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Gaussian Curvature on compact surface

» Denote K, the Gaussian curvature on a compact surface

(M?,g),
Gauss Bonnet formula

2y (M?) :/Kgdvg
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Gaussian Curvature on compact surface

» Denote K, the Gaussian curvature on a compact surface

(M?,g),
Gauss Bonnet formula

2y (M?) :/Kgdvg

» Uniformization Theorem for compact surface: To classify
compact surfaces according to the sign of [ Kgdv,.
Main tool: Denote g, = €*g, a conformal change of the
metric g, solve

—Dgw + Ky = Kg, " on M

for Kg, = constant, where the sign of the constant is the
same as [ Kgdv,
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Integral conformal invariant

» [ Kgdvg is a integral conformal invariant, i.e.

/KwdvgW :/Kgdvg

for all gy € [g].
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Integral conformal invariant

» [ Kgdvg is a integral conformal invariant, i.e.
/ngdvgw :/Kngg
for all gy € [g].

» The main goal is to find such integral conformal invariants,
and the role they play in the uniformization theorem on
manifolds of higher dimension..
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Outline of talk

» §1. Gauss-Bonnet integrand on 4-manifold, fully non-linear
PDE
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Outline of talk

» §1. Gauss-Bonnet integrand on 4-manifold, fully non-linear
PDE

» §2. Some geometric/topological results on M*
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Outline of talk

» §1. Gauss-Bonnet integrand on 4-manifold, fully non-linear
PDE

» §2. Some geometric/topological results on M*

» §3. Some n-dim results
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Outline of talk

» §1. Gauss-Bonnet integrand on 4-manifold, fully non-linear
PDE

» §2. Some geometric/topological results on M*

» §3. Some n-dim results

» §4. Renormalized volume on CFT/ADS Conformal compact
manifolds.
Viaclovsky '00, Chang-Gursky-Yang '02 Gursky-Viaclovsky, '04
Chang-Qing-Yang '06
Work of
Chang-Fang '08, R. Graham '08, Juhl, '11
Chang-Fang-Graham '12
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Outline of talk

» §1. Gauss-Bonnet integrand on 4-manifold, fully non-linear
PDE

» §2. Some geometric/topological results on M*
» §3. Some n-dim results

» §4. Renormalized volume on CFT/ADS Conformal compact
manifolds.
Viaclovsky '00, Chang-Gursky-Yang '02 Gursky-Viaclovsky, '04
Chang-Qing-Yang '06
Work of
Chang-Fang '08, R. Graham '08, Juhl, '11
Chang-Fang-Graham '12

» 5. Compactness results on conformal compact manifolds
Chang-Yang '11, Chang-Ge-Yang (WIP)
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Gauss-Bonnet integrand on 4-manifold

» Gauss-Bonnet-Chern Formula:

1 1 )
B2 x(M) = [ GIWGE + ¢(R ~ 3IRicD)dvs (1)

where W denotes the Weyl tensor.
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Gauss-Bonnet integrand on 4-manifold

» Gauss-Bonnet-Chern Formula:
1 1 .
B2 x(M) = [ GIWGE + ¢(R ~ 3IRicD)dvs (1)
where W denotes the Weyl tensor.
> W,, = e 2" W, implies |Wg|2dv; = |W,, |*dv,, Thus the
integral [ %(Rg2 — 3\Ric|§))dvg is a conformal invariant.
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Gauss-Bonnet integrand on 4-manifold

» Gauss-Bonnet-Chern Formula:

1 1 .
B2 x(M) = [ GIWGE + ¢(R ~ 3IRicD)dvs (1)
where W denotes the Weyl tensor.
> W,, = e 2" W, implies |Wg|2dv; = |W,, |*dv,, Thus the
integral [ %(Rg2 — 3|Ric|3))dvg is a conformal invariant.
» Viaclovsky '00 studied symmetric function of Schouten tensor:

1 R
A= ——(Ric— /—==8g)- 2
5 (Rie = 5" )
which is natural to study as (M", g)
Rm=W, & AQs, (3)

and W, is a pointwise conformal invariant.
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Elementary symmetric function

» Denote o4 (Ag) = k-th elementary function of eigenvalues of
Ag.
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Elementary symmetric function

» Denote o4 (Ag) = k-th elementary function of eigenvalues of
Ag.

