
























Calculus II, Spring 2023 (http://www.math.nthu.edu.tw/˜wangwc/)

Remark on Lecture 08

Regarding the example in page 12:

f(x) =

{
0, x = 0

e−1/x
2
, x 6= 0

(1)

It is known that
f (k)(0) = 0 for all k = 0, 1, 2, · · · . (2)

Take (2) for granted for now. See also homework 04 for verification of (2).
Recall the definition

Tf,0(x)
def
=

∞∑
k=0

f (k)(0)

k!
(x− 0)k

It follows from (2) that
Tf,0(x) ≡ 0

That is, the Taylor series generated by f centered at x = 0 is the zero function. Therefore

f(x) 6= Tf,0(x) for any x 6= 0 (3)

since f(x) > 0 for x 6= 0.
This example gives a counter example for Question 1 (page 1) and Question 2 (page 3):

Question 2 (page 3):
Is it always true that f(x) = Tf,0(x) on |x− 0| < R for some R > 0?

Answer:
No. Take f(x) as in (1) and see (3) above.

Question 1 (page 1):
For any given function f(x) and a ∈ R, can we always find ak ∈ R and R > 0, such that

f(x) =
∞∑
k=0

ak(x− a)k on |x− a| < R? (4)

Answer:
No. Take f(x) as in (1) and a = 0. From Term by Term Differentiation Theorem, the

only candidate for ak is

ak =
f (k)(0)

k!
.

However, this ak does not satisfy (4) in view of (3) above.
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