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1. Introduction

Elliptic problems with some singularities arise in many fields of scientific researches and engineering applications. For
instance, the static problem of heat conduction in media with interfaces or elasticity problems in composite materials
would lead to an elliptic equation with discontinuous coefficients. If corners, especially cracks, are found in the media,
such problems would be modeled as elliptic problems in domains with corners/cracks. Furthermore, problems like fluid
flows around obstacles may give rise to the elliptic boundary value problem in unbounded domains. Many mathematicians
have devoted their efforts to these kinds of problems. Kellogg and Babuska studied elliptic problems with interfaces and
singularities in [ 1-4]. Elliptic problems in domains with corners/cracks and unbounded domains have been studied in [5-8].
It can be seen from these results that it is not easy to obtain the numerical solutions of such problems due to the singular
structures and unboundedness of the domain.

A conventional approach to elliptic problems is the finite element method, in which the domain is divided into a finite
number of elements. And on each element, the solution is approximated by smooth functions, e.g., polynomials. Thus if
singularities appear, it would require a large number of computations to capture the singularities of the solution since the
bases are smooth. Moreover, when considering problems in unbounded domains, an artificial boundary is often introduced
before applying the finite element method. Many different techniques have been developed in recent years. For elliptic
problems with singularities, there are methods such as mesh refinement given in [9,10]; infinite element method applied
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Fig. 1. Star shaped domain.

in [11,12]; the method of auxiliary mapping introduced in [13-15]; FEM with the use of singular functions discussed
in [16]; the reproducing polynomial particle method presented in [17]; the multiscale finite element proposed in [18];
the discontinuous Galerkin method shown in [19]; the energy-corrected FEM described in [20]; the method based on
integral equations stated in [21]; the immersed interface method illustrated in [22,23]; the immersed finite elements
and the immersed finite volume element method used in [24,25], etc. To design artificial boundaries for problems in
unbounded domains, several methods are adopted, e.g. absorbing boundaries and accurate radiation boundary conditions
for the wave equation [26,27]; the exact boundary condition and its approximation for Laplace equation, the linear elastic
system [28,29] and quasilinear elliptic equations [30]; the exact boundary condition at an artificial boundary for PDEs in an
infinite cylinder [31,32] and so on. In general, the above methods solve the problem more efficiently, but there are still some
limitations. For example, the method of auxiliary mapping requires a prior knowledge of the structure of the singularity at
the singular point for a given problem.

Among all, the direct method of lines, which is a development of the method of lines [ 33,34], has been successfully applied
to elliptic problems with singularities [35,36] and on unbounded domains [37,38]. The main idea of the direct method of
lines is to introduce an appropriate transformation of coordinates, through which one can easily obtain a semi-discrete
approximation to the original problem. Moreover, the semi-approximation can be solved by a direct method. This method
requires no prior knowledge of the structure of the singularity at the singular point for a given problem. However, it has only
been developed for polygonal domains.

In this paper, we want to develop the direct method of lines for elliptic problems in the 2-dimensional star-shaped
domain. We assume that the boundary is a closed Lipschitz curve that can be parameterized as a piecewise smooth function
of the angular variable. Then we reduce the original elliptic problem to a variational-differential problem by introducing a
transformation of coordinates. The well-posedness of this variational-differential problem is discussed. And we approximate
the reduced problem by discretizing it w.r.t. one variable and solve the semi-discrete problem accurately w.r.t. the other
variable. An optimal error estimate can be derived for this method as well.

This paper will be arranged as follows: in Section 2, the idea of the transformation of coordinates is introduced via an
elliptic interface problem. In Section 3, the numerical treatment to the reduced variational-differential problem is stated
and we present the optimal error estimate of our method. Some numerical examples are given to show the feasibility and
efficiency of this method in Section 4. Finally, we give a conclusion in Section 5.

2. An equivalent variational-differential formulation of an elliptic problem

In this section, we would introduce the variational-differential formulation induced by the transformation of coordinates
for an elliptic interface problem in a star-shaped domain in both isotropic and anisotropic cases. The idea is similar when
dealing with the problems in corner domains and unbounded domains.

