
Thomas’ Calculus Early Transcendentals 13ed

Volume and Surface Area of Revolution (V04)

Notation:
a: axial variable. r: radial variable. (a, r) could be (x, y) or (y, x).
The generating region:

R = {(a, r), α < a < β, 0 ≤ r1(a) < r < r2(a)}

= {(a, r), 0 ≤ γ < r < δ, a1(r) < a < a2(r)}
Volume of revolution generated by region R:

Method of disks (r1 = 0) or washers (r1 > 0):

V =

∫ β

α

π
(
r22(a)− r21(a)

)
da

Method of cylindrical shells:

V =

∫ δ

γ

2πr
(
a2(r)− a1(r)

)
dr

Arclength of curve C and area of surface of revolution generated by C:
General formula: L =

∫ ∗
∗
ds, ds =

√
dx2 + dy2.

S =

∫ ∗
∗

2πrds, where r = x if rotated around y-axis, r = y if rotated around x-axis.

Case 1: If C = {y = f(x) ≥ 0, a ≤ x ≤ b}, then ds =
√
dx2 + dy2 =

√
1 +

(dy
dx

)2 dx.

L =

∫ b

a

√
1 +

(dy
dx

)2
dx =

∫ b

a

√
1 +

(
f ′(x)

)2
dx,

Surface area:
Rotate C around x-axis:

Sx−axis =

∫ b

a

2πrds =

∫ b

a

2πyds =

∫ b

a

2πf(x)

√
1 +

(
f ′(x)

)2
dx

Rotate C around y-axis:

Sy−axis =

∫ b

a

2πrds =

∫ b

a

2πxds =

∫ b

a

2πx

√
1 +

(
f ′(x)

)2
dx

Case 2: If C = {x = g(y) ≥ 0, c ≤ y ≤ d}, then ds =
√
dx2 + dy2 =

√
1 +

(dx
dy

)2 dy.

L =

∫ d

c

√
1 +

(dx
dy

)2
dy =

∫ d

c

√
1 +

(
g′(y)

)2
dy,

1



Surface area
Rotate C around x-axis:

Sx−axis =

∫ d

c

2πrds =

∫ d

c

2πyds =

∫ d

c

2πy

√
1 +

(
g′(y)

)2
dy

Rotate C around y-axis:

Sy−axis =

∫ d

c

2πrds =

∫ d

c

2πxds =

∫ d

c

2πg(y)

√
1 +

(
g′(y)

)2
dy

Case 3: If C = {x = X(t), y = Y (t), α ≤ t ≤ β}, then ds =
√(dx

dt

)2
+
(dy
dt

)2
dt

L =

∫ β

α

√(dx
dt

)2
+
(dy
dt

)2
dt =

∫ β

α

√
Ẋ2(t) + Ẏ 2(t) dt

Sx−axis =

∫ β

α

2πrds =

∫ β

α

2πy

√(dx
dt

)2
+
(dy
dt

)2
dt =

∫ β

α

2πY (t)

√
Ẋ2(t) + Ẏ 2(t) dt

Sy−axis =

∫ β

α

2πrds =

∫ β

α

2πx

√(dx
dt

)2
+
(dy
dt

)2
dt =

∫ β

α

2πX(t)

√
Ẋ2(t) + Ẏ 2(t) dt

2