» Examples:
ZA - n—l)
02(Ag) = ZA,AJ-

i<j
1 (4)
:E(]Tr Ag’2— ‘Ag|2)
n 1
:7}?2_7 Ri 2
sin_1)~ oIl

on(Ag) = det(Ag)
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02(Ag) on 4-manifold
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02(Ag) on 4-manifold

» On (A44,g),

1 .
02(Ag) = 6(R§ - 3yR,cy§)

» On (M*, g) without boundary [}, 02(Ag)dvg is a conformal
invariant
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02(Ag) on 4-manifold

» On (I\/I4,g),

1 .
02(Ag) = 6(R§ - 3yR,cy§)

» On (M*, g) without boundary [}, 02(Ag)dvg is a conformal
invariant

> Advantages of 02(Ag)
(a) Rg > 0, 02(Ag) > 0, then Ricg > 0 (hence m1(M) is
finite, and by = 0)
(b) Under conformal change of metrics,

2
Ag, = Ag + {-V?w + dw @ dw — |V;V| g}

Study of symmetric functions is fully non-linear PDE of
Monge-Amphere type.
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» Equation of Monge-Ampere type: Study
ak(Vzu) =f>0

Dirichlet problem for u defined on Q C R”
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» Equation of Monge-Ampere type: Study
ak(Vzu) =f>0

Dirichlet problem for u defined on Q C R”
» Caffarelli-Nirenberg-Spruck/ Kohn
Krylov, Evans

Pogorolev, Cheng-Yau, Caffarelli
Spruck-B. Guan
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» Fully Non-linear PDE: for n =4, k = 2,

72(V20) = Sl(8u) — [V2uP)
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» Fully Non-linear PDE: for n =4, k = 2,
1
2(V2u) = S[(Au)* — [V2ul’]
> While for Ag:

02(Ag,)e* =02(Ag) +2[(Aw)* — |Vw/|?
+(Vw, V|Vw|?) + Aw|Vw|?)]

+lower order terms.
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Yamabe constant

» Definition Yamabe constant
On (M" g),

Y(M7 [g]) = infgwe[gLvol(gW):l /I\/I" & degw'
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Yamabe constant

» Definition Yamabe constant
On (M" g),

Y(M’ [g]) = infgwe[g]vv"I(gW):l /I\/I" RngVgW.

» Y(M,|[g]) is a (2nd order) conformal invariant.
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Conformal invariant on M*

» Theorem: (Chang-Gursky-Yang '02, Gursky-Viaclovsky '04)
On (M*, g), assume
(i) Y(M* g) > 0;
(ii) [o2(Ag)dvg > 0;
then 3w € C>(M), with o3(Ag,) = 1.
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Conformal invariant on M*

» Theorem: (Chang-Gursky-Yang '02, Gursky-Viaclovsky '04)
On (M*, g), assume
(i) Y(M* g) > 0;
(ii) [o2(Ag)dvg > 0;
then 3w € C>(M), with o3(Ag,) = 1.

» Corollary: Under (i), (i), on (M* g), 3 g, = e?"g with
Ricg, > 0; hence m1(M*) is finite.
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Conformal invariant on M*

» Theorem: (Chang-Gursky-Yang '02, Gursky-Viaclovsky '04)
On (M*, g), assume
(i) Y(M* g) > 0;
(ii) [o2(Ag)dvg > 0;
then 3w € C>(M), with o3(Ag,) = 1.

» Corollary: Under (i), (i), on (M* g), 3 g, = e?"g with
Ricg, > 0; hence m1(M*) is finite.

» Proof of Theorem:
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Conformal invariant on M*

» Theorem: (Chang-Gursky-Yang '02, Gursky-Viaclovsky '04)
On (M*, g), assume
(i) Y(M* g) > 0;
(ii) [o2(Ag)dvg > 0;
then 3w € C>(M), with o3(Ag,) = 1.

» Corollary: Under (i), (i), on (M* g), 3 g, = e?"g with
Ricg, > 0; hence m1(M*) is finite.

» Proof of Theorem:

» Part I: existence part: Under (i) and (ii) solve

02(Ag,) = f, for some f > 0

Remark Geometrically a natural choice of f is
|We,|? = |W,|?e=*", in the work of G-V, they have chosen
f = e* to make the equation “subcritical”
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Conformal invariant on M*

» Theorem: (Chang-Gursky-Yang '02, Gursky-Viaclovsky '04)
On (M*, g), assume
(i) Y(M* g) > 0;
(ii) [o2(Ag)dvg > 0;
then 3w € C>(M), with o3(Ag,) = 1.