2.1. Isotropic case

Let £2 be a domain with the boundary I" in the x-y plane, where I" is a closed Lipschitz curve which is star-shaped with
respect to the origin. Without loss of generality, we assume that all interfaces meet at the origin. Suppose that £2 is divided
into several subdomains £2, §2,, ..., £2; and that £2,_1 ") §2y is the straight line interface L, = {(r, 0)|6 = 6, 0 <1 < 1y},
where £2o = §2; and 6; = 0 (see Fig. 1).

Let us consider the following interface problem:

—V . (PVu)=0, inf,(6 #6),

u(r,—0)=u(r,6;+0), 0<r=<r, :
P(6; — O)ug(r, 6 — 0) = P(6 + O)ug(r, 6, +0), 0 <r <rj,

wherej = 1, 2, ...,J and P is a scalar piecewise constant function on £2 in the isotropic case, which takes a positive constant
value P; in each £2;.
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It is straightforward to check that problem (2.1) has a unique weak solution u € Hfl([z) for given f € H'?(I") with
H{(2) = {v IS H%Q)‘vlr =f}, ie, u € H}(£2), satisfies

f/ PVu-Vudxdy =0, Vv e Hy(2). (2.2)
k2]

Suppose that I" can be parameterized as a (piecewise) smooth function of the angular variable, 1 = 7(¢),0 < ¢ < 2m,
such that 7(0) = r(27r) and 7(¢) > o > 0, V¢ € [0, 27r]. We introduce the following transformation of coordinates on §2,

(x,y) = e’(7(p)cos(®), T(p)sin(¢)), 0=<¢ <27, —o0<p=0, (2.3)

which we call the curvilinear coordinate system.
We proceed to derive the gradient and divergence operator in the curvilinear coordinates. We denote the gradient in the

Cartesian coordinates by V; = (L;—’x %)T and the differentiation operator in the curvilinear coordinates by V, = (%, %)T.

Furthermore, we set €1(p, ¢) = 8,(x(0, ¢), ¥(p. §))'. &2(p. ¢) = 3s(x(p. ¢). ¥(p, ¢))' and E = (€, &)". Then by the chain
rule, we have

V, = EVy, (2.4)
which means

Vi=E"V,. (2.5)
Then for the divergence operator, we have to note that for a vector function v = (vi(p, ¢), v2(p, $))T,

Vi-0=Vy-(ET9)—(Vo-E "o (2:6)
After simple computations, we obtain

V10 =(0, 42,0y + 27 (¢)/F($))E 0. (2.7)
Thus in the curvilinear coordinates, the Laplace operator can be expressed as

Au= V- (Viu) = (8, + 2, d + 27 /FNEE") "' V,u, (2.8)

where u = u(p, ¢) is a scalar function. Then if we introduce the following notations

gilp.p)=¢'-¢, i,j=12,  Jg(p,¢)=(detg(p, o))", (g7)=(gy)",

we can rewrite Eq. (2.8) in a more compact form

1 )
Au = ﬁai(\/gg”aju), (2.9)

where (91, 82) = (9, 9p). We further set qi(p, ) = ﬁg”(p, ¢).Itis easy to check with computations that q¥ is independent
of p,i.e., q'(p, ¢) = §’(¢p). It follows that

VEAU = G"(9)35u + 8,("*($)su) + (@2 (@)3p1) + 3547 ($)Dp), (2.10)
with
Fe)\*  F(e)
A1 A12 1+ = —=
g q°\_ (9) r(¢) 2.11
~21 A22 L, . (2.11)
 q _T(e)
()
Furthermore, in the curvilinear coordinates, we obtain
dxdy = ./gdpdp = e*F(¢)dpdg,
aiu _ 1 [ ’—_/2 fZ)au —/Fai]
anlr 7~ /Ry dp d¢p 1lp=0’
au‘ 1 [ _,0u _au]‘
— =—|-1F—+7r— ,
anle=o"  err? ap 3¢ 1lp=0;
ou 1 _,0u _du
Ly
Inleg=o-  err? ap ¢ dlp=0-



