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Abstract

The left and right inverse eigenvalue problem (IEVP) is a special class of inverse eigenvalue problems
(IEVP) that has several applications in engineering and science. However, few authors have studied the
left and right IEVP with submatrix constraints. We provide necessary and sufficient conditions along
with the general expression to the left and right IEVP with submatrix constraints for centrosymmetric
solutions. We also provide the solution of optimal approximation problem for left and right IEVP. For
a given arbitrary (n X n) real matrix 1217 we find a unique solution matrix A* to left and right TEVP
such that least Frobenius norm ||A — A*|| is to be obtained, where A* is centrosymmetric in nature. In
addition, we provide an algorithm for calculating the general solution with a numerical example.

1 Introduction

Since the early 19th century, the study of matrix algebra has been a more interesting research topic for
researchers in the field of linear algebra. Many researchers have studied a centrosymmetric matrix which is
a special type of symmetric matrix [1-4]. A (n x n) centrosymmetric matrix A = S, AS,,, where S,, is a
counter-identity matrix, whose elements are all equal to zero except those on the counter-diagonal, which
are all equal to one [5]. Centrosymmetric matrices have several applications in different fields, i.e., communi-
cation theory, statistics, physics, harmonic, differential quadrature, differential equation, numerical analysis,
engineering, magic square, pattern recognition, Markov process, etc. [6-12]. The symmetric Toeplitz matrix
is a special type of the centrosymmetric matrix, in which each descending diagonal from left to right is
constant, and appears in digital signal processing and other areas [38, 39]. Eigenvalues and eigenvectors of
the centrosymmetric matrix have been helpful within various fields [13, 14]. If T is a linear transformation
from a vector space V (F') into itself and v(# 0) € V, then v is an eigenvector of T if T'(v) = A(v), where X is
scalar in F, known as the eigenvalue [15]. Many researchers have studied inverse eigenvalue problems in the
field of linear algebra. An inverse eigenvalue problem deals with the rebuilding of the matrix from fixed data.
The spectral data may be composed of the complete or partial information of eigenvalues or eigenvectors.
The purpose of the inverse eigenvalue problem is to build a matrix that preserves both a definite special
structure and given spectral property [16, 17]. An inverse eigenvalue problem arises in different fields of
applications, such as central design, system identification, seismic tomography, principal component analy-
sis, exploration and remote sensing, antenna array processing, geophysics, molecular spectroscopy, physics,
structure analysis, circuit theory and mechanic system simulator, etc. [18-24]. Furthermore, the inverse
eigenvalue problem (IEVP) plays an important role in the field of linear algebra. It helps in finding the solu-
tions for various matrices like orthogonal matrix, Jacobi matrix, and centrosymmetric matrix [25-29]. From
the above analysis, it has been observed that many researchers have studied IEVP for the centrosymmetric
matrix under submatrix constraints [25-27]. But few researchers have studied the left and right IEVP for
the centrosymmetric matrix [30-32]. The left and right IEVP are a particular class of IEVP, which mostly
come in perturbation analysis of matrix eigenvalue, in recursive matrices, and appear in several applications
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[15, 30-36]. In [30, 33, 34, 15] authors use special properties of eigenpairs of a matrix to solve the left and
right IEVP for Skew-symmetric matrices, generalized centrosymmetric matrices, x Per-symmetric matrices,
symmetrizable matrices, orthogonal matrices and x-Hermitian matrices. In [31, 35] authors have studied
the left and right IEVP for real matrices, semi-positive definite matrices, generalized reflexive, anti-reflexive,
and (R, S) symmetric matrices with a specific structure of the matrix. Therefore, we study the left and right
IEVP for the centrosymmetric matrix under the submatrix principal constraint in this paper. We divide
this paper into four sections. The first section contains the introductory part, the second section includes
notation and preliminaries, and definitions. The third section includes necessary and sufficient conditions
and a general solution matrix to Problem 1, which is discussed in Section 2. In Section 4, we provide the
uniqueness theorem of Problem 2, which is discussed in Section 2, and then obtain the unique approximation
solution matrix with the orthogonal invariance of the Frobenius norm. In addition, we give an algorithm to
compute the unique approximation solution. We conclude the result of the problems in the end.

