Calculus II, Spring 2023
Brief solutions to Midterm 1 (Average = 55.64 pts)
Mar 28, 2023.

1. (8 pts) (Average = 5.0 pts)

1 1 1
Evaluate lim — < - — —>.

z—=0 2 \ SInx T

1
Ans: g See page 2 of Lecture 11.

2. (12 pts) (Average = 6.49 pts)

For what values of & does Zl—)
(Inn

converge?

Ans: |z| < 1.

From root test, p = |z|, therefore the series converges on |z| < 1.
On x = 1, the series converges by Integral Test.

On z = —1, the series converges since it converges absolutely from the case z =1 (or
from Alternating Series Test).

3. (12 pts) (Average = 6.82 pts)
Find an and Zn 2" on |r| < 1 using computational rules for power series

(multlphcatlon dlfferentlatlon integration, etc.).

Ans:
2 1 . .
l+z+a+... = 1= (geometric series)
1
=  z+22°+37° +. .. (1 ) = ﬁ (Term by Term Differentiation)
-
1+ )
= 2222 + 308 4 ... = _ it
r+277 + 57" + 1_1; TEE

4. (12 pts) (Average = 5.19 pts)

1

2
Give an approximation of / cos(z?)dx to within 107°. Give the formula of the ap-

0
proximation, but need not find the numerical value. Explain why the error is less than
1075,

Ans:
x2)2k

cosz® =1— —(2?)> + = (2 = = (2*)° 4+ .- = Z(_

k=0



From the error estimate for alternating series:

cos 2 — Z<_1)k((x2k))' <

k=0

1 n 1
2 9 2
/ cosx” dx — g / (—
0 =0 /0

1

<x2)2n+2

(2n +2)!
L .2\2n42
3/ (@*) =
o (2n+2)!

3 (l’ )2n+2 1 B
———dr = <10
o (2n+2)! (4n + 5)247+5(2n 4 2)!
Any n > 1 will do, since for n = 1, (4n + 5)2*"5(2n 4+ 2)1 = 9.2 . 41 > 10°

error —

2\ 2k
ohr

We want

Therefore the approximation is

L

5. (6+12 pts) (Average = 5.93 + 4.53 pts)
1)”

! 1 11

dr =S (—1)* -
ol ];( D o @) 3 30

(a) Show that the series Z

converges absolutely.

(b) Find the sum of the series in (a). Prove your answer (i.e., why the equality holds).
Ans:

(a) Ratio test:

1

Qa n+1
lim =~ = lim 2 (1n+1)! =0 <1, the series converges absolutely. (6 pts)
n—oo (@, n—00 S

(b) Sum = e~'/2. (4 pts) Since

1 1 1 B 1

- (=) T oz = —=

TR EE TR R T olr==3)
1 1

Tewo<—§)_€ 7 if and only 1fnh_)r£10R( 2)20,

1 el 1 1 1
R,(—=)| < <
[Fin 2)| ~ (n+1D)!27t T (n 4 1)1 2nFL

1
since ¢,41 € (—5,0) :

1 1
It follows that lim Rn(—i) = 0. Therefore Tez70(—§) = e_%.(S pts)

n—o0

6. (64646 pts, 6+9+9 pts with extra points) (Average = 3.80 + 7.23 4+ 2.52 pts)

True or False? Prove it if true, give a counter example if false.



(a) If f(x chx—a) on |z —a|l < R, R >0, then T} ,(x chx—a

n=0

) If Z a, converges, then lim a, = 0.

n—00
n=1

> fn)
(c) If g(x) = f(0) + Zf n!(o)x" on |z| < 1, then f(z) = g(z) on |z| < 1.

Ans: (3 pts for correct True or correct False. 3 pts for correct explanation.)

(a) True. From Term by Term Differentiation Theorem, we get

f™(a) = nle,.
Therefore . .
Tyolx Zf x—a)”:Zan(az—a)”
n=0 n=0
(b) True. Denote by L = Zan and S,, = Zak. Since a,, = S, — S,_1
n=1 =

lim a, = lim (S, — S,_1) = lim S,, — thn 1=L—-L=0.

n—00 n—00 n—00
(¢) False. Take f(z) = e /" for = # 0, and f(z) = 0 for z = 0. Then f™(0) = 0,

V' n > 0. Therefore f(0) +i@x" =0# f(x),ifx#0.
=1

7. (8 pts) (Average = 4.40 pts)
Use any method to find Tiay, o(x) upto 2° term.
Ans: Since
2 ad 2 xt

51nx—x—§+§—--~, Cosa:—l—g%—z—---,

can also be represented by a power series on |z — 0] < 6.

, sin
Since cos(0 # 0, tanz =
cos

This series can be computed using undetermined coefficient or long division to get

13+ 1
r— x4+ —x’ — - 1 9
tanz — 6 120 —r4 4+ i
R PO PR RS
2 6

This power series also equals Tt () from problem 6(a).

Direct evaluation using derivatives of tanx at x = 0 also gets full credit as long as the
results are correct.



8. (12 pts) (Average = 5.06 pts)

Use any method to find T};,-1 o(z). Then find the radius of convergence of this series.

Hint: Binomial series.

. 1 1.3 1.3, 21
— 1= Z(—¢2 2 2 424 ... 122 2 (4t
[ (1= 30+ B P E R
13 1.3.5 1,357 1.3, 21 oot
_ 2 39T 3793 379 2
B T T S TR N B PR R

Radius of convergence = 1 by Ratio Test.



