Calculus I, Fall 2021
Brief solutions to Final Exam

Jan 13, 2022.

1. (12 pts) Find the volume and surface area of the object obtained by rotating the region
{(x —2)2 +y* <1, x > 2} around the y axis. Note the surface area consists of two
parts, one generated by a half circle, the other generated by a line segment.

Ans:

Volume = [~ 7((2+ /1 Ydy = 27* + 7T

Here we have used f—1 V1—y?dy = 1/2 cos?0dl = fﬂ/z C°5229+1 df = 7. and f_ll(l—
2 _ 2 4
yldy=2-35=73

Surface Area = fjl om(2+ /1 —12)

Here we have used f L \/1_ dy = sin™ y‘ =

12dy+27r~2'2:47r2+127r.

dy

d
X = e, y(0) = 1,and (b): 222 +y = sinz, y(7) =

2. (12 pts) Find the solutions for (a): y
x

0, x > 0, respectively.
Ans:
a): [e¥dy = [ e"dx. Integration gives e¥ = ¢* + C} for some constant C.
y=1In(e"+C), y(0)=1,s0C; =e—1,
Answer: y = In(e” + e — 1).
(b): Find the integration factor through standard procedure to obtain (zy)" = sinz.
Integration gives y = 1(—cosz + (). Since y(r) = 0, we have Cy = —1.
Answer: y = =*(1 + cos ).

7

3. (6 pts) Write down the form of partial fraction expansion for (1:[—m4)2‘ Need NOT
find the undetermined coefficients.
Ans:
x? 2’
(1—2% (1427 (1—2)°(1+27)
A B C n D Ex+F Gx+H

= + + + + :
l+z  (1+2)° l-2 (1-2)° 1422 (1422



4. (64 pts) Evaluate

1 1 /4
(a) : / z’e " dx (b) : / cosh*zdr (c): / sin"'rdr (d): / tan® x sec’ x dw
0 0 0

) /2 1 e () /1 2 + 1 i (g) /1 1 i (W /”/2 1 g
e) . —— AT . —AaX . X . —Qax
1 VAz — a2 o (1+22)? ¥ ) Vite o L4sinz
Ans:

(a) Use integration by parts:

! 5

=92 =

1
/ 2?eCdr = —x?e " — 2we™ " — 27"
0 0 e

(b)

h?2 1 1
(cosh® 7)? = (—COS Ty

1 1 1 1 1
5 ) = 1 cosh? 295—1—5 cosh 2x+1 = g(cosh 4x+1)+§ cosh 23€+Z

1 1 3
/cosh4xdx = 3—281nh4x + Z—lsthx + 890 +C
(c)

1
/ sin'zdr = zsin”!
0

/ mdﬂf = (wsin” :E-FM)

(d) Let u =secx

™/4 V2 5 2 24/2
/ tan® x sec® z dx = / (u® — 1)u® du = <u_ - u_)’\[ il \/_
o ) 5 3 15

(e) Let z —2 =2sind

dr =

0 T
2cos€d6:/ 1d6 = 5

2 1 0 1
/ dx :/
e=1 /4 — (x — 2)? f=—1T 2cosf B

/12x+1d_/1 2z d+/1 L
o A+222 T Jy ra22™ T ) a2

Lo B 1d(1+$2)__ 2y—1

(f)

[SE]

Answer =



(g) With the substitution u = /1 + €*, 2udu = e* dx, e* = u*> — 1,

1 1 vi+e 1 2U/ \/1+6 1 1
0o V1+e* v ouu?—1 NG u—1 wu+1

l)u—l Vite | Me+1—1’ 1‘¢§—1‘ 21<Me+1—1> .
=In =In|———|—In =2In|——) —
ut1l| 5 Vet+1+1 V2+1 V2 -1

(h) Method 1:

2t 2 dt
JE— €rT = ——
1+¢2 1+¢2’

/2 1 2dt L ot !
e e= Rl M e~ REC LR
=0 1+ t 1+t t=0 (1+t)

0
1+4¢2

Zz
With the substitution ¢ = tan 3 (x =2tan"'t), sinz =

Method 2:
l/ﬂ2 L d$:1/ﬂ2 1—sine dm:1/”21—?nmdv
o L+sinzx w0 (1 —sinz)(1+sinx) b—o COS?x

7T/2 7.[./2
= / sec’r —tanxsecx dv = tanx —secw|  (4pts)
=0 =0

=0—-1=—1.

=0

tanx — secx

0
(apply L'Hopital’s Rule for —) = st =0
z—7/2 SIN X lz—m/2

Answer =0 — (—1) = 1. (4 pts)

sinx — 1
tanx — secx =

/2 cosx

5. (8 pts) Order ¢”, 2%, (Inx)* and z¢ from slowest to fastest growing rate as © — oo.
Explain.

Ans: e—1 1 e—2 1 2 e—3
lim % = fim &5 g DT ez D=2 gy
z—00 eT z—o0 er T—00 et T—00 e’

o im O L (since lnlnz > 1 for z 1 h)
Ay Jim e = Hm oy = 0 (since Inln or z large enough).

1 T zlnlnx 1

lim M — lim & = lim —————= =0(."lnz > Inlnz for x large enough).
r00 T r00 erlnz z—00 ex(lnz—Inlnz)

Answer: From slowest to fastest: 2¢ < ¢” < (Inz)* < z*.

6. (10 pts) let f~! be the inverse function of f. Suppose f and f~! are twice differentiable
with

f()

2, f 3, =4,
f(2)=5, f(@2)=6 [f'(2)=7,



Find (f~1)"(2).
Ans:

—1y/ _ 1
VW = gy
d 1 F'(f )
- = (f ) (y> 3
W ()
=2 = f@=1.

2
) )
(ruen) (ro) 7

7. (10 pts) State both parts of Fundamental Theorem of Calculus. Then prove that 'part
1 implies part 2’.
Ans:
See the textbook or Lecture 19 note.

(f "2 =



