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Abstract

The purpose of this paper is to study the regular linear form ũ = δτ + λ(x −
τ)−1u where u is Hq-semiclassical. Some q-identities related to this basic class
are obtained. An example is carefully analyzed.

1 Introduction

Let u be a regular linear form. We define a new linear form ũ by the relation D(x)ũ =
A(x)u where D and A are non-zero polynomials. This problem has been studied by
several authors from different points of view [2,4,7,9,10,12]. In particular, in [12] and
for D(x) = x − τ , τ ∈ C, A(x) = λ, λ ∈ C − {0}, P. Maroni found necessary and
sufficient conditions to ũ to be regular. So, the aim of our contribution is to study
the Hq-semiclassical character of ũ by taking into account theory of Hq-semiclassical
orthogonal polynomials in [5,6] which is a basic class of the so-called discrete orthogonal
polynomials with Hq the q-derivative operator[3,5,6,8]. In particular, the class s̃ of ũ is
discussed. Also the structure relation and the second order linear q-difference equation
of the (MOPS) associated with ũ are established. Finally, the perturbation of the little
q-Laguerre Hq-classical linear form is treated.

2 Preliminaries and Notations

Let P be the vector space of polynomials with coefficients in C and let P′ be its dual.
We denote by 〈u, f〉 the action of u ∈ P′ on f ∈ P. The linear form u is called regular
if we can associate with it a polynomial sequence {Pn}n≥0, deg Pn = n, such that
〈u, PmPn〉 = knδn,m , n, m ≥ 0 , kn 6= 0 , n ≥ 0; the left multiplication gu is defined
by 〈gu, f〉 := 〈u, gf〉. Similarly, we define 〈hau, f〉 := 〈u, haf〉 = 〈u, f(ax)〉, u ∈ P′,
f ∈ P, a ∈ C − {0}. We consider the following well known problem: given a regular
linear form u, find all regular linear form ũ which satisfy the following equation

(x − τ )ũ = λu , τ ∈ C , λ ∈ C − {0}, (1)
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112 Orthogonal q-Polynomials

with constraints (ũ)0 = 1, (u)0 = 1, where (u)n := 〈u, xn〉 , n ≥ 0, are the moments
of u. Equivalently, ũ = δτ + λ(x − τ )−1u where 〈δτ , f〉 = f(τ ) and the linear form
(x − τ )−1u is defined by 〈(x − τ )−1u, f〉 := 〈u, θτ f〉, with in general (θτ f)(x) :=
f(x) − f(τ )

x − τ
. In particular, λ+τ = (ũ)1. If we suppose that the linear form u possesses

the discrete representation
u =

∑

n≥0

ρnδτn , (2)

where
∣∣∣
∑

n≥0

ρn(τn)p
∣∣∣ < +∞, p ≥ 0, then the linear form ũ is represented by

ũ =
{

1 − λ
∑

n≥0

ρn

τn − τ

}
δτ + λ

∑

n≥0

ρn

τn − τ
δτn , (3)

since ∣∣∣
∑

n≥0

ρn

τn − τ
(τn)p

∣∣∣ < +∞, p ≥ 0. (4)

In accordance with (1) and after some calculations, we are able to give the connection
between the moments of ũ and u

(ũ)n = τn + λ

n∑

ν=1

τn−ν(u)ν−1, n ≥ 1. (5)

Let {Pn}n≥0 denote the sequence of orthogonal polynomials with respect to u

P0(x) = 1 , P1(x) = x− β0 , Pn+2(x) = (x− βn+1)Pn+1(x)− γn+1Pn(x) , n ≥ 0. (6)

Suppose ũ is regular and let {P̃n}n≥0 be its corresponding orthogonal sequence

P̃0(x) = 1 , P̃1(x) = x− β̃0 , P̃n+2(x) = (x− β̃n+1)P̃n+1(x)− γ̃n+1P̃n(x) , n ≥ 0. (7)

The relationship between P̃n and Pn is (see [12])

P̃n+1(x) = Pn+1(x) + anPn(x) , an = −
Pn+1(τ ) + λP

(1)
n (τ )

Pn(τ ) + λP
(1)
n−1(τ )

6= 0 , n ≥ 0, (8)

where P
(1)
n (x) := 〈u,

Pn+1(x) − Pn+1(ξ)
x − ξ

〉 , n ≥ 0. We have [11]

P
(1)
n+1(x)Pn+1(x) − Pn+2(x)P (1)

n (x) =
n∏

k=0

γk+1 , n ≥ 0. (9)