» Corollary: Under (i), (i), on (M* g), 3 g, = e?"g with
Ricg, > 0; hence m1(M*) is finite.

» Proof of Theorem:

» Part I: existence part: Under (i) and (ii) solve

02(Ag,) = f, for some f > 0

Remark Geometrically a natural choice of f is
|We,|? = |W,|?e=*", in the work of G-V, they have chosen
f = e* to make the equation “subcritical”

» Part Il: regularity part: Deform f to constant by method of
continuity and degree theory.
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Conformal Sphere Theorem

» Theorem Chang-Gursky-Yang '03
On (M* g) with Y(M* g) > 0.
(a) If

1
/ 02(Ag)dvg > / | Wel|*dvg
M4 4 Je

then M* is diffeomorphic to S* or RP*.
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Conformal Sphere Theorem

» Theorem Chang-Gursky-Yang '03
On (M* g) with Y(M* g) > 0.
(a) If

1
/ 02(Ag)dvg > / | Wel|*dvg
M4 4 Je

then M* is diffeomorphic to S* or RP*.

» Remark, (a) is equivalent to

/ o2(Ag)dvg > 42y (M*).
M4
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Conformal Sphere Theorem

» Theorem Chang-Gursky-Yang '03
On (M*, g) with Y(M*, g) > 0.
(a) If

1
/ o2(Ag)dvg > / | Wel?dvg
M4 4 Je

then M* is diffeomorphic to S* or RP*.
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Conformal Sphere Theorem

» Theorem Chang-Gursky-Yang '03
On (M*, g) with Y(M* g) > 0.
(a) If

1
/ o2(Ag)dvg > / | Wel?dvg
M4 4 Je

then M* is diffeomorphic to S* or RP*.

> (b) If
1
/ 02(Ag)dvg = 4/ | Wel*dvg,
M4 M4

and M* not diffeomorphic to S* or RP* then either
(1) (M*, g) is conformal to (CP?, grs), or
(2) (M*, g) is conformal to ((S3 x SY)/T, gprod)-
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Weak Pinching condition

» Above conditions are L? version of the weak pinching
condition of Margerin.
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Weak Pinching condition

» Above conditions are L? version of the weak pinching
condition of Margerin.

» Margerin: Weak Pinching:

W2+ 2|E?
wp = WP+ 21
where E denotes traceless Ricci.
(a)" WP < £ it turns out (a)" is equivalent to the pointwise
condition (a)': 02(Ag) > S|W|?
(b)": WP = } is equivalent to the pointwise condition (b)’
o2(Ag) = %|Wg|2

Sun-Yung Alice Chang Princeton University National Tsing-t  Conformal Invariants: Perspectives from Geometric PDE



Weak Pinching condition

» Above conditions are L? version of the weak pinching
condition of Margerin.

» Margerin: Weak Pinching:

W2+ 2|E?

wp = WP+ 21
where E denotes traceless Ricci.
(a)" WP < £ it turns out (a)" is equivalent to the pointwise
condition (a ) o2(Ag) > 3| W|?
(b)": WP = } is equivalent to the pointwise condition (b)’
o2(Ag) = %|Wg|2

» Margerin established previous Theorem under (a)” and (b)",
while our theorem is established under the integral condition

(), (b)
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Weak Pinching condition

» Above conditions are L? version of the weak pinching
condition of Margerin.

» Margerin: Weak Pinching:

W2+ 2|E?

wp = WP+ 21
where E denotes traceless Ricci.
(a)" WP < £ it turns out (a)" is equivalent to the pointwise
condition (a ) o2(Ag) > 3| W|?
(b)": WP = } is equivalent to the pointwise condition (b)’
o2(Ag) = %|Wg|2

» Margerin established previous Theorem under (a)” and (b)",
while our theorem is established under the integral condition

(), (b)
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Weak Pinching condition

» Above conditions are L? version of the weak pinching
condition of Margerin.

» Margerin: Weak Pinching:

W2+ 2|E?

wp = IWE+21E
where E denotes traceless Ricci.

(a)" WP < £ it turns out (a)" is equivalent to the pointwise
condition (a ) o2(Ag) > 3| W|?