2 Notations and Preliminaries

In this paper, we use the following notations. Let R™*™ be set of all m x n real matrices, C™*" be set
of all complex matrices, R™*™ represent the set of all real numbers, O™*™ denote the set of all orthogonal
matrices, CSR"*™ denote the set of all n x n centrosymmetric matrices, (a;;) (1 <i <m,1 <j <m), R(A),
AT, AT p(A) and tr(A) denotes the elements, column space, Moore-Penrose generalized inverse, transpose,
rank, and trace of matrix A, respectively. Let 0,,, I,,, S, be zero matrices of size n, identity matrix of order
n, and counter-identity matrix (reverse identity matrix) respectively. For A, B € R™*™) (A, B) = tr(BT A)
denotes the inner product of matrices A and B. The Frobenius norm is ||A|| = /{4, A) = /tr(AT A).
R™*™ endowed with (-,-) is a Hilbert inner product space.

2.1 Basic Definitions

In this section, we provide important definitions related to this paper with appropriate examples. In De-
finitions 1-3, we construct a centrosymmetric matrix, central principal submatrix and trailing principal
submatrix respectively. Furthermore, in Definitions 4-5, we define an orthogonal matrix, left and right
eigenpairs, symmetric and anti-symmetric vectors respectively.

Definition 1 A (nxn) real matriz A is known as a centrosymmetric matriz if (a; ;) = (ant1—in+1—5), (1 <
1,7 <n).

For instance,

N

I
o e
> o o
L QU0

is a (3 x 3) centrosymmetric matrix.

Definition 2 A m-square central principal matriz Ac(m) of matriz A is defined as

Omk
AC(m) = (Omkajmvomk)A Im )
Omk

where 0 is a (m X k) zero matriz and I is an (m x m) identity matriz.
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For instance, if A is of order 5, then A has no (2 x 2) central principal submatrices. But A does have
(3 x 3) central principal submatrices situated in the centre of the given matrix, i.e.,

ap by ¢ di e
az bz cz d2 e
A= as b3 Cs b3 as
e dz cz bz a
€1 dl C1 bl aq

From above example, it is clearly that the central pincipal matrix Ac(m) of matrix A is also centrosymmetric
matrix.

Definition 3 A m-square trailing principal submatriz Ai(m) is defined as follows:

At(m) = (OmaIn—m,Om)A <0mjnm) y

where 0 is a (m x (n —m)) zero matriz and I is an (m X m) identity matriz.

For instance, if A is of order 5, then A has no (2 x 2) trailing prinicpal submatrices. But A does have
(3 x 3) trailing principal submatrices situated in the left corner of a given matrix as follows:

ap bi a di e
az by c2 dy e
A= as b3 C3 b3 as
ez do cz2 bz aj
e1r di c1 b1 a

From above example, it is clearly that the trailing principal matrix A;(m) of matrix A may or may not be
a centrosymmetric matrix.

Definition 4 Matriz O"*™) is said to be an orthogonal matriz, if OTO = 00T = I, I is an (nxn) identity
matrix.

Definition 5 Let x € R™. A vector x is said to be symmetric vector if S,x = x. A vector x is said to be
an anti-symmetric vector if Sp,x = —x.

Property 1 For partial left and right eigenpairs (eigenvalues and their corresponding eigenvectors) (A, ;),
i=1,2,...,hq, (,uj,yj)7 Jj=1,2,....ha, and a particular (n x n) matriz set S, matriv A € S will be derived
from equation given below
A.’El:)\z.’ljl 1= 1,2,...,}7,1,
TA=pyoyl =12 h
Y; HiY; J 3 Ly eeey 102,

(1)

where hy < m, ha <1, Aj, pu; are eigenvalues, x;,y; are corresponding eigenvectors and S is a subspace of
R’I’LXTL.