Z. Wu et al. / Journal of Computational and Applied Mathematics 327 (2018) 350-361 353

Since P is a piecewise constant function, the interface problem (2.1) is reduced to the following boundary value problem
with discontinuous coefficients on the domain £2 = {(p, ¢)| — 00 < p < 0,0 < ¢ < 27} in the curvilinear coordinates:

" (@)02u + ,(4™(9)9pu) + 354 ($)9,u) + 95(q%*(p)dgu) = 0,
—c0<p<0, 6 <d¢d <61,
u(p, 07 ) = u(,o,9»+), —o00 < p <0,

p [ r3u+ au]‘ P[ F,3u+ au]‘ 0 (2.12)
i — — — , —oco<p<0,

ST o T g leme T LT 50 T o dlomer P

u‘ = f(¢) = up(¢p), uisbounded,asp — —o0,

p=0

wherej = 1,...,J, 641 = 27 and Py = P;. We introduce H'(0,27) = {v(@)|v(p), v'(¢) € [%(0,27)},V = {v(p) €
H'(0, 27)[v(0) = v(2w)} and U = {u(p, ¢)|u, d,u, Bppu € V for fixed p < 0}. Then problem (2.12) is equivalent to the
following variational-differential problem:

Find u(p, ¢) € U such that

d? d
ﬁAz(U v)+ %/‘h(u, v)+Ao(u,v) =0, VveV, (2.13)

ul,—o = uo(¢), uisbounded,asp — —oo0,
where
J-1

A = N e Pil1 F/(d)) ’ d 2.14
2(”&)—2/0 : +<F(¢)) u(p. $)o()dg, (2.14)

i=1 !

[P F(¢)
Ay, v) = P |- a 0o do, 2.15
(u, v) ;/e [ S @Wputo, 9)+ = ulo. 8o (¢)] ¢ (2.15)
i1
Z | pauto. a1 @, (2.16)

Remark 2.1. The BVP (2.12) in the curvilinear coordinates is equivalent to the interface problem (2.1) since the transfor-
mation of coordinates from the polar coordinates to the curvilinear coordinates, (r, ) = (e”7(¢), ¢), is a smooth bijection.
Thus problem (2.12) is well-posed with a unique solution which is 277 -periodic in ¢.

Remark 2.2. We note that both H!(—oo, 0) and V are Hilbert spaces and H!(—o0,0) x V = W, where W = {w €

H'[(—00, 0) x (0, 2m)]|w(p, 0) = w(p, 27)}. Thus the variational problem of (2.13) is equivalent to that of (2.12) due to
Fubini’s theorem, which means the variational-differential problem (2.13) is well-posed as well.

2.2. Anisotropic case

In this case, the coefficient P in the interface problem (2.1) changes from a scalar function to a second order symmetric
tensor that is positive definite. We let

P = P11 P2
P21 P22/’
where p1, = p»; and P is a piecewise constant tensor function. We still assume thatP =P;in £2;,j = 1,...,].
After similar computations to those in the isotropic case, we obtain

Vi - (PViu) = (8, + 2, 3, + 27 /T)ETPE"'V,u. (2.17)

If we further let (a¥) = E-TPE~', we have

Vi - (PViu) = di(/ga’du), (2.18)
f
where /g is the same as in the isotropic case. With a/ = ,/ga”, we obtain

VEV1 - (PViu) = a" ()02 + 9,(a"($)0pu) + 04(a"($)0,1) + 05(a**(¢)dp11), (2.19)
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where with R(¢) = ¥(¢)/7(¢),

a'" = pi(Rsin(¢) + cos(¢))* — 2p12(Rcos(¢) — sin(¢))(Rsin(¢) + cos(¢)) + p2(R cos(¢) — sin(¢))?, (2.20)
a'? = @' = p1p(Rsin(2¢) + cos(2¢)) — p11 sin(@)(Rsin(¢) + Rcos(¢)) — paa cos ¢p(Rcos(¢p) — sin(¢)), (2.21)
a*? = pyysin’(¢) — 2p1y sin(¢) cos(¢) + paacos(¢). (2.22)