(b)": WP = % is equivalent to the pointwise condition (b)’
02(Ag) = IW &

» Margerin established previous Theorem under (a)” and (b)",
while our theorem is established under the integral condition
(a), (b)

» Remark: Hamilton: Assume curvature operator positive,
Huisken has results for n > 4.
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conformal sphere Theorem

» Proof of Theorem:
Part (a): To show under condition (a), there exists some g,
in the same conformal class of g so that the pointwise
condition (a)' is satisfied, then apply Margerin's result.
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conformal sphere Theorem

» Proof of Theorem:

Part (a): To show under condition (a), there exists some g,
in the same conformal class of g so that the pointwise
condition (a)' is satisfied, then apply Margerin's result.

Remark When (b) happens, the metric is a critical point of
the functional [}, |Wg|?dvg such metric satisfies the Bach
flat condition: i.e.
1

Bj = VkV/VV,'kJ'/ + EAk/ Wi = 0.
The additional PDE helps us to analyze the condition (b) to
solve (b)": an additional difficulty is (b)' 02(Ag) = %|Wg|2 is a
degenerate PDE at the points where Weyl curvature vanishes
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Finiteness Theorem

» Theorem (Chang-Qing-Yang '08) Suppose that C is a
collection of Bach flat Riemannian manifolds (M*, g) with
positive Yamabe constants, satisfying
* [y ]W]édvg < Ao for some fixed positive number Ag; and
that
o [y 02(Ag)dvg > ap, for some fixed positive number ap.
Then there are only finite many diffeomorphism types among
manifolds in C.
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Finiteness Theorem

» Theorem (Chang-Qing-Yang '08) Suppose that C is a
collection of Bach flat Riemannian manifolds (M*, g) with
positive Yamabe constants, satisfying
* [y ]W]édvg < Ao for some fixed positive number Ag; and
that
o [y 02(Ag)dvg > ap, for some fixed positive number ap.
Then there are only finite many diffeomorphism types among
manifolds in C.
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Finiteness Theorem

» Theorem (Chang-Qing-Yang '08) Suppose that C is a
collection of Bach flat Riemannian manifolds (M*, g) with
positive Yamabe constants, satisfying
* [y ]W]ﬁ,dvg < Ao for some fixed positive number Ag; and
that
o [y 02(Ag)dvg > ap, for some fixed positive number ap.
Then there are only finite many diffeomorphism types among
manifolds in C.

» Above theorem is modeled after a result of Anderson-Cheeger
'91; where finite diffeomorphism types were obtained for class
of manifolds with diam(M") < D, Vol(M") > v, |Ric| < A

and
/ |Rm|2 < A.
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udy of o (Ag

» Definition We say g € Ty Tifom(Ag) >0 for 1 < m < k.
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Study of ox(Ag) on M"

» Definition We say g € Ty Tifom(Ag) >0 for 1 < m < k.
» Questions:
Q1: On (M" g), if g € T, does there exist g, with
Uk(AgW) =17
Q2: On what manifold does there exist a metric g € [, "7
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Study of ox(Ag) on M"

» Definition We say g € Ty Tifom(Ag) >0 for 1 < m < k.
» Questions:
Q1: On (M" g), if g € T, does there exist g, with
Uk(AgW) =17
Q2: On what manifold does there exist a metric g € [, "7

» Gursky-Viaclovsky, Y.Li and A.Li; Trudinger-X.J. Wang,
Guan-G. Wang, Guan-C.S.Lin-G. Wang, Ge, Catino,
Mantegazza, Bour, ...
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Study of ox(Ag) on M"

» Definition We say g € Ty Tifom(Ag) >0 for 1 < m < k.
» Questions:
Q1: On (M" g), if g € T, does there exist g, with

Uk(AgW) =17
Q2: On what manifold does there exist a metric g € [, "7

» Gursky-Viaclovsky, Y.Li and A.Li; Trudinger-X.J. Wang,
Guan-G. Wang, Guan-C.S.Lin-G. Wang, Ge, Catino,
Mantegazza, Bour, ...