If X = (33173:2’-'-37}11) S Rnxm? A= diag()‘h)\Qa“'))‘hl) € RT”X"L7 Y = (ylayQa"'ay}w) S RnXl7 I' =
: Ix1 o :
diag(pey, oy s ft,) € R, then (1) is equivalent to

AX =X\ and YTA=TYT. (2)
Assume that (i, z;), i = 1,2, ..., by denotes right eigenpairs of A; (11;,9;),j = 1,2, .., ha denotes left eigen-
pairs of matrix A. The problems studied in this paper may be described as follows:

Problem 1. For X, \,Y,T and Ay € CSR*** h; <m <n, hy <1<n, k<n, find A € CSR™ " such
that
AX =X\, YPA=TYT and Ac(k) = Ao,
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where Ac(k) be the (k x k) leading principal submatrix.
Problem 2. Given an arbitrary matrix Ac R™*", find A* € S4 such that

)

A—A(

HA* — AH = minVAeSA

where S 4 is the solution set of Problem 1.

3 General Solutions to Problem 1

In this section, we study the central submatrices of the centrosymmetric matrix, which has the same proper-
ties and structure as the given centrosymmetric matrix. Therefore, both matrices have similar expressions.
In addition, we give the properties of the eigenpairs of centrosymmetric matrices and we have expressed
the special form of the eigenvectors of centrosymmetric matrices. Furthermore, we give the necessary and
sufficient conditions for the existence of a general solution matrix to Problem 1, which is discussed in Section
2.

Now, e; is i'" (i € natural numbers) column of I,,, and let S,, = (en,en_1,...,€2,€1). Then S, = ST,

S, ST =I,. Let k = [%], where [%] is the greatest integer and less than or equal to %, and let orthogonal
matrices be given below:
I 1
1 (1k k e
7 <Sk _Sk> if n =2k,
D, = 1 0 I,
o v2 o if n=2k+1.
S, 0 =Sk

Lemma 1 ([15]) A matriz A is centrosymmetric of order n iff S, AS, = A.

Lemma 2 ([27]) A matriz A € CSR™ ™, if and only if there exists A1 and As, which are (n—k) x (n—k)
and (k x k) real matrices, respectively, such that

_ A 0 T
A_Dn<0 Az)Dn. (3)

Lemma 3 Let A € CSR™™ be formed as in equation (3). Then (k x k) central principal submatriz Ac(k)
of A is given below

_ Ay 0N o7
acw =0 () of, (@)
where order of A1 and Ay are (kK —1t) x (k—1t)) and (k x k) respectively.

Proof. If n = 2r, from equation (3) and conditions discussed in Definition 2, i.e., a (2r X 2r) matrix having
only central principal submatrices of even order, so

(M NS,
Ac(k>_(StN S,MS5,

1 /71 S M NS I S M+ N 0
T _ (L t t t t ) _
Di Ac(k)Dr = 5 <It —St) (St StMSt) (It —st) < 0 M—N)’
By setting, M + N = Ay, M — N = As, we obtain the (k X k) central principal submatrix of Ac(k) as given
below

) ,where M, N € R™*? and k = 2t.

Thus,

acw=oi (4 0)DF. )
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If n=2r+1,and a {(2r + 1) x (2r + 1)} matrix has central principal submatrices of odd order, so

M (1 NSt
Ac(k) = | oF e oISy |,
StN Stut StNSt

where M, N € Rt u;, = (0, I;)u, v§ = (0, I;)v, k = 2t + 1. Hence,

It 0 St M Ut NSt It 0 It
0 vV2 0 ol a WfS; 0 V2 0
It 0 —St StN Stut StNSt St 0 —St
M+ N 2u 0
e \/51);"1 « 0
0 0 M—-N

1
Dok =

By setting, /3

\/§UT a >—A1a M_N:A27
t

then Ac(k) may be written as
A0
acw =i (g o) OF )

By combining equation (5) and equation (6) we get (k x k) central principal submatrix of A which is given
as in equation (4). m

Lemma 4 Let A € CSR™™™ be formed as in equation (3). Then (k x k) central principal submatriz of A is
given below

o =oi () oF, )

where Ayg € RFDXE= and Ay € Rt The matriz Ag(k) is central principal submatriz of order (k x k)
if and if only A9 and Asg both are trailing principal submatriz of A1 and As, respectively.

