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Abstract

The purpose of this paper is to study the regular linear form u = 6, + A(z —
7)"'u where u is Hy-semiclassical. Some g-identities related to this basic class
are obtained. An example is carefully analyzed.

1 Introduction

Let u be a regular linear form. We define a new linear form u by the relation D(z)u =
A(z)u where D and A are non-zero polynomials. This problem has been studied by
several authors from different points of view [2,4,7,9,10,12]. In particular, in [12] and
for D(z) =z —71,7 € C, A(x) = A\, A € C— {0}, P. Maroni found necessary and
sufficient conditions to u to be regular. So, the aim of our contribution is to study
the Hg-semiclassical character of u by taking into account theory of Hg-semiclassical
orthogonal polynomials in [5,6] which is a basic class of the so-called discrete orthogonal
polynomials with H, the g-derivative operator[3,5,6,8]. In particular, the class 5 of @ is
discussed. Also the structure relation and the second order linear g-difference equation
of the (MOPS) associated with & are established. Finally, the perturbation of the little
g-Laguerre H-classical linear form is treated.

2 Preliminaries and Notations

Let P be the vector space of polynomials with coeflicients in C and let P’ be its dual.
We denote by (u, f) the action of w € P’ on f € P. The linear form u is called regular
if we can associate with it a polynomial sequence {P,}n>0, deg P, = n, such that
(uy PnPn) = knbnm ,n,m >0 , ky, #0,n > 0; the left multiplication gu is defined
by (gu, f) := (u,gf). Similarly, we define (hyu, f) := (u, hof) = (u, f(az)), u € P,
f €P,aeC—{0}. We consider the following well known problem: given a regular
linear form wu, find all regular linear form wu which satisfy the following equation

(x—7T)u=Au, T7€C, e C—-{0}, (1)
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112 Orthogonal q-Polynomials

with constraints (@)o = 1, (u)o = 1, where (u), := (u,z™), n > 0, are the moments
of u. Equivalently, & = &; + Az — 7)~tu where (d,, f) = f(7) and the linear form
(x — 7)7tu is defined by {(z — 7)7u, f) := (u,0.f), with in general (0, f)(z) :=
fl@) = ()

x
the discrete representation

. In particular, A\+7 = (@);. If we suppose that the linear form u possesses
u = Z PO, (2)
n>0

where ’ Z on (0P ’ < 400, p > 0, then the linear form u is represented by
n>0

e S RE) YT @

n>0 n>0
since
pn D
S L ()| < 400, p 20 (4)
>0 Th — T

In accordance with (1) and after some calculations, we are able to give the connection
between the moments of u and u

(@ =7"+A>_ 7" (W)y_1, n > 1. (5)

Let {P,}n>0 denote the sequence of orthogonal polynomials with respect to u
Po(z) =1, Pi(z) =2 — o, Poya(x) = (x = Pns1) Pnga(®) = g1 Pu(a) , n > 0. (6)

Suppose u is regular and let {ﬁn}nzo be its corresponding orthogonal sequence

Py(x) =1, Pi(x) =2 —fo , Paya(®) = (= Bat1) Pat1(2) = Fns1 Pulz) , 0> 0. (7)
The relationship between P, and P, is (see [12])

~ Pry1 (1) + AP (1)
P,i1(x) = Poi1(x) + anPp(x) , ap = — #0,n>0, 8
+1(7) +1(7) () o)+ AP (1) (8)

PnJrl(x) — PnJrl(O

where Pygl)(x) = (u, ), m>0. We have [11]

r—¢
PO, (2) Poia (&) = Pasa(@) PO (@) = [] vess , n > 0. 9)
k=0
Set P
W 51 B WY (10)

PV (1)
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Let us recall that the linear form @ = &, + A(x — 7)"!u is regular if and only if
A # Ap, n> 0. In this case we may write [12]

Tn+1

+ Ap41 — 6n+1 =—-T,N Z 0; (]‘]‘)

n

Bo=fo—ao =T+, Brs1 = B +an—ani1 s Ant1 = —an(an—La+7) , 1> 0, (12)

(# = 7)Pu(2) = Po1(2) + (Bn — an = 7)Pa(z) , n 20,

(13)
(:E - T>Pn+1($) = (:E — an — T>Pn+1(x> + an(an = Bn + T>Pn(x> , n>0.
Let us introduce the g-derivative operator Hy by (Hyf)(z) = M, feP.
qr — T