» Q3: Above questions for metrics in negative k-cone?
Trudinger-Wang-Sheng '08 local C? estimates fails.
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Study of ox(Ag) on M"

» Theorem (W.Sheng) '09
on (M" g), 1 < m< n/2, denote

m—1>

Ym([g]) = i”fgwer+ vol(gw)=1 /Um(gw)dvgw'

If Y, > 0 for m < k, then there exists some g,, € I_;f.
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Study of ox(Ag) on M"

» Theorem (W.Sheng) '09
on (M" g), 1 < m< n/2, denote

Ym([g]) ’”fgwerm 1,vol(g.,l,)zl/Um(gw)dvgw'
If Y, > 0 for m < k, then there exists some g,, € I_;f.

» Problem: When 2k = n, k > 2, fan g)dvg is a conformal
invariant on M" only when the manlfold is locally conformally
flat.
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Study of ox(Ag) on M"

» Theorem (W.Sheng) '09
on (M" g), 1 < m< n/2, denote

Ym([g]) = ’”fgwerm 1,vol(g.,l,)zl/Um(gw)dvgw'

If Y, > 0 for m < k, then there exists some g,, € I';f.

» Problem: When 2k = n, k > 2, fan g)dvg is a conformal
invariant on M" only when the manlfold is locally conformally
flat.

» Localy conformally flat means locally the metric is g = e®%dx,
or equivalently Weyl curvature vanishes when n > 4.
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Study of ox(Ag) on M"

Theorem (W.Sheng) '09
on (M" g), 1 < m< n/2, denote

Ym([g]) ’”fgwerm 1,vol(g.,l,)zl/Um(gw)dvgw'
If Y, > 0 for m < k, then there exists some g,, € I';f.

Problem: When 2k = n, k > 2, fan g)dvg is a conformal
invariant on M" only when the manlfold is locally conformally
flat.

Localy conformally flat means locally the metric is g = e®"dx,
or equivalently Weyl curvature vanishes when n > 4.

on (M" g),if g € F;r for some 2k > n AND locally
conformally flat; then (M", g) is (S"/T,e*"g.).

Sun-Yung Alice Chang Princeton University National Tsing-t  Conformal Invariants: Perspectives from Geometric PDE



Replacement of o1 (A,)

» We would like to seek some curvature polynomial say v(2k)(g)
defined on M" which satisfies (a) When g is locally
conformally flat, v(?%)(g) = oy (Ag).

(b) When 2k = n, [ v{")(g)dv, is conformally invariant.
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Replacement of o1 (A,)

» We would like to seek some curvature polynomial say v(2k)(g)
defined on M" which satisfies (a) When g is locally
conformally flat, v(?%)(g) = oy (Ag).

(b) When 2k = n, [ v{")(g)dv, is conformally invariant.

» (c) When 2k < n, the functional g — — > [ v(?)(g)dv, i
variational in the conformal class of metric g,, € [g]
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Conformal Compact Einstein manifold

» Definition: Given (X"T1, M", g*) with smooth boundary
OX = M". Let r be a defining function for M" in X"*! as

follows:
r>0 in X;

r=0 on M,
dr#0 on M.
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Conformal Compact Einstein manifold

» Definition: Given (X"T1, M", g*) with smooth boundary
OX = M". Let r be a defining function for M" in X"*! as
follows:

r>0 in X;
r=0 on M,
dr#0 on M.

» We say g is conformally compact, if there exists some r so
that (X1, r2g%) is a compact manifold.
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Conformal Compact Einstein manifold

» Definition: Given (X"T1, M", g*) with smooth boundary
OX = M". Let r be a defining function for M" in X"*! as
follows:

r>0 in X;
r=0 on M,
dr#0 on M.
» We say g is conformally compact, if there exists some r so
that (X1, r2g%) is a compact manifold.
» (X" M" gT) is conformally compact Einstein if g* is
Einstein (i.e. Ricg+ = cg™ ).
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Sun-Yung Alice Chang Princeton University National Tsing-t

Conformal Compact Einstein manifold

» Definition: Given (X"T1, M", g*) with smooth boundary
OX = M". Let r be a defining function for M" in X"*! as

follows:
r>0 in X;

r=0 on M,
dr#0 on M.
» We say g is conformally compact, if there exists some r so
that (X1, r2g%) is a compact manifold.
» (X" M" gT) is conformally compact Einstein if g* is
Einstein (i.e. Ricg+ = cg™ ).
» We call g™ a Poincare metric if Ricg+ = —ng™.
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Example

» Example:
On (H™1, 5" gn)

(H™, (3 m_p yz)z\dy\z)
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» Example:
On (H™1, 5" gn)

2

I_In+17
( (1 =yl

5)%ldy[?).