Then in the anisotropic case, the interface problem (2.1) can be formalized in the curvilinear coordinates as

a''(¢)ozu + 0,(@"(9)dpu) + 35(@"*($)9,u) + 95(@**(p)dgu) = 0,
—OO</)<0, 91<¢<91‘+1,
u(p701‘7):u(1079,‘+)7 -0 < 10 <07

- 2.23
[P,-_lE_lvzu : ﬁ]) = [P,f—lvzu : n]‘ . —co<p <0, (223)
¢=0; =0,
u‘ . = f(¢) = up(¢), uisbounded,asp — —oo,
/0:
where 1 = (— sin(¢), cos(¢)). Similarly, problem (2.23) can be further reduced to a variational-differential problem:
Find u(p, ¢) € U such that
2
%Az(u, v)+ diAl(u, v)+A(u,v)=0, VYveV, (2.24)
0
ul,—o = Uo(¢), uisbounded,asp — —oo0,
where
2r
i) = [ @@utp. S ()i, (225)
0
2
Ai(u, v) = f [@"(¢)(@)dpulp, ¢) — &' (PIu(p, PV ($)1dg, (2.26)
0
2
Ao, v) = — [ &2(¢)0,u(p. S ($)d0. (227)
0

It is easy to see that the above variational-differential problem would degenerate to that in the isotropic case if P is an
isotropic tensor.
Lemma 2.1. In both isotropic and anisotropic cases,

1. Aj(u, v) (j =0, 1, 2) are three bounded bilinear formsonV x V;
2. Ao(u, v) and Ay (u, v) are symmetric while A,(u, v) is antisymmetric;
3. there exists a constant @ > 0, such that

—Ao(v, v) > /L|U|%,(0,2ﬂ), Ay(v,v) > /L”U”g,(ovzn), YveV.

3. Numerical treatments to the variational-differential problem

We focus on the numerical treatments in the isotropic case. Suppose that 0 = ¢; < ¢ < -+ < ¢dyy1 = 27
is a partition of the interval [0, 27r] such that each of {6;|i = 1,2,...,J} is a node of this partition, namely for 6;,
there is a ¢; = 6;. Let h = maxy<j<m(¢j+1 — ¢;) and V;, be a finite dimensional subspace of V. Moreover, suppose that
Un = {un(p, @)lun, d,un, af,puh € Vj, for fixed p < 0}. Then we have the semi-approximation of problem (2.13):

Find uy(p, ¢) € Uy such that

d? d

dT)ZAz(uh, vp) + ?Al(uhv vp) + Ao(up, vp) =0, Vo, € Wy, (3.1)
Un|,—o = Uo,n(¢), upis bounded, as p — —oo0,

where ug ,(¢) € Vj, is the projection of uy(¢) onto V4. Vj, can be any finite dimensional subspace of V. If the linear elements
are used,

Vo= {on(0)] 00(8) € V. thlig 1 € Prlley oD = 1.2, M}
Assume that {Nj(¢), j = 1,2, ..., M} is abasis of Vj, and Nj(¢;) = §;;, for 1 <1i,j < M. Let
N(¢) = [Ni(#), Na(9), ..., Nu(#)]".
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For u, € Uy, let

U(IO) = [uh(p9 ¢1)! LR uh(p’ ¢M)]T
and

Uo = [uo(e1). ... uo(dm)]",
thus
un(p, ¢) = N(¢)" U(p),
uo.n(¢) = N(¢)" Up.
Then the semi-approximation (3.1) is reduced to the following boundary value problem of a second-order ODE system:

BU"(p) 4+ B1U'(p) + BoU(p) =0, —o0 < p <0,

U(0) = Uy, U(p)isbounded,as p — —oo, (3.2)

where Bj(j = 0, 1, 2) are three M x M constant coefficient matrices given by

B =§/ T ”(W) Y Nowigras (33)
’ o F(¢) ’ '

i=1

Il o =

Bi=)_ /@ - P ;((;’f)) [N(@N'(#)" — N'($N(9) 1do, (3.4)
121]7] bit1

Bo=—). /9 - PN'(@N'(9) dg. 35)

i=1
It is straightforward to compute B; from the above expressions. From Lemma 2.1, we have

Lemma 3.1. B, is a positive definite symmetric matrix, By is an antisymmetric matrix and By is a semi-negative definite symmetric
matrix.