Set

λn = − Pn(τ )

P
(1)
n−1(τ )

, n ≥ 1 , λ0 = 0. (10)
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Let us recall that the linear form ũ = δτ + λ(x − τ )−1u is regular if and only if
λ 6= λn, n ≥ 0. In this case we may write [12]

γn+1

an
+ an+1 − βn+1 = −τ , n ≥ 0, (11)

β̃0 = β0−a0 = τ+λ , β̃n+1 = βn+1+an−an+1 , γ̃n+1 = −an(an−βn+τ ) , n ≥ 0, (12)




(x − τ )Pn(x) = P̃n+1(x) + (βn − an − τ )P̃n(x) , n ≥ 0 ,

(x − τ )Pn+1(x) = (x − an − τ )P̃n+1(x) + an(an − βn + τ )P̃n(x) , n ≥ 0.

(13)

Let us introduce the q-derivative operator Hq by (Hqf)(x) =
f(qx) − f(x)

qx − x
, f ∈ P.

By duality, we can define Hq from P′ to P′ such that 〈Hqu, f〉 = −〈u, Hqf〉, f ∈ P,
u ∈ P′. In particular, this yields (Hqu)n = −[n]q(u)n−1, n ≥ 0 with (u)−1 = 0 and

[n]q :=
qn − 1
q − 1

, n ≥ 0. [3,5,6,8]

The linear form u is said to be Hq−semiclassical when it is regular and there exists
two polynomials Φ (monic) and Ψ with deg Φ ≥ 0, deg Ψ ≥ 1 such that

Hq(Φu) + Ψu = 0. (14)

The class of the Hq−semiclassical linear form u is s = max(deg Φ − 2, deg Ψ − 1) ≥ 0
if and only if the following condition is satisfied

∏

c∈ZΦ

{
|q (hqΨ) (c) + (HqΦ) (c)| + |〈u, q (θcqΨ) + (θcq ◦ θcΦ)〉|

}
> 0, (15)

where ZΦ is the set of zeros of Φ [6]. We can state characterizations of the corresponding
orthogonal sequence {Pn}n≥0 as follows: [6]

1). {Pn}n≥0 satisfies the following structure relation

Φ(x)(HqPn+1)(x) =
Cn+1(x) − C0(x)

2
Pn+1(x) − γn+1Dn+1(x)Pn(x), n ≥ 0, (16)

where




Cn+1(x) = −Cn(x) + 2(x− βn)Dn(x) + 2x(q − 1)Σn(x) , n ≥ 0 ,

γn+1Dn+1(x) = −Φ(x) + γnDn−1(x) + (x − βn)2Dn(x)−
−( q+1

2
x − βn)Cn(x) + x(q − 1){1

2
C0(x) + (x − βn)Σn(x)}, n ≥ 0 ,

Σn(x) :=
n∑

k=0

Dk(x) , n ≥ 0 , C0(x) = −
(
q(hqΨ)(x) + (HqΦ)(x)

)
,

D0(x) = −
(
Hq(uθ0Φ)(x) + qhq(uθ0Ψ)(x)

)
, D−1(x) := 0,

(17)

with (uf)(x) := 〈u,
xf(x) − ξf(ξ)

x − ξ
〉 , f ∈ P. Φ, Ψ are the same polynomials as in

(14); βn, γn are the coefficients of the three term recurrence relation (6). Notice that
deg Cn ≤ s + 1 , deg Dn ≤ s , n ≥ 0.
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2). Also, each polynomial Pn+1, n ≥ 0, satisfies a second order linear q−difference
equation. For n ≥ 0

Jq(x, n)(Hq ◦ Hq−1Pn+1)(x) + Kq(x, n)(Hq−1Pn+1)(x) + Lq(x, n)Pn+1(x) = 0, (18)

with




Jq(x, n) = qΦ(x)Dn+1(x) ,

Kq(x, n) = Dn+1(q−1x)(Hq−1Φ)(x) − (Hq−1Dn+1)(x)Φ(q−1x)+
+C0(q−1x)Dn+1(x) ,

Lq(x, n) = 1
2(Cn+1(q−1x) − C0(q−1x))(Hq−1Dn+1)(x)−

−1
2(Hq−1 (Cn+1 − C0))(x)Dn+1(q−1x) − Dn+1(x)Σn(q−1x) , n ≥ 0.