» We can then view (S",[gc]) as the compactification of H"*!
using the defining function

]__
_ iy
L+ |y
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Renormalized volume

» Renormalized Volume (Maldacena, Witten, Gubser-Klebanov
-Polyakov, Henningson-Skenderis, R. Graham )
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Renormalized volume

» Renormalized Volume (Maldacena, Witten, Gubser-Klebanov
-Polyakov, Henningson-Skenderis, R. Graham )

» On conformal compact (X"*1, M", g*) with defining function
r, For n odd,

Volg+({r > €}) = coe” " + e "2 4
+cpote T+ Vg+ + o(1)

For n even,
Volg+({r > €}) = coe "+ cpe™ "2 + -+

1
+c,,,26_2+L|ogf—i—V+—|—o( )
€
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Renormalized volume

» Renormalized Volume (Maldacena, Witten, Gubser-Klebanov
-Polyakov, Henningson-Skenderis, R. Graham )

» On conformal compact (X"*1, M", g*) with defining function
r, For n odd,

Volg+({r > €}) = coe” " + e "2 4
+cpote T+ Vg+ + o(1)

For n even,
Volg+({r > €}) = coe™ " + e ™24
1
+ Cpne ?+ Llog = + Vg+ 4+ 0o(1)
€
» For n odd, V,+ is independent of g € [g] where g = r’g™ |y,

and for n even, L is independent of g € [g], and hence are
conformal invariants.
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Renormalized volume-2

» Theorem: (Graham-Zworski '02)

When n is even,
L= c,,/ Qgdvg.
M

Where Qg is a n — th order curvature polynomial.
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Renormalized volume-2

» Theorem: (Graham-Zworski '02)

When n is even,
L= c,,/ Qgdvg.
M

Where Qg is a n — th order curvature polynomial.
» When n =4, Qg = —:AgRy + 02(Ag). Note
| Qgdvg = [ 02(Ag) on closed 4-manifold.
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Renormalized volume-2

» Theorem: (Graham-Zworski '02)

When n is even,
L= c,,/ Qgdvg.
M

Where Qg is a n — th order curvature polynomial.
> When n =4, Q; = —%AgRg + 02(Ag). Note
| Qgdvg = [ 02(Ag) on closed 4-manifold.
» Theorem: (M. Anderson '02, Chang-Qing-Yang '06)
On (X* M3, g+) conformal compact Einstein manifold, we

have
1

Vgt = 6/X4 02(Ag)dvg

for any totally geodesic compactification g of g+.

82 x (X4, M?) :/|W|§dvg+6vg+.
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A class of integral invariant

» On conformal compact (X"*1, M", g¥),

1
g = (d*+g,) (5)

detg, .1
(Ca)? = D v (go)r™ (6)
80 P

near r tends to zero.
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A class of integral invariant

» On conformal compact (X"*1, M", g¥),

1
g = (d*+g,) (5)

detg, .1
(Ca)? = D v (go)r™ (6)
80 P

near r tends to zero.
» Skenderis and Solodukhin '00 When gp is |.c.f,
v2K(go) = (—2) ¥ ok (Ag)
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A class of integral invariant

» On conformal compact (X"*1, M", g¥),

1
g = (d*+g,) (5)

detgr i N 2k( ) 2k 6
Gorge) = 2 &) (6)
near r tends to zero.
» Skenderis and Solodukhin '00 When gp is |.c.f,
v? (o) = (—2) ¥ ok(Ag)
» Juhl, C. Fefferman and R. Graham
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A class of integral invariant

» Theorem (Chang-Fang/ Graham-Juhl)
On (M", g) compact, closed; and 2k < n = dim M, define the

functional f (20
vieh)(g)dy,
TFu(g) = M—2=7F
(Jmdve) =
then F; is variational within the conformal class; i.e., the
critical metric in [g] satisfies the equation

2K)

v( = constant.

For n =2k, Fu(g) is constant in the conformal class [g]
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A class of integral invariant

» Theorem (Chang-Fang/ Graham-Juhl)
On (M", g) compact, closed; and 2k < n = dim M, define the

functional f (20
vieh)(g)dy,
TFu(g) = M—2=7F
(Jmdve) =
then F; is variational within the conformal class; i.e., the
critical metric in [g] satisfies the equation

2K)

v( = constant.

