @) =@+ 1)o@l u
OF 00

Gor = a; @Il T 20 (resp <0),

2F (2, u,v) — wfi(x,u,v) —vfs (z,u,0) = =0 (z) (p+ q) [u/T o] <o0.

Theorem 3 gives the result.
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