Calculus I, Spring 2022

Brief solutions to Midterm 1

Mar 24, 2022.

o 1
1. (12 pts) Are the integrals dzx and (b): / tan(—) dz convergent?
1

x
Explain.
Answer:
1
N " bl
(a): Since lim xf—l—x = land / —— dx converges (2 pts), therefore / ———dx
z—0 L 0 \/E o VI -+ 3

NG
converges by Limit Comparison Test (4pts).
1
taIl(—) o q 0o 1
(b): Since lim L =1 and / — dx diverges (2 pts), therefore / tan(—) dz
1 X 1

T—00 1 €T

T
diverges by Limit Comparison Test (4pts).

log (Z k3)
2. (12 pts) Evaluate lim k=n

n—00 logn

. Give details.

Hint: If the limit is p, this means that Z k=3 is approximately n?. Find p and prove
k=n
it. Recall the proof of one of the convergence tests.

Answer:

<1
“f(k) =k >0\, and / — dx converges. .. Converges.
LT

log Z k3
N —(log2 + 2logn) < —n < —(log2 + 2log(n — 1))
logn - logn - logn

Let n — oo, we see that the answer = -2.



3. (12 pts) find an” and Zn%” on |z| < 1 using computational rules for power
n=1 n=1

series (multiplic_ation, differezltiation, integration, etc.).

Answer:
1
1 24 =—— (2pt
+x 42+ 1—x( pts)
= + 227 + 32% + Ly T (5 pts)
1-z) (1—az2 P
/
1+ x)
= 2222 4 32° 4 ... = - _ o 5 pts).
x+ 2% 4 372" + x e (1—:5)3( pts)
4. (12 pts)
(a) Show that the series 1 1+1 +(1)”1+ bsolutel
a ow a eseries l ————+-—-—" " — -+ - converges aovsotutery.
2. 11 42l ol & Y

(b) Find the sum of the series in (a). Prove your answer (that is, the equality holds).

Answer:

(a) Ratio test:
1

. 2n+1(n41)!
7113.10% =0<1, convergent. (6 pts)
2nn!
(b) Sum = e~1/2. (2 pts) Since
1 1 1 1
e — 4 (=) i =T ol = —=
o0 Taa T Tt ole=-3)
1 1 - 1
Tewo(—=) = e 2 if and only if lim R,(—=) = 0.
’ 2 n—00 2
1 gentl 1 1 1 1
R,(—=)| < < — 0 wh ni1 € (—=,0) . (4 pt
[ 2)‘_(n—|—1)!2”+1_(n+1)!2”+1 where eniy € (=35,0) - (4 pts)

5. (12 pts) Find T};,-1 o(x) and its radius of convergence.

Answer:
sml:v:/ (1—t2)%1dt:
0

o 13 1.3.5 1.3, 21

:/0‘(1_5(_]52)_’_22!2( t2)2 2 5! 2( t2)3+ ++(_1)n2 2n! 2 (—tQ)n—i--- )dt
122 1 3 22 1 3 5 x7+ 1 3 2n-1 x2”+1+ (8 pts)

= R e P — e — .. S

23 245 "2°4°6 7 24 "o n+1 p
Radius of convergence = 1 by ratio test (4 pts).



1

2
6. (12 pts) Give an approximation of / sin(z?) dz to within 1078, Give the formula of

0
the approximation, but need not find the numerical value. Explain why the error is
less than 1078,

Answer:
1 223 Loy 1 . )QkH
sin 2 —x—g( )—i—a(az)—ﬁ Z; 2k+1)
From the error estimate for alternating series:
n 2\2k+1 (x2)2n+3
c2 1) (%)
S ;( Vo 1| S 2ty
2)2k+1 3 (22)2n+3
= d dr| < —d 4pt
error /0 sinaz? dr — Z/ 2k:+ 2k x| < /0 on 1 3) x| (4pts)
We want .
3 2\2n+3 1
/ L) e = <107
o (2n+3)! (4n + 7)24+7(2n + 3)!

Any n > 2, will do since for n = 2, (4n 4 7)2*"*7(2n + 3)! =15 - 215 - 71 > 10% (4pts).
Answer:

2

1
A imation = —1)* 4 pts).
pproximation %( ) (4]{7 + 3) . 94k+3 . (Qk. + 1)| ( b S)
blnx — COS T
7. (6 pts) Evaluate il_r)% o :
Answer:
s xd z? ozt a®
Slnx_x_§+§_7+ CoST = —E—i—z—a—i—---,
Answer:
. oI _cosx (1—@—?+--~)—(1—§+--~) 1
e p =5 (6pts)

8. (6 pts) Let f(z) = 2L Find Tyo(x) upto z° term.
Answer:

B (20 (20)’
smx—x—y—l—a—n-, cos2x =1 — 51 + m e




7
On |z| < 1 where cos 2z # 0, we can use long division to get

1
2% .- (2+ 2+ 2pts),

Since f has a power series representation on an open interval, therefore f(z) = T o(z)

(See problem 9(a)).

9. (4+4+8+8 pts) True or False? Prove it if true, give a counter example if false.
F(0)

(a) If f(2) = Y aua” on [a] <1, then a, = ~—

n=0

(b) If Z a, converges, then Znan converges.

n=1 n=1

> f(n)
(©) 18 g(x) = f(0) + 3110

n

z" on |z| < 1, then f(z) = g(x) on |z| < 1.

o0 o0
(d) If Zanx" converges on |z| < 1, then Z Vna,z" also converges on |z| < 1.
n=0 n=0

Answer:

(a) True (1 pts). By term by term differentiation Theorem (3 pts).
—1)"
(b) False (1 pts). Z (=1)

n
(¢) False (2 pts). Take f(z) = e "/*" for x # 0, and f(z) = 0 for z = 0. Then
. (o
f™(0) = 0,V n > 0. Therefore f(0) + Zf '( )91;” =0# f(x),if x #0
n!
n=1
(correct example: 2 pts, correct explanation: 4 pts).
(d) True (4 pts).
Proof 1: Given |z| < 1, take y with |z| < |y| < 1, we have Zany" converges

n

converges, but Z(—l)" diverges (3 pts).

n
T

absolutely. Moreover, |/na,z"| < |a,y™| for n large enough since \/n — 0

as n — 0o. From direct comparison test, Z Vv/na,x™ also converges absolutely.

n

Proof 2: Firstly, Z an,x" converges absolutely. From term by term differentia-

tion Theorem, g na,z" converges absolutely. Since |\/na,z"| < |na,z"|, from

n

direct comparison test, Z Vna,a™ also converges absolutely.

n



(4 pts).
Remark: We know that the radius of convergence R > 1. But we can conclude

1
that lim |an|% = — only if lim |an|% exist, which may not be true. Similarly for
n—oo n (oo}
anJrl

an

. See the example in page 9 of lecture 06.

lim
n—oo