(19)

Φ, Cn, Dn are the same as in the previous characterization. Notice that deg Jq(., n) ≤
2s + 2 , deg Kq(., n) ≤ 2s + 1 , deg Lq(., n) ≤ 2s. In particular, when s = 0 that is to
say the Hq-classical case, the coefficients of the structure relation (16) become [6]





Cn+1(x) − C0(x)
2

=
1
2
Φ′′(0)([n + 1]qx − q−n−1Sn)+

+q−n−1(Ψ′(0) − 1+qn+1

2
Φ′′(0)[n + 1]q)βn+1+

+q−n−1(Ψ(0) − Φ′(0)[n + 1]q) − q−n−1(q − 1)Ψ′(0)Sn

Dn+1(x) = q−n
{

1
2Φ′′(0)[2n + 1]q − Ψ′(0)

}
, n ≥ 0,

(20)

with Sn =
n∑

k=0

βk, n ≥ 0. Also we get for(19) [6]





Jq(x, n) = Φ(x) ,

Kq(x, n) = −Ψ(x) ,

Lq(x, n) = q−n[n + 1]q(Ψ′(0) − 1
2Φ′′(0)[n]q) , n ≥ 0.

(21)

3 The Hq-Semiclassical Case

3.1 The Hq-semiclassical character of ũ

In the sequel the linear form u will be supposed to be Hq−semiclassical of class s
satisfying the q-Pearson equation Hq(Φu) + Ψu = 0. From (1), it is clear that the
linear form ũ, when it is regular, is also Hq-semiclassical and satisfies

Hq(Φ̃ũ) + Ψ̃ũ = 0, (22)

with
Φ̃(x) = (x − τ )Φ(x) and Ψ̃(x) = (x − τ )Ψ(x). (23)

The class of ũ is at most s̃ = s + 1.
PROPOSITION 1. The class of ũ depends only on the zero x = τq−1.
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For the proof we use the following lemma:
LEMMA 1. For all root c of Φ we have

〈ũ, qθcqΨ̃ + (θcq ◦ θcΦ̃)〉 = q(hqΨ)(c) + (HqΦ)(c) + λ〈u, qθcqΨ + (θcq ◦ θcΦ)〉 (24)

and
q(hqΨ̃)(c) + (HqΦ̃)(c) = (cq − τ )

{
q(hqΨ)(c) + (HqΦ)(c)

}
. (25)

PROOF. Let c be a root of Φ, then we can write

Φ̃(x) = (x − τ )(x − c)Φc(x) and Φc(x) = (θcΦ)(x). (26)

So from (23) and (26) we have

〈ũ, qθcqΨ̃ + (θcq ◦ θcΦ̃)〉 = q〈ũ, θcq

(
(ξ − τ )Ψ

)
〉 + 〈ũ, θcq

(
(ξ − τ )Φc

)
〉. (27)

Using the definition of the operator θc, it is easy to prove that

θc(fg)(x) = g(x)(θcf)(x) + f(c)(θcg)(x), ∀f, g ∈ P. (28)

Taking g(x) = x − τ and f(x) = Φc(x), we obtain

〈ũ, θcq

(
(ξ − τ )Φc

)
〉 = 〈ũ, (x − τ )

(
θcqΦc

)
(x) + Φc(cq)〉

= 〈ũ, (x − τ )
(
θcq ◦ θcΦ

)
(x)〉 + (HqΦ)(c)

because

θcqΦc = θcq ◦ θcΦ, Φc(cq) = (HqΦ)(c) and (θcq(ξ − τ ))(x) = 1.

By virtue of (1) we get

〈ũ, θcq

(
(ξ − τ )Φc

)
〉 = λ〈u, θcq ◦ θcΦ〉 + (HqΦ)(c). (29)

Now, taking g(x) = x − τ and f(x) = Ψ(x) in (28), we obtain

q〈ũ, θcq

(
(ξ − τ )Ψ

)
〉 = q〈ũ, (x − τ )(θcqΨ)(x) + Ψ(cq)〉.

Taking (1) into account we get

q〈ũ, θcq

(
(ξ − τ )Ψ

)
〉 = qλ〈u, θcqΨ〉 + (hqΨ)(c). (30)

Replacing (29) and (30) in (27), we obtain (24). Also (25) is deduced.
PROOF OF PROPOSITION 1. Let c be a root of Φ such that c 6= τq−1.

If q(hqΨ)(c) + (HqΦ)(c) = 0, from (24) we have 〈ũ, qθcqΨ̃ + (θcq ◦ θcΦ̃)〉 6= 0 since u is
Hq-semiclassical of class s and so satisfies (15).
If q(hqΨ)(c) + (HqΦ)(c) 6= 0, then q(hqΨ̃)(c) + (HqΦ̃)(c) 6= 0 from (25).
In any case, we cannot simplify by (x − c).