For n =2k, Fu(g) is constant in the conformal class [g]
» Theorem Chang-Fang-Graham
On (X" M" g+), conformally compact Einstein, n odd,

20=1(p + 1)( 211y
Vg+:Cn/)<V(n+1)(g)dVg7 c, = (n+ )( 2 )

for any totally geodesic compactified metric g of g*.

n!
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A class of integral invariant

» We have
vD(g) = —Zo1(Ag),

where (Bg);; :=
tensor of the metric.

%V"V’V‘/ﬁkj —+ ﬁRk’ Wiij is the Bach
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A class of integral invariant

» Some properties of v(K): (Graham)
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A class of integral invariant

» Some properties of v(K): (Graham)

» (1) It is a “pure Ricci” curvature invariant, i.e. involves only
Ricci and its derivatives.

Obvious: when (M", g) is l.c.f then v(?¥)(g) = (_Tl)kak(Ag).
Not so obvious even when k = 6, recall

Oe) = g |ma(Ae) + 3575 A)(Ba)y

where
(Bg)ij = — 3V v/ Wi + 7/? Wiikj
V' Wik = (n—3)Cyj = Vi(Ag) i — Vi(Ag)ji-

1
ERM Winj = A¥Wiig = —Aix+ViViR — n(A?); + (TrA%)g;
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A class of integral invariant

» (2) Under conformal change of metric g, = e2"g, v(K(g,)
only involves second derivatives of w.
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A class of integral invariant

» (2) Under conformal change of metric g, = e2"g, v(K(g,)
only involves second derivatives of w.

This follows from properties of Bach tensor, obstruction
tensor. For example: for v(9)(g,),

1 1
(Bg)’.l = mvkvlwﬁkj + mRkl VVIikj

B(gw)ij = e 2"[Bjj— (n—4)(Cirj+ Ciri)wi — (n—4) Wigwiw]

This gives hope to use 2nd order elliptic PDE methods to
study the v(K), the main difficulty is lack of ellipticity (i.e.
Garding's inequality ) for the equation v(k) = f. Recent joint
project with Luc Nguyen
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Some o uestions

» In (M", g) say n =4, study the integral invariant
[ 02(Ag)dvg when the Yamabe constant is not positive.

Sun-Yung Alice Chang Princeton University National Tsing-t  Conformal Invariants: Perspectives from Geometric PDE



Some open questions

» In (M", g) say n =4, study the integral invariant
[ 02(Ag)dvg when the Yamabe constant is not positive.

» When n is even, say n > 6, study the role played by [ v(ndy
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Some open questions

» In (M", g) say n =4, study the integral invariant
[ 02(Ag)dvg when the Yamabe constant is not positive.

» When n is even, say n > 6, study the role played by [ v(ndy.

» When n is odd, study M" as boundary of conformal compact
Einstein metric (X1, M", g+).
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Some open questions

» In (M", g) say n =4, study the integral invariant
[ 02(Ag)dvg when the Yamabe constant is not positive.

» When n is even, say n > 6, study the role played by [ v(ndy

» When n is odd, study M" as boundary of conformal compact
Einstein metric (X1, M", g+).

» Existence and Uniqueness of extension both quite open:
e Non-uniqueness result: Hawkin-Page '83
e Rigidity result for (5", gc) Witten '81, Qing '03
e Existence result on neighborhood of (5", g.) Graham-Lee
e regularity result: Smoothness of (M", g) implies smoothness
of compactified metrics (Helliwell '06 (n=3) and
Chruscial-Delay-Lee-Skinner (general n)).
e Compactness result: Does the compactness of (M",[g])
determines the compactness of the class of compactified
metrics on X"*1 ? Chang-Yang '11
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A Conformal Compactness Result

» Main Theorem: Let (X,0X,g¢) be a family of conformally
compact Einstein manifolds with X topologically S3.,
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A Conformal Compactness Result

» Main Theorem: Let (X,0X,g¢) be a family of conformally
compact Einstein manifolds with X topologically S3.,

» Suppose there exist positive constants Cy, Gy, C3, C4 such that
|h%|c~ < Cy., where h® is the Yamabe metric on 0X.
Assume in addition
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A Conformal Compactness Result

» Main Theorem: Let (X,0X,g¢) be a family of conformally
compact Einstein manifolds with X topologically S3.,