We adopt a direct method for solving the boundary value problem of (3.2) on the interval (—oo, 0]. Let

U(p) = e"s, (36)

where A is a constant and £ € CM is to be determined. Substituting (3.6) into the ODE system (3.2), we get the following
quadratic eigenvalue problem:

[A%By + AB; + Bglé = 0. (3.7)

If we let n = A¢, the quadratic eigenvalue problem (3.7) is further reduced to the following standard eigenvalue problem:

(o %) ()= 2)G)

where Iy, denotes the M x M identity matrix.
From Lemma 3.1 and the results in [39], we know that the eigenvalues of (3.7) or (3.8) are purely imaginary or come in
pairs (A, —A). Thus we have the following lemma:

Lemma 3.2. The eigenvalue problem (3.7) or (3.8) yields M eigenvalues with non-negative real parts while the other M
eigenvalues have non-positive real parts.

After solving the eigenvalue problem (3.8) numerically, we obtain the eigenvalues k]’7 (G=1,2,..., M)withnon-negative
real parts corresponding to the eigenvectors:

(gf) ji=12,...,M
i

where A! = 0,& = (1,..., 1) € RM, n; = (0,...,0)" € RM. In particular, we assume that kj’? (1 <j < ¢£)are real
eigenvalues, /' (€41 < j < M) are complex eigenvalues with nonzero imaginary parts such that A3, = A5, | (52 <j < %)
since B; (j = 0, 1, 2) are real matrices as well. (Without loss of generality, we assume that M is an even integer.) Hence we

obtain

4 M/2
h h h
Up) = b+ Y [by-iRe(e ) + bylm(e”355)] (39)
j=1 j=0/2+1
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satisfying the ODE system and boundary condition in (3.2). And U(p) is bounded when p — —oo for any {bj}jl\il. By the
boundary condition U(0) = Uy, we have

[ M/2
Uo=) b+ Y [by-1Re(&y)+ bylm(sy)]. (3.10)
j=1 j=t/24+1

where Re(&,;) and Im(&,;) denote the real part and imaginary part of &; respectively. We introduce the following matrices:
D(p) = 161, ..., e, Re(e 2t ), Im(e126,,2), ... Re(e ), Im(e ).
Do =D(0) = [§1. - .., &, Re(§42), Im(§¢2), . .. Re(§y), Im(Ey )],
B =[b1, b;...., byl

Then (3.10) can be expressed in the matrix form as Uy = DyB. Thus we have

B =Dy 'Up. 3.11)
Substituting (3.11) into (3.9), we obtain the solution of the second-order ODE system (3.2),

U(p) = D(p)Dy ' Uo. (3.12)
We eventually get the semi-discrete approximate solution of problem (2.1):

un(p, @) = N(¢)" D(p)Dy ' Uo. (3.13)

Remark 3.1. To introduce the basic idea and implementation of our generalized direct method of lines, we state how to solve
an interface problem using our method in Sections 2 and 3. However, our method is not limited to solving interface problems
and can be applied to other elliptic problems as well. For example, it can be applied to the boundary value problem in corner
domains [35], where some part of domain is removed. The corresponding numerical example is Example 4.2. What is more, it
can also be applied to the boundary value problem outside a bounded domain [37,38]. The corresponding numerical example
is Example 4.3. To apply our method to these problems, the idea and implementation are similar. We just need some slight
modifications. And the numerical examples will show that our method is effective for these problems.

Remark 3.2. In the above process, we choose the eigenvalues with non-negative real parts when constructing U(p) due to
the boundary condition that U(p) is bounded as p — —oo. However, when dealing with the exterior problem [37,38], the
corresponding boundary condition would be U(p) is bounded as p — +o0 and hence we should choose the M eigenvalues
with non-positive real parts. And Lemma 3.2 ensures the feasibility of the implementation.

Remark 3.3. It is possible to generalize our method to study the elliptic problem with a variable coefficient P = P(x) in some
cases. If P is only dependent on the angular variