THEOREM 9—The Integral Test Let {a,} be a sequence of positive terms.

Suppose that a, = f(n), where f is a continuous, positive, decreasing function of
X for_a].l_x___AL(N a positive integer). Then the series Z,, v a, and the integral

f v J(x) dx both converge or both diverge.

EXAMPLE 3 Show that the p-series
8 ghre g

(p areal constant) converges if p > 1, and diverges if p = 1.
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For what values of a, if any, do the series in Exercises 41 and 42 converge?
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515{ Is it true that if 2(;021 a, 1s a divergent series of positive numbers,

then there is also a divergent series X, _b, of positive numbers
with b, < a, for every n? Is there a “smallest” divergent series of
positive numbers? Give reasons for your answers.

o0

Vo & I8 i i oo VW, o b Bcp, g 2 b0 o
Toe i w salles s ot om ide O b "y ed e munlr.



55. Logarithmic p-series

a. Show that the improper integral

(o)
dx -
Wt P (p a positive constant)
J2 ° .

converges if and only if p > 1.
b. What implications does the fact in part (a) have for the con-
vergence of the series

n(ln n)?

n=2

Give reasons for your answer. (t Z)I-ﬂ
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THEOREM 10—The Comparison Test Let X>a,, Xc,, and Xd, be series with
nonnegative terms. Suppose that for some integer N

d, = a. = & for all n > N.

(a) If Xc, converges, then X a, also converges.
(b) If Xd, diverges, then Xa, also diverges.

THEOREM 11—Limit Comparison Test Suppose that a, > 0 and b, > 0 for
all n = N (N an integer).

a :
1. If lim —— = ¢ > 0, then Xa, and X b, both converge or both diverge.

n—>0 Uy,

an
2. If lim .= = 0 and Xb, converges, then Xa, converges.

n—00 n

. an . .
3. If lim -— = oo and Xb, diverges, then Xa, diverges.

n—00 n
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n=2

(Hint: Limit Comparison with E,o,o_a (l/n))
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(Hint: L1m1t Comparison with 3._, (1/n?))
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(Hint: First show that (1/n!) = (1/n(n — 1)) forn = 2.)
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Show that 3,—, ((In n)7/n?) converges for —00 < g < ©0 and
=L

(Hint: Limit Comparison with 3,~, 1/n" for 1 < r < p.)

&
Let —0<g <o and p>1. If ¢ =0, then z (In n) = z% which is a convergent p-series. If g #0,
II d

(Inm

q
compare with Z— where 1 <7 < p, then lim = lim “";2_ ,and p—r>0.If g<0=-¢ >0 and
2" n—w 1 n" n—oo n’

p g-1{1 _
lim Un"’ fom? _ = lim q(hl”)l (;) = lim g™ :

nooo 1’7 pse (p=rnf T e (p=rn? "

=lim—L —=0.1If g >0, lim

n—oo (Inn) 4nf™"

If
Inn)?™" . q

¢-1<0=>1-¢>0 and lim 20— fjm — ¢

1= q n—ow (p=r)n?™"  p e (p=r)nf 7 (In )4

. . gq(g-D(nn)?™ : g2
again. lim —_,()7 lim m
now  (p=r)ynf™ n~>f (p—r)"nf™"

=0, otherwise, we apply L'Hopital's Rule

If g—2<0=2-¢20 and

q(g=1)(In n)*
LI

lim

) = lim —=£92)___ - 0; otherwise, we apply L'Hopital's Rule again. Since g is finite,
n—o (P

n—w (p— P~ (Inn)~

there is a positive integer k such that ¢ —k <0 = k —g >0. Thus, after & applications of L'Hopital's Rule we

o ) .
obtain lim — = lim M
n—o (p-r)n?™ nsao (p=r)En?~" (lnnY

—1)--(g=k+1)(Inn)?* . L
g Ag=hth(nm =0. Since the limit is 0 in every case, by Limit

Comparison Test, the series Z “n") converges.
n=1



2. (Continuation of Exercise 61.) Show that E:iz((ln n)?/nP)
diverges for —00 < g < ooand 0 < p < 1.

(Hint: Limit Comparison with an appropriate p-series.)

Let —o<g < and p<1. If ¢ =0, then Z dn ”) Z pry which is a divergent p-series. If ¢ >0, compare
n=2 n? 2

with Z T which is a divergent p-series. Then lim 1 5~ = lim (In n)? =, If g <0=—¢ >0, compare
n—w l/n n—o
n=2

(inmy?

oz ) . . = _

with ¥ L where 0< p<r<l. Z— = lim ”"—'1) = lim &£ '_ since »—p >0. Apply L'Hopital's to
n=2n o n—o n’”’ n—w (Inn)™

r-p-1 o rp D Y

obtain lim —=£) P " g _g-1<0=g+120 and lim L= 0T _ o

n—» (—¢)(Inn)™"" 1( ) n—o (_'l)(ln")ﬂrl' n—w (=q) i
2 r-p-1 N2 rp

otherwise, we apply L'Hopital's Rule again to obtain lim S o ) M S L’”

n—x (—q)(—=g—1)(Inn)™~ '(“) n—» (—¢)(—g-1)(Inn)~47*

-¢-2<0=¢+2>0 and lim M — fim =p)tn )T
n—o (—q)(—q-D)(nn) " p5x (=q)(—g-1)

L'Hopital's Rule again. Since ¢ is finite, there is a positive integer & such that —g—k <0 = ¢ +k >0. Thus,

= o, otherwise, we apply

Nk
after k applications of L'Hopital's Rule we obtain lim %
n—w (=q)(=g=1)--(=g—k+1)(Inn)™
e o\k =P q+k
& ik (r=p)"n" "’ (Inn)

”%xm = o0, Since the limitis o if ¢ >0 orif ¢ <0 and p <1, by Limit comparison test,

the series Inn)? diverges. Finally if ¢ <0 and p =1 then Hn")l (l“")l . Compare with 1
= g yiur q p pa
2

n=l1

n=2 n=2 n=2

q i q
which is a divergent p-series. For n 23, Inn>1= (lnn)? 21= (1"+” > '—11 Thus Z U"+” diverges by
n=2

Comparison Test. Thus, if —0 <g <o and p <1, the series Z ]"p") diverges.

n
n=l1




DEFINITION A series 2 a, converges absolutely (is absolutely convergent) if
the corresponding series of absolute values, E |a

converges.

al>

THEOREM 12—The Absolute Convergence Test If > |a,| converges, then >, a,
converges. =t =i

THEOREM 13—The Ratio Test Let Ean be any series and suppose that

fin ap+1 _
ay p-

n—>o0

Then (a) the series converges absolutely if p < 1, (b) the series diverges if
p > 1 or p is infinite, (¢) the test is inconclusive if p = 1.

THEOREM 14—The Root Test Let Ean be any series and suppose that
lim Vla,| = p.
5n—>00

Then (a) the series converges absolutely if p <1, (b) the series diverges if
p > 1 or p is infinite, (c) the test is inconclusive if p = 1.
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Let {n /25 if n is a prime number
eta, =
& 1/2",  otherwise.

Does X a, converge? Give reasons for your answer.
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