» Suppose there exist positive constants Cy, Gy, C3, C4 such that
|h%|c~ < Cy., where h® is the Yamabe metric on 0X.
Assume in addition

» (1) [y [W[?> < G, and the second Betti number of X,
by(X) =0,
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A Conformal Compactness Result

» Main Theorem: Let (X,0X,g¢) be a family of conformally
compact Einstein manifolds with X topologically S3.,

» Suppose there exist positive constants Cy, Gy, C3, C4 such that
|h%|c~ < Cy., where h® is the Yamabe metric on 0X.
Assume in addition

» (1) [y [W[?> < G, and the second Betti number of X,
by(X) =0,

> (2) Y(X,0X,(r3[gg]) > G,
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A Conformal Compactness Result

» Main Theorem: Let (X,0X,g¢) be a family of conformally
compact Einstein manifolds with X topologically S3.,

» Suppose there exist positive constants Cy, Gy, C3, C4 such that
|h%|c~ < Cy., where h® is the Yamabe metric on 0X.
Assume in addition

» (1) [y [W[?> < G, and the second Betti number of X,
ba(X) =0,
> (2) Y(X,0X,(r2[gg]) > G,

> (3) & < Y(0X,1g9]) < Y(S% [ed)),

Sun-Yung Alice Chang Princeton University National Tsing-t  Conformal Invariants: Perspectives from Geometric PDE



A Conformal Compactness Result

» Main Theorem: Let (X,0X,g¢) be a family of conformally
compact Einstein manifolds with X topologically S3.,

» Suppose there exist positive constants Cy, Gy, C3, C4 such that
|h%|c~ < Cy., where h® is the Yamabe metric on 0X.
Assume in addition

» (1) [y [W[?> < G, and the second Betti number of X,
ba(X) =0,

> (2) Y(X,0X,(r2[gg]) > G,

> (3) & < Y(9X,[g9]) < V(5% [gd]),

> (4) 5(gf) =0.
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A Conformal Compactness Result

» Then one of the following holds:
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A Conformal Compactness Result

» Then one of the following holds:

> (a) the Yamabe metrics {(X, g¢)} with Vol(g¢) =1is C*
compact.
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A Conformal Compactness Result

» Then one of the following holds:

> (a) the Yamabe metrics {(X, g¢)} with Vol(g¢) =1is C*
compact.

» (b) a subsequence of the dilated Yamabe metrics converges in
Gromov-Hausdroff sense to an asymptotically flat conformally
Einstein metric (X, 0X, &7°) with boundary, which has a
smooth conformal compactification, and the conformal infinity
h of the compactification is a limit of the sequence h®.
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A boundary conformal invariant S

» The 2-tensor S on the boundary which is pointwisely
conformally invariant. The definition of S is motivated by the
Gauss-Bonnet formula on 4-manifolds with boundary
(X,0X,g), with g defined on X and extended smoothly to
0X. Consider the functional on (X, 90X, g),

g ~>/ |W|g2dVg +8/ Wan,@nLaﬂdO-gv (7)
X oX

where L is the second fundamental form.
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A boundary conformal invariant S

» The 2-tensor S on the boundary which is pointwisely
conformally invariant. The definition of S is motivated by the
Gauss-Bonnet formula on 4-manifolds with boundary
(X,0X,g), with g defined on X and extended smoothly to
0X. Consider the functional on (X, 90X, g),

g ~>/ |W|g2dVg +8/ Wan,@nLaﬂdO-gv (7)
X oX

where L is the second fundamental form.

» Critical metrics of the functional satisfy in the interior the
well-known condition B;;j = 0 where Bj; is the Bach tensor,
and on the boundary

4

0= Saﬁ — vi Vvianﬁ + vi VVi,Bna - vn Wnanﬂ + 3

HWpang.
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A boundary conformal invariant S

» When the boundary is totally geodesic (i.e. L =0), as in the
case of a conformally compact Einstein metric,

1
Saﬂ - —§VnRaﬂ
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A boundary conformal invariant S

» When the boundary is totally geodesic (i.e. L =0), as in the
case of a conformally compact Einstein metric,

1
Saﬂ - —§VnRaﬂ
» Recent joint effort of Chang-Ge-Yang, replace the Yamabe

metric by other metrics and replace the S = 0 condition by
less restrictive condition.
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