Lemma 5 Assume that A € CSR™™™ and (A, ;), (uj,yj) (where 1 < i < hy, 1 < j < hy ) are right and
left real eigenpairs of A, then so are S,z;, Snij, x; £ Spa,, yJT + SnyJT,

Proof. Given P € CSR™ ", if (/\i,xi),(,uj,yj) (where 1 < ¢ < hy,1 < j < hy ) are right and left real
eigenpairs respectively, then we get, from Lemma 1,

PSpx; = Sy, Px; = \;Spx; and ijSnP = ijPSn = uanij.

Therefore, x; + S,z; are eigenvectors associated with \;, where z; + S, x; are symmetric vectors, while
x; — Spx; are anti-symmetric vectors. Similarly, yJT + Snij are symmetric vectors, and ij - Snij are
anti-symmetric vectors.

If (Niszi), (1y,95) (where 1 < < hy, 1 < j < hy ) are right and left complex eigenpairs respectively,
then we get, from Lemma 1,

PS,X; = 8,PX; = X\S,X; and Y/S,P=Y[PS,=T;S,Y".
Thus, P(X’Z + San) = (XZ + SnXl)j\l and (}A/;T + YJTSn)P = fj(fij + YjTSn), where the columns of

Xi+5,X; = (&;+5n&;,m;+Snn;) are symmetric vectors, and X, =S, X; = (§;—Sn&;,m;—Snm;). Similarly, the
columns of Y +Y'S,, = (§;+Sn&;,m;+Snn;) are symmetric vectors, and Y7 —Y'S,, = (£, —5,&;,n;— Sun;).-
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From above analysis, we assume that X, Y and I',; A in Problem 1 may be written as given below:

Ml N1 MQ N2
X = L Y = 2 =2
(STMl —STN1> ! (STMQ —STNQ) y m=2 )
M1 N1 M2 N2
X =|v2cT 0 ;Y= (vad” 0 . n=2r+1, (9)
S.M, —S,.N; S, My —S,N;
A =diag(A1, A2), T'=diag(I'y,I2). (10)

where M; € R™s1, Ny € Rx(m=s1) ¢ e RS M, € R™™s2, Ny € R*(=52) g € Rs2_ )\, € Rs1%51,
Ay € Rim—s)x(m=s1) T ¢ Rs2xs2 Ty, ¢ RU=52)x(=2) where A\, Ay, I'1, I'y are block diagonals. Thus,
DI'X and DY are given as follows:

If n = 2r, then 5 )
prx— L (I S M, N\ (VeM; 0
nt T A\ =S ) \S. M —S.Ny) 0 V2N, )’
and ~ _
DTY _ L I?" ST‘ g N2 _ \/iMQ 0
VeI =S ) \S My —S,N>) 0 V2N, ) ©
If n=2r+1, then
L (0 S M, Ny V2M, 0
DIX=—1[0 v2 0 2cT 0 = v2c" (I
2\, 0 -s.) \sn -sN 0 V2N,
and _ R
(B0 S M, N V20, 0
DIy=—1(0 v2 o0 v2d” 0 = Vvad" 0
2 Ir 0 _S'r STMQ 7STN2 0 \/§N2

M,
dT

Now, for n = 2r, set M; = My, My = Ms, and for n = 2r + 1, set M, = (%), My = ( ), then for all

arbitrary n, DI'X and DI'Y may be written in the following form:

DTX = (ﬂOMl \/§0N1> . (DTY)T = (ﬂOMQ \/%JNQ)T (11)

where M, € R("—")%s1 Ny ¢ Rr*(m=s1) N[, ¢ R(n—r)xs2 N, ¢ Rrx(i=s2) g

Lemma 6 ([27]) Given X € R™™, Y € R™ A€ R™™ and T' € R as in Section 2, then there exists
a matric A € R™*™ such that

AX = X\,
YTA=TYT,
if and only if YT XA =TYTX, XAXtTX = XX and TYT =Y*TYTYT.
In addition, its general solution may be written as:

P=X)XXT+DrYyT(I - XXT) + Q.GQYT,

where G € R(»—)x(n=m2) 9 e Rx(=m) QTQy = I,,_,,, r1 = p(Y), range space (Q1) = Null space
(YT) [37, Lemma 3.7]. Assume that X € R™*™ Y € R"*!, B € R**! be given. Denote

Up={Ae R™" | f1(A) = | XAY — B| = min}.
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where min shows the matrix norm minimization. Then, every element of U; has following form
A=XTBY"+G-XTXGYY*t, VG e R™ ", (12)

In particular, fi(A) = 0 has matrices solutions in R™*", if and only if XTXBYY ™" = B, and its general
solution may be also expressed in the form of equation (12).

Theorem 1 Partition Ag € CSR*** as in equation (7). Let X € R™*™, and Y € R"* be given as in
equations (8)—(9), A € R™*™ and T € R'™! be given as in equation (10). Partition DX and DLY as in
equation (11). Denote

Mo = My M+ (NE)YTT N Iy — My M), No = Mo oMy + (NS)YToNT (1 — My M),
Hy = (0,14_¢)Qs, Hy=QT(0,I_)", Hs=(0,1,)Qs, Hys=QF(0,1,)"; (13)
Ky = Ao — (0, I ) Mo (0, I )", Ko = Asg — (0, 1) No(0, I)7,

where, Q3 € RM=)x(n=r=73) o — pank(Ny), Q4 € RVX(=r=ra) v\ — rank(M,), Qs € R™*("75),
rs = rank(Na), Q¢ € R™*("=70) s = rank(My), range space (Q3) = null space (NY'), range space (Qy) =
null space (M{), range space (Qs) = null space (NTI'), range space (Qg) = null space (MJ);

Q§Q3 = In—r—r37 QZQ4 = In—r—r4a QgQ5 = Ir—rsa QgQ6 = Ir—r5~ (14)

Then, Problem 1 is solvable if and only if

NI M\ =T N My, M\ MM, =M\, T'N] =N/NT N}, (15)
NI Mydg = ToNJ My, Moo My My = MyXg, ToN§ = N NoToNT (16)
H H{ K\Hf Hy = K\, H3Hj KoH] Hy = K. (17)

In addition, every matrix A € Sa may be expressed as

Mo+ Q3G1Q7 0 T
A=D, DT, 18
( 0 No+ QsGQF ) ™ (18)

where
Gy = H1+K1H2Jr + Gs3 — H1+H1G3H2H;,
Go = Hf KoHf + Gy — Hf H3G4H, H
G5 € R(TL*’I‘*’I”;;)X(’H,*’I”*T@)’
G4 c R(r7r5)><(r7r6)’

are arbitrary.

Proof. From Lemmas 2 and 3, Problem 1 is equivalent to evaluating 4; € R("~")*("=") and A, € R™*",
such that

_ A 0 T
aoo (4 O)ar 0

where, A; and As satisfy
AL My = My, Ao My = Moks,
YiPA =T Y/, Vil Ay = oYy,

Ay = Ayl — 1] = (0, I_¢) A1 (0, )",

and
Ago = As[t] = (0,1,)A2(0, I)" .
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By Lemma 6, we know that the equation (20) holds if and only if,
NEM A =T NEMy, My MM, = My, TiNE = NNy NT, (21)

Ni Mydy = ToNg My, Modo M My = Madg, ToNi = Ny NoToNJ, (22)

which means that equation (16) holds. Furthermore, A; and As can be expressed as
Ay = My + Q3G1Q%, Ay = Ny + Q5G2Q¢ (23)

where G; € R("—7=78)x(n=r=r4) and Gy € R("=75)%("=76) are arbitrary real matries.
Now, using the definitions of Ky, Ko, Hy, H2, Hs and Hy in equations (13) and substitute (21)—(23) into
(23), then
H\GiHy = Ky, H3GoHy = K. (24)

From Lemma 6, equation 24 holds
H\H'K\Hy Hy = Ky, H3Hi KoH} Hy = Ko,
which implies that equation (17) holds, and G, G2 may be written as
Gy = H'K\Hf + G3 — Hf HiG3HoHyf

Go = H KoHf + Gy — H H3G4H H]

where, G5 € R("=7=7s)x(n=r=r4) and G, € RU"=75)X("=76) are arbitrary.
Therefore, the solution to Problem 1 has the form of equation (18)

My + Q3G1QF 0 ) T
A=D, D:.
( 0 No+QsG2QF ) ™™

4 The Optimal Approximation Solution

In this section, we provide the uniqueness theorem of Problem 2 which is discussed in Section 2 and also
provide an unique approximation solution with the Frobenius norm. In addition, we provide an algorithm to
evaluate the unique solution. From equation (18), it is easily proved that the solution set S4 is a nonempty
closed convex set. Thus,the optimal approximation problem has an unique solution as follows: let us consider
singular decompositions of Hy, Ho, Hs, Hy given in equation (13) as

0 0 0 0
=t <%1 O) Vil Hy =Us <%2 O) V', Hs=Us <%3 o) Vil and Hy = Uy (%4 O) Vi, (25)

where ¢; = p(Hy), 0; = diag(agi),ag),...,Ugi.)), qj(-i) >0,(j=1,...,q5t=1,...,4); Uy = (U11,U12) €
()(k—t)x(k—t)7 Vl _ (‘/'117‘/12) c ()(n—r—m)><(n—r—r3)7 U11 c ]_z(k—t)qu7 ‘/11 c R(TL—T—T‘g)qu’ U2 — ([]217 U22) c
O =r=r (1 =10) Yy = (Vi Vi) € OW0X(-0), 15y € ROr=r)xa Vi, € RE-0X02, U = (U, Us) €
Ot, Vg = (V31,Vaz) € OU=m)x(mre) gy € R™®, Vg € RO, Uy = (Usy, Usz) € OU 7)),
Vy = (V41, ‘/42) € OtXt7 Uy € R(Tim)xq‘l, Vi € R*44,

Theorem 2 Given an arbitrary A € R™" and assume that the singular decompositions of Hy,Ho,Hs, Hy
have the forms given in equation (25). Partition the matriz DL AD,, as follows:

. A, A
DIAD, = ( 2 A12> , 26
Asr Aso (26)
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where Ay, € R(n=r)x(n=r) Agy € RTXT. If Sy # &, then Problem 2 has a unique solution as follows

. _ Mo + Q3G1Qf 0 T
AT =Dy < 0 No + Q5G2QF Dn @)
where X A
Gy = H{ KiHf + Q} A11Qs — H H1Q§ A11QuHoHy
and

Gy = Hf Ko Hf + QY A20Qs — Hi H3QY Ago Qs HyHY .

Proof. Let A be an arbitrary solution in S4. Then from equation (18)

2

A2 Mo + Q3G1QF 0 ) T 4
A—AF = |p, DT — A
I I H ( 0 No + Q5G2Q5
N 2 ~ 2 ~ ~ 2
= ||Mo+ Q3G1QT — Au||” + | No + Q5GoQY — Ass||” + || Ara|” + || At . (28)

Thus, ||A — A|| = minacs,, if and only if

{ ||Q?,C‘7]~QZ1 — (1@11 — MO)” = I'Ilil’l GleR(n—7‘—53)><(7z—r—54), (29)
1QsG2QF — (Aza — No)|l = min g, ¢ gr—ss)x(r—sg)

From equation (14), we have that QI (N{)* =0, Q¥ (N])* =0, M;*Q4 = 0 and M Qs = 0. Thus, from
equation (13), the definitions of My and Ny, we get Q4 MyQ4 = 0 and Q7 NoQs = 0. Thus, equations (15)
and (29) are equivalent to

{ ||G1 - Q§411Q4H = min GLER(n—r—s3)X(n—r—s4), (30)
G2 — QF A22Qq]l = min g, ¢ pir—ss)xr—s6)-
Let us consider the partition
VIGsU, = Ga1 G where G35 € R11*%2, (31)
Gzs G

