Calculus I, Fall 2021

Brief solutions to Midterm 01

Nov 02, 2021
1. (6 pts) Find lim ysin —
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2. (10 pts) Evaluate lim sec(z” + 1) — sec(z” + 1)

z—T e? — e’

. Hint: what is the definition of f'(z)?
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3. (4+4+8 pts)

(a) Write down precise definition of lim f(z) = L

r—cC

(b) State the Sandwich Theorem.

(c) Prove the Sandwich Theorem using the definition in (a).

Ans:
(a),(b): see textbook.

(c): Suppose g(z) < f(z) < h(x) on (c—a.c)U(c,c+a) (that is, {x | 0 < |z —¢| < a}),
a > 0 and lim g(z) = lim h(z) = L. Then for any € > 0, there exists a 6; > 0 and a
T—rC r—cC

d9 > 0 such that
O<l|r—c|<d = |g(z)—L|<e = L—e<g(x)

and
O<|r—¢c|<dy = |h(z)—L|<e = h(x)<L+c¢

Take 6 = min{dy, da, a}. It follows that

O<|zr—¢|<d = L—e<g(zr)< f(z)<hlx)<L+e = |f(z)-L|<e.



4. (248 pts) True or False? Prove it if true, find a counter example if false.
If f(z) is differentiable at x = ¢, then it is continuous at = = c.
Ans:
True. See textbook for the proof.
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5. (12 pts) Let fi(z) = a;z* + biz + ¢;, i = 1,2, 3. Evaluate di fa(x)  fi(x) fi(x)
T falw) file) )
Ans:
filz) filz) fi(z) file) fi(x) fi(x) filz) fi(z) fi'(x)
= | folz) folx) fi(x) [+] folz) [i(x) [i(x) |+ folz) fi(z) f5'(x) |=0
fa(x)  fa(x) f5(z) falx) f5(z) f5(x) falw)  fs(x)  f5'(x)
The first 2 determinants are zero since they both have identical columns. The third
determinant is zero since f!”(x) = 0.
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6. (12 pts) Find the smallest positive integer n such that d—(xw sin ) is nonzero
x" =0
and find this value. Explain.
Ans: Since
d" 10 — (m\ 4 at
and
d” 10 s .
—x #0 <= p=10, —sinx #0 << ¢=1,3,5,---,
dz? le=0 dx? z=0
It follows that the smallest n =11 (p = 10,9 = 1).
Answer = (}(1)) 10! cos 0 = 11!
d
7. (10 pts) Evaluate d—(tan )V 0< < 5
x
Ans:
(tan l‘)ﬁ _ (eln(tana:))ﬁ _ 6\/Eln(tanac)7
therefore, the answer is (need not simplify)
d d 1 2
%eﬁln(“’mm) = (tan x)ﬁ%(\/%ln(tan z)) = (tanz)v® <m In(tan z) + ﬂiﬁ;j)
8. (12 pts) Find the normal line and tangent line of z% + y* = 2 at (1, —1).
Ans: .
=2 = 4242y =0 = o = D ) (4pts)
)
1 1 1
tangent line : i—_i_ 7= 2, (4pts) normal line : zt 1= "5 (4pts)



9. (448 pts) Let f~! be the inverse function of f. Suppose f and f~! are twice differen-
tiable (i.e. both first and second derivative exist).

d
(a) Derive the formula of d—yf’l(y) as a function of y in terms of f’(-) and f~(-).

d2
(b) Derive the formula of — f~'(y) as a function of y in terms of f'(-), f”(-) and

dy?
AROF
Ans:
Denote by y = f(z), or x = f~(y).
(a):

—(ffl)/(y)'f”(x) B —f”(x) B _f//(f—l(y))

— (7)) = e = (7))

d
Method 2 for (b): take 7 o0 (a) and use quotient rule and the Chain Rule.
x



