Thomas’ Calculus Early Transcendentals 13ed

Volume and Surface Area of Revolution (V03)

Notation:
a: axial variable. r: radial variable. (a,r) could be (z,y) or (y,z).
The generating region:

R={(a,7), a<a<pf, 0<ri(a) <7 <mrya)}

={(a,r), 0 <~y <r<id, a(r) <a<ay(r)}

Volume of revolution generated by region R:
Method of disks (r; = 0) or washers (r; > 0):

B
V:/ m(r3(a) — ri(a))da

Method of cylindrical shells:

5
V = / 277 (as(r) — ar (r))dr

Arclength of curve C and area of surface of revolution generated by C:

General formula: L = / ds, ds = /dx? + dy>?.

*

S= / 2mrds, where r = z if rotated around y-axis, r = y if rotated around z-axis.
*

Case 1: If C={y = f(x) >0, a < x <b}, then ds = \/dz? + dy? = \/1—1—(3—1)2(&
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Surface area (rotate C around x-axis):

b b b
Sm_axis—/ 27rrd5—/ 27Tyd3—/ 21 f(x) 1+(f’(x))2dx
d
Case 2: If C = {r = g(y) 2 0, c <y < d}, then ds = \/da? +dy? = | /1 + (d—x)2dy
Y
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Surface area (rotate C around y-axis)

d d d
S’y_axis:/ 27rrds:/ 27TZIZdS:/ 27g(y) 1—|—(g’(y))2dy
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L= /j \/(%)2 + (%)2& = /j V X2(t) + Y2(t) dt

B B d d B : .
Sxam:/ 27rrds:/ 2ﬂy\/(d—f)2+(d—gz)2dt:/ oY (£)\/ X2(t) + V2(t) dt

Case 3: If C={z=X(t),y=Y(t), a <t <[}, then ds = \/( )2dt

B B B . .
Sy—axis :/ 2mrds :/ 27rx\/((fl—f)2—l— (%)th:/ 2 X (t)\/ X2(t) + Y2(t) dt