From equation (25), VibH;" = 0, Hy Usy = 0, then we derive by using equation (19),
a 2 ~ 2
1G1 — Q5 A1Q4|” = |Gs— Hf HiGsHoHY — (Q5 A1Qs — H K1 HY) ||
— Gs1 Gs2\ (I 0 Gz1 Gz q1 0
V(YA Qs — H+K1H+)U2H2

- 2
_ H ( VA ( Q3TA11Q4 - H+K1H+)U21 Gay — V1T1Q§411Q4U22> H
Gz — VEQT A11QuU G4 — VHQT A11Q4Us

= IV (QF A1 Qs — HfK1H2 YUn |* + |Gz — V1€QTA11Q4U22||
+||Gs3 — V12Q3TA11Q4U21H + ||Gss — V12Q3TA11Q4U22|| .
Hence, equation (29) holds if and only if
Gz = VAQYA11QuUz, Gaz = VEQY A11QuUs1, Gay = Vi5QYA11QuUss,

Hence, equation (31) becomes

Gs = Vi ( G V1T1Q§1‘:111Q4U22>
VAQTA11QuUs VEQY A11QaUss
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where G3; € R*% ig an arbitrary matrix.
Similarly, equation (29) holds if and only if

Gu ‘GT1Q5T1422Q6U42> UT

Gy = Vi . : ,
! 3<%€Q5TA22Q6U41 VEQE ApQeUss) *

where G4 € R%*% ig an arbitrary matrix.
Putting G5 and G4 into equation (19) and using equation (25), we get

Gy = H{KHf +V; ( Ga1 ‘/17£Q,3{A11Q4U22> UT

VEQTA1QuUx VEQTA1QuUs) 2
H K\ HS +QYA1Qs — H HiQY A1 QuHy HY

and
Gy = Hf KoH) + QY ApQos — Hi H3QL Apo Qe H H .

The solution A* in equation (27) is an unique solution of Problem 2 which is the element of solution set of

Problem 1 i.e., A* € S4. For any arbitrary matrix A € R™™ the value of ‘A* — Al is equal to minimum

of HA — AH for all A € S4. It clearly shows that the unique solution to the optimal approximation problem
has the same form as given in equation (27). =

Now, we provide an algorithm to evaluate A* of optimal approximation problem and give a numerical
example.

Algorithm 1 1. Input \, T', X, Y, Ap, and /1, where X, Y, and A\, T are given in equation (8) and
equation (10), respectively. Also get A1, Ao, T'1,I's from equation (10).

2. Compute My,Ms, N1, Ny from equation (11).

3. Construct Qs3, Qu, Qs, Qs have formed as in equation (14) and satisfies equation (15).
4. Follow equation (13) to calculate My, Ny, Hy, Hy, Hs, Hy, K1, K>.

5. If equation (16) and equation (17) holds, then compute; otherwise, stop.

6. Derive /111, Ass according to equation (26).

7. Calculate A* in light of equation (27)

Example 1 Assume that n =10, m=5,1=4, k=4 and let

—0.1940  —0.2040  —0.1525 0.0289  —0.1827
—0.2201 0.3856  —0.2383 0.0178  —0.5523
—0.2403  —0.0444 0.5239 0 —0.2435

0.4128 0.5009 0.2133  —0.1773 0.3090
—0.4310 0.2385 —0.2205  —0.1370 0.0825
—0.4310 0.2385 0.2205 0.1370  —0.0825