By duality, we can define H, from P’ to P’ such that (Hgqu, f) = —(u, Hyf), f € P,

u € P’. In particular, this yields (Hqu), = —[n]q(¥)n—1, n > 0 with (u)_1 = 0 and
"1

]y = L—= n>0.[356.8

qg—1

The linear form wu is said to be H,—semiclassical when it is regular and there exists
two polynomials ® (monic) and ¥ with deg ® > 0, deg ¥ > 1 such that

Hy(®u) + Uu = 0. (14)

The class of the H;—semiclassical linear form u is s = max(deg ® — 2,deg¥ — 1) >0
if and only if the following condition is satisfied

IT {14 0iq®) (©) + (Hy@) ()] + {4 (6 ®) + (g 0 0D} >0, (15)
cEZp

where Zg is the set of zeros of ® [6]. We can state characterizations of the corresponding
orthogonal sequence {P,}n>0 as follows: [6]
1). {Pn}n>0 satisfies the following structure relation

Cni1(x) — Co(x)
2

®(z)(HoPri1)(x) = Pri1(2) = Y1 Dnga(z) Pa(x), n 20, (16)

where

Chiy1(z) = —Cp(z) + 2(x — Bn)Dp(x) + 22(¢ — 1)E,(z) , n >0,
Ynt1Dni1(7) = =@(2) + 10 Dn-1(z) + (¥ = Bn)* Dn(z)—

—(Grz — Ba)C(a) + 2(g = D{3C0(x) + (¢ = Bu)En(2)}, n 20,

(17)
Sn(@) ==Y Di(x) , n >0 ,Cox) = —(q(hg¥)(x) + (Hy®)(x)) ,
k=
Dy(x) = —(?{q(uﬁofb)(x) + ghg(ubo¥)(z)) , D_1(z) :=0,
with (uf)(x) = (u, M} , f € P. ® U are the same polynomials as in

(14); Bn,vn are the coefficients of the three term recurrence relation (6). Notice that
degCp <s+1,degD, <s,n>0.
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2). Also, each polynomial P, 11, n > 0, satisfies a second order linear g—difference
equation. For n >0

T m)(Hy 0 Hyos Pasr) (@) + Ky, 1)(Hys Pas)(@) + Lo, 1) Pasa(2) = 0, (18)
with
Jq(x,n) = q®(x)Dnya () ,
Kq(z,n) = Dns1(q” @) (Hy-1®)(2) — (Hg-1Dny1)(2) (g '2)+
+Co(q ') Dyya (2) (19)
Lg(z,n) = 5(Cn1(q~'2) = Colq™'@)) (Hy-1 D1 ) ()~
_%(Hq*I(CnJrl —Co))(x) D1 (qilx) - Dn+1(x)2n(q71$) , n>0.
®, C,, D,, are the same as in the previous characterization. Notice that deg Jy(.,n) <

2s+2 ,deg K4(.,m) <2s+1 ,deg Ly(.,n) < 2s. In particular, when s = 0 that is to
say the H,-classical case, the coefficients of the structure relation (16) become [6]

) = o) _ Lo (o) + 1)y — g~ 1500+

T W(0) = B (O)n + 1))+ (20)
TNE(0) = () +1]g) — g e~ DY O)S,

DnH( =q "{32"(0)[2n + 1], — ¥ (0)}, n >0,

with S, = Zﬁk, n > 0. Also we get for(19) [6]
k=0

']q(x’ n) = (I)(.I) )
K,(a,n) = —¥(a) (21)
Ly(w,n) = q7"[n + 1]o(¥'(0) — 32" (0)[n]y) , n > 0.

3 The H,-Semiclassical Case

3.1 The H,-semiclassical character of u

In the sequel the linear form u will be supposed to be H,;—semiclassical of class s
satisfying the ¢-Pearson equation Hg(®u) + Yu = 0. From (1), it is clear that the
linear form u, when it is regular, is also H,-semiclassical and satisfies

H,(®0) + Vi =0, (22)

with _ _
O(z) = (x —7)P(z) and ¥(z) = (z — 7)¥(x). (23)
The class of & is at most s = s+ 1.
PROPOSITION 1. The class of & depends only on the zero z = 7¢!.
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For the proof we use the following lemma:
LEMMA 1. For all root ¢ of & we have

(T, @Bq ¥ + (Beq © 0c2)) = a(hg¥)(e) + (Hy@)(e) + Mty a0eq ¥ + (Beq © 0:2))

and
q(hg®)(c) + (Hy®)(c) = (cq — 7){q(hq®)(c) + (H,®)(c)}.

PROOF. Let ¢ be a root of ®, then we can write
B(x) = (z —7)(x — )Pe(x) and D, (z) = (0.9)(x).
So from (23) and (26) we have
(T, q0cq ¥ + (Beq 0 0c®)) = q(i, g ((§ — 7)) + (T, Oq (6 — 7)De)).
Using the definition of the operator 6., it is easy to prove that
0.(f9)(x) = g(x)(0cf)(x) + f(c)(Ocg)(x), VS, g € P.
Taking g(x) = z — 7 and f(z) = ®.(z), we obtain

(U, 0cq (€ = 7)®c)) = (U, (2 = 7)(0eg®e) (x) + Pe(cq))
= (1, (2 = 7)(0eq © 0:2) (2)) + (Hy®)(c)

because
Ocq®e = beq © 0@, Pe(cq) = (Hy®)(c) and (0cq(§ — 7)) () = 1.
By virtue of (1) we get
(U, Ocq (€ = 7)) = Au, O 0 0.P) + (Hy®P)(c).
Now, taking g(z) = = — 7 and f(z) = ¥(z) in (28), we obtain
q(@, 0cq (€ = 7)¥)) = (@, (z — 7)(0cq V) () + ¥(cq)).
Taking (1) into account we get
q(t, e (€ — )W) = gA\ (1, 0cg ¥) + (hg ¥)(c).

Replacing (29) and (30) in (27), we obtain (24). Also (25) is deduced.
PROOF OF PROPOSITION 1. Let ¢ be a root of ® such that ¢ # 7¢~*.

115

(29)

(30)

If g(hq¥)(c) + (Hg®)(c) = 0, from (24) we have (u, qﬁcq\fl + (feq 0 0:.Q)) # 0 since u is

H -semiclassical of class s and so satisfies (15).
If g(hq¥)(c) + (Hq®)(c) # 0, then q(h¥)(c) + (Hy®)(c) # 0 from (25).
In any case, we cannot simplify by (z — ¢).

As a consequence we get the following result:
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COROLLARY 1. If the Hg-semiclassical linear form u is of class s then the linear
form u is Hg-semiclassical of class s = s + 1 for

(1) A0, X# A, n>0 or D(r¢ ) =0, X# N\, n > —1, (31)

where v H o
\ V) (H () .
(U, g0V 40 00,,-1P)

3.2 The structure relation and the second order linear ¢-difference
equation of {P,},>o

From (8), (16) and (6) we have for n >0

(@) (Hy Pory1) () = 4n(2) Pat (&) + v (@) Pa (), (33)
up () = %(CnJrl(x) = Co(7)) + anDn(2),
on(@) = (= $(Cas(@) = Colw)) - Colw)+ (34)

+2(g —1)E, (x)) an = Ynt+1Dny1(2).

On account of (13) and the fact that P,41(z) and P,(x) are coprime, we have for (33)
forn>0

O(2)(HoPnt1)(2) = 5(Cnaa(z) = Co(@))Prr1(x) = Ant1 Dpa (@) Po(z),  (35)

where

{ %(C"il(x) = Co(x)) = (x =7 = an)un(z) + vn(7) mzatl (36)
Y41 Dni1(x) = (an — Bn + 7)(0n(x) — anun(z))
From (17) we have

Co(z) = —q(hy¥)(z) — (H,®)(x) , Do(x) = —H,(ubo®)(x) — ghy(Wbo¥)(x).

By virtue of (23) we get

Co(z) = (qu — 7)Co(z) — ®(x) , Do(z) = Co(z) + ADy(z), (37)
because
R
— ¥+ (-0 T
= W) + A, {1 3’(0 - ¥} L =

= Y(x)+ Mubp¥)(x).
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Consequently and by virtue of (17), we can easily prove by induction that the system
(36) is valid for 0 < n < s. Hence (36) is valid for n > 0.
In addition, from (34)-(37) and by taking into account (11) and (17) we get for n > 0

Ba(e) = 32 Dulw) = —3 (Coia (&) — Co(a)) — anDa(2) + (gz ~1)Zu(e).  (38)

Therefore, the coefficients of the second order linear g-difference equation satisfied by
P,y1, n>0are forn >0