As a consequence we get the following result:
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COROLLARY 1. If the Hq-semiclassical linear form u is of class s then the linear
form ũ is Hq-semiclassical of class s̃ = s + 1 for

Φ(τq−1) 6= 0 , λ 6= λn, n ≥ 0 or Φ(τq−1) = 0 , λ 6= λn, n ≥ −1, (31)

where

λ−1 = −
qΨ(τ ) + (Hq−1Φ)(τ )

〈u, qθτ Ψ + θτ ◦ θτq−1 Φ〉 . (32)

3.2 The structure relation and the second order linear q-difference
equation of {P̃n}n≥0

From (8), (16) and (6) we have for n ≥ 0

Φ(x)(HqP̃n+1)(x) = un(x)Pn+1(x) + vn(x)Pn(x), (33)




un(x) = 1
2(Cn+1(x) − C0(x)) + anDn(x),

vn(x) =
(
− 1

2
(Cn+1(x) − C0(x)) − C0(x)+

+x(q − 1)Σn(x)
)
an − γn+1Dn+1(x).

(34)

On account of (13) and the fact that Pn+1(x) and Pn(x) are coprime, we have for (33)
for n ≥ 0

Φ̃(x)(HqP̃n+1)(x) =
1
2
(C̃n+1(x) − C̃0(x))P̃n+1(x) − γ̃n+1D̃n+1(x)P̃n(x), (35)

where
{

1
2 (C̃n+1(x) − C̃0(x)) = (x − τ − an)un(x) + vn(x)

γ̃n+1D̃n+1(x) = (an − βn + τ )(vn(x) − anun(x))
, n ≥ s + 1. (36)

From (17) we have

C̃0(x) = −q(hqΨ̃)(x) − (HqΦ̃)(x) , D̃0(x) = −Hq(ũθ0Φ̃)(x) − qhq(ũθ0Ψ̃)(x).

By virtue of (23) we get

C̃0(x) = (qx − τ )C0(x) − Φ(x) , D̃0(x) = C0(x) + λD0(x), (37)

because

(ũθ0Ψ̃)(x) = 〈ũ,
Ψ̃(x) − Ψ̃(ξ)

x − ξ
〉

= Ψ(x) + 〈λ(ξ − τ )−1u,
Ψ̃(x) − Ψ̃(ξ)

x − ξ
〉

= Ψ(x) + λ〈u,
{Ψ̃(x) − Ψ̃(ξ)

x − ξ
− Ψ(x)

} 1
ξ − τ

〉

= Ψ(x) + λ(uθ0Ψ)(x).
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Consequently and by virtue of (17), we can easily prove by induction that the system
(36) is valid for 0 ≤ n ≤ s. Hence (36) is valid for n ≥ 0.
In addition, from (34)-(37) and by taking into account (11) and (17) we get for n ≥ 0

Σ̃n(x) :=
n∑

ν=0

D̃ν(x) = −1
2
(Cn+1(x) − C0(x)) − anDn(x) + (qx − τ )Σn(x). (38)

Therefore, the coefficients of the second order linear q-difference equation satisfied by
P̃n+1, n ≥ 0 are for n ≥ 0





J̃q(x, n) = q(x − τ )Φ(x)
(
vn(q−1x) − anun(q−1x)

)
,

K̃q(x, n) =
{(

vn(q−1x) − anun(q−1x)
)
×

(
Φ(x) + (q−1x − τ )(Hq−1Φ)(x)

)}
−

−
{(

vn(x) − anun(x)
)
×(

(x − τ )
(
qΨ(x) + (Hq−1Φ)(x)

)
+ Φ(q−1x)

)}
−

−
(
(Hq−1vn)(x) − an(Hq−1un)(x)

)
(q−1x − τ )Φ(q−1x),

L̃q(x, n) = −
{(

vn(q−1x) − anun(q−1x)
)
×

(
un(x) + (q−1x − τ − an)(Hq−1un)(x)

)}
+

+
{(

(Hq−1vn)(x) − an(Hq−1un)(x)
)
×

(
(q−1x − τ − an)un(q−1x) + vn(q−1x)

)}
+

+
(
vn(x) − anun(x)

)(
un(x) − Σn(x)

)
.

(39)

3.3 An Illustrative Example

First, let us recall the following standard material needed to the sequel[1,5,6]

(a; q)0 = 1, (a; q)n =
n∏

ν=1

(1 − aqν−1), n ≥ 1,

[n

k

]
q

:=
(q; q)n

(q; q)k(q; q)n−k
, 0 ≤ k ≤ n ,

and

(a; q)∞ =
+∞∏

ν=0

(1 − aqν) , |q| < 1;
+∞∑

ν=0

(a; q)ν

(q; q)ν
zν =

(az; q)∞
(z; q)∞

, |z| < 1, |q| < 1.

Second, let us consider the Hq-classical linear form u = u(a, q) of little q-Laguerre for
0 < q < 1 and 0 < a < q−1. From (17), (20) and (21), and by virtue of [5] we get

Table 1.
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βn {1 + a − a(1 + q)qn}qn, n ≥ 0.

γn+1 a(1 − qn+1)(1 − aqn+1)q2n+1, n ≥ 0.

Φ(x)
x

Ψ(x) −(aq)−1(q − 1)−1{x− 1 + aq}.

u (aq; q)∞
+∞∑

ν=0

(aq)ν

(q; q)ν
δqν , 0 < q < 1, 0 < a < q−1.

(u)n (aq; q)n, n ≥ 0.

Cn+1(x)−C0(x)
2 [n + 1]q, n ≥ 0.

Dn+1(x) (aq)−1(q − 1)−1q−n, n ≥ 0.

C0(x)
a−1(q − 1)−1{qx + a − 1}.

D0(x)
a−1(q − 1)−1.

Jq(x, n)
x, n ≥ 0.

Kq(x, n) (aq)−1(q − 1)−1{x − 1 + aq}, n ≥ 0.

Lq(x, n) −(aq)−1(q − 1)−1q−n[n + 1]q, n ≥ 0.

Putting x = 0 in (16) and with Table 1, we get Pn+1(0) = −qn(1−aqn+1)Pn(0), n ≥ 0.
Consequently,

Pn(0) = (−1)nq
(n−1)n

2 (aq; q)n, n ≥ 0. (40)

Moreover, taking x = 0 in (9), in accordance of Table 1 and (40), an easy computation
leads to

P (1)
n (0) = (−1)nq

(n+1)n
2 (aq; q)n+1

n∑

k=0

(q; q)k

(aq; q)k+1
ak 6= 0 (41)

for n ≥ 0, 0 < q < 1 and 0 < a < q−1.
Thus, we obtain for (8) and (10)

an = qn(1 − aqn+1)
1 − λξn+1

1 − λξn
, n ≥ 0, (42)

λn = ξ−1
n , n ≥ 1, λ0 = 0, (43)
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where

ξn =
n−1∑

k=0

(q; q)k

(aq; q)k+1
ak, n ≥ 1, ξ0 = 0.

Consequently, on account of Corollary 1 and (23), (31), (32), the linear form ũ =
δ0 + λx−1u is Hq-semiclassical of class s̃ = 1 for any λ 6= λn, n ≥ −1 with λ−1 = 1− a
and fulfils the functional equation (22) with

Φ̃(x) = x2 , Ψ̃(x) = −(aq)−1(q − 1)−1x{x − 1 + aq}. (44)

From (5) with τ = 0 and Table 1, the moments of ũ are

(ũ)0 = 1 , (ũ)n = λ(aq; q)n−1, n ≥ 1. (45)

In addition, regarding (3) the linear form ũ is represented by the following discrete
measure

ũ = (aq; q)∞
{

(1 − λ

(a; q)∞
)δ0 + λ

+∞∑

n=0

an

(q; q)n
δqn

}
, 0 < a < 1, 0 < q < 1. (46)

Indeed, (4) is fulfilled, for, putting wn(p) =
an

(q; q)n
qnp, n, p ≥ 0, we have

wn+1(p)
wn(p)

=
aqp

1 − qn+1
−→ aqp, n → +∞, ∀p ≥ 0

and aqp < 1, ∀p ≥ 0 if and only if a < 1.
Also, by virtue of (11)-(12) and Table 1, we obtain successively

β̃0 = λ ; β̃n+1 = qn
{
aq(1 − qn+1)

1 − λξn

1 − λξn+1
+ (1 − aqn+1)

1 − λξn+1

1 − λξn

}
, n ≥ 0, (47)

γ̃1 = λ(1−aq−λ); γ̃n+1 = aq2n(1−qn)(1−aqn+1)
(1 − λξn−1)(1 − λξn+1)

(1 − λξn)2
, n ≥ 1. (48)

Finally, we have all components to write the structure relation and the second order
linear q-difference equation of P̃n according to (34)-(39).
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