0.4128 0.5009  —0.2133 0.1773  —0.3090
—-0.2403  —-0.0444  —0.5239 0 0.2435
—0.2201 0.3856 0.2383  —0.0178 0.5523
—0.1940  —0.2040 0.1525 —0.0289 0.1827
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0.3003 0.1599 —0.5677 0
—0.4007 0.0851 0.2460 —0.1018
0.1443 0.5989 —0.1283 0.0967
—0.3396 0.1831 0.0401 —0.1561
v 0.3362 —0.2739 —0.1395 0.1888
—0.3362 —0.2739 0.1395 —0.1888 |’
—0.3396 0.1831 —0.0401 0.1561
0.1443 0.5989 0.1283 —0.0967
—0.4007 0.0851 —0.2460 0.1018
0.3003 0.15990.1599 0.5677 0
—0.1500  —0.3800 1.7900 0.8600
Ay = 0.5700 —0.6950  —0.1050 0.7200
0.7200 —0.1050  —0.6950 0.5700
0.8600 1.7900 —0.3800 —0.1500
—0.2996 0 0 0 0
0 2.8021 0 0 0
A= 0 0 —~1.8519  0.6464 0o |,
0 0 —0.6464  —1.8519 0
0 0 0 0 1.3045
—2.8021 0 0 0
r— 0 1.4094 0 0
0 0 0.7297 —0.1497 |’
0 0 0.14997 0.7297
0.0657 2.0075 0.3873 0.4359 2.8338 —0.2362 2.6122 2.6671
0.5056 1.9765 2.5052 1.4702 1.6393 —0.6379 —0.3746  1.6080
0.7621  —0.5224  2.9527 —0.7588 —0.1227 0.5337 2.1803 2.5570
2.0318 1.5027 —0.6027 —0.7284 2.3471 —0.8447 1.3917 2.7394
i —0.9709  1.8532 1.5550 1.8680 2.3362 2.6468 0.7396 2.3321
—0.4634 0.5615 2.3321 0.7396 2.6468 2.3362 1.8680 1.5550
2.8008 0.5252 2.7394 1.3917  —0.8447 2.3471 —0.7284 —0.6027
0.2150 0.9993 2.5570 2.1003 0.5337  —0.1220 —0.7588  2.9527
0.7979 —0.0465 1.6080 —0.3746 —0.6379 1.4702 1.4702 2.5052
1.2036 1.2700 2.6671 2.6122 —0.2362 2.8338 0.4359 0.3873
The unique optimal approximation centrosymmetric solution of Problem 2 is
0.1508 —1.1821  0.2580 0.8433 —0.3736 —0.8136 0.0293 —0.5635
—0.4766  0.4265 0.1178 1.1871 0.1878 —0.5211 0.3468 —0.6498
—0.4341 —-1.0929 1.3792 —0.4953 —1.3551 0.3625 0.3682 0.2613
0.1325 0.7412 0.2174 —0.1500 —0.3800  1.7900 0.8600 0.2651
A* — —1.7722 —3.4805 —0.2438 0.5700 —0.6950 —0.1050 0.7200 —0.7233
1.8046 6.3473 —0.7233 0.7200 —0.1050 —0.6950 0.5700 —0.2438
0.9564 4.7715 0.2651 0.8600 1.7900 —0.3800 —0.1500 0.2174
0.5285 1.4391 0.2613 0.3682 0.3625 —1.3551 —0.4953  1.3792
0.4536 2.2080 —0.6498 0.3468 —0.5211  0.1878 1.1871 0.1178
0.8846 3.05617 —0.5635 0.0293 —0.8136 —0.3736  0.8433 0.2580

1.2700
—0.0465
0.9993
0.5252
0.5615
1.8532
1.5027
—0.5224
1.9765
2.0075

3.0517
2.2080
1.4391
4.7715
6.3473
—3.4805
0.7412
—1.0929
0.4265
—1.1821

11

1.0236
0.7979
0.2150
2.8008
—0.4634
—0.9709
2.0318
0.7621
0.5056
0.0657

0.8846
0.4536
0.5285
0.9564
1.8046
—1.7722
0.1325
—0.4341
—0.4766
0.1508

We also have A%L(4) = Ag. Above example proved that Algorithm 1 is feasible. Furthermore, we also have
HA* - AH = 21.1711.
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5 Conclusion

In this paper, we have studied the left and right IEVP for generalized centrosymmetric matrices. We have
proved the necessary and sufficient conditions of Problem 1, which is discussed in Section 2. We also expressed
the general solution matrix of Problem 1. For any arbitrary A € R " we have obtained a unique solution
A* € CSR™™ for Problem 2 which is discussed in Section 2. We have proposed an algorithm for finding
the best approximation solution for generalized centrosymmetric matrices. A numerical experiment proves
the effectiveness of results of this article.
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