To(w,n) = a(@ = 1)®(@) (vala ™) = anunla'2)),

Ro(z,n) = { (vn(a~"2) = anun(a"2)) x

(@) + (a7 2 = 7)(Hy 1 @) (@) -

= (vn(@) = anun () %

(@ =) (q¥(@) + (Hy 1 @)(2)) + (g a)) b-
~((Hym10) (@) = an(Hyru) (@) (4722 = 1)@ (g 0), (39)

Ly(e,n) = ={ (vala o) - anun@*lx)
(un(z) + (¢ o — 7 — an) (Hy-1un) ()

+H(Hy100) (@) onlHy 2 )(7)
( —1

+

X

\_/\_/

3.3 An Illustrative Example
First, let us recall the following standard material needed to the sequel[l,5,6]

n

(a:q)o =1, (a:9)n = [J(1—ag"™"), n > 1,

v=1
[n} ::L,nggn,
ko (6 )e(G Dk
and
—+oo —+oo
@0 = [[0—ag”), Jal < ;3 Qe v (0200 1)y o
s — (G:9)v (25 4)oo

Second, let us consider the Hy-classical linear form v = u(a, g) of little g-Laguerre for
0<g<land0<a<gq ! From (17), (20) and (21), and by virtue of [5] we get

Table 1.
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e {1+a—a(l+9)q"}q", n>0.
Tn+1 a(l _ qn+1)(1 _ aqn+1)q2n+l’ n> 0.
a(2) ]
¥(z) —(aq) (g —1)"Hz -1 +aq}.
u NS .
(QQaQ)ooZﬁ ¢, 0<g <, 0<a<qg .
= (69
(u)n

(aq; q)n,n > 0.

Chri1(z)—Co(x)
2 [n+ 1]y, n>0.

Dyya(x) (aq)"Y(g—1)"1qg™, n>0.
Co() a (g —1)"Hqz +a—1}.
Dy () a~l(g—1)"1.
Jo(z,m) z, n>0.
Kq(z,n) (ag) (g~ 1)z —1+aq}, n>0.
Ly(z,n)

—(ag) (¢ —=1)" "¢ "[n+1]y, n>0.

Putting x = 0 in (16) and with Table 1, we get P,11(0) = —¢" (1 —aq" ' )P,(0),n > 0.
Consequently,

P(0) = (=1)"¢"=" (ag; )n, n > 0. (40)

Moreover, taking z = 0 in (9), in accordance of Table 1 and (40), an easy computation
leads to

PUW(0) = (=1)"¢" " (aq; ¢)n @Dk 41
(0) = (-1)"q (ag; q) szz()(aq;q>k+1 # (41)

forn>0,0<g<land0<a<qg '
Thus, we obtain for (8) and (10)

1- n
an, =q¢"(1— aq"+l)$ n>0 (42)

1_)\671’ = Y

Ao =&71 n>1,0=0, (43)
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where
= (@
En=) ——=—a" n>1 &=0.

= (ag; Q)r

Consequently, on account of Corollary 1 and (23), (31), (32), the linear form u =
Jo + A" lu is Hg-semiclassical of class s =1 for any A # A\p,,n > -1 with A_; =1—-a
and fulfils the functional equation (22) with

O(x) =2?, ¥(z) = —(aq) "' (¢ — 1) 'a{z — 1+ aq}. (44)
From (5) with 7 = 0 and Table 1, the moments of & are
(@o =1, (W)n = Aag; QJn-1,n 2 1. (45)

In addition, regarding (3) the linear form u is represented by the following discrete
measure

~ A = gn
’lL—(aq,q)oo{(l—m)&)-i-)\nzomisqn},O<a<1,0<q<1 (46)

n

Indeed, (4) is fulfilled, for, putting w,(p) = q"?,n,p >0, we have

(¢ Dn

Wy41(p) ag? P
= — aq’,n — 400,¥p >0
wn(p) 1- anrl

and agP < 1,Vp > 0 if and only if a < 1.
Also, by virtue of (11)-(12) and Table 1, we obtain successively

1-X&,
1- )\§n+1
nt1) (1= A&n—1)(L = Abnt1)

(1= Agn)? ’

Finally, we have all components to write the structure relation and the second order
linear ¢-difference equation of P, according to (34)-(39).

F (a2 s )

a_ . _.n _ n+l
Bo=A; Bnt1 =4 {CMI(l ") 1),

1 = A1=ag—A); Ynt1 = ag®"(1—¢")(1—aq n>1. (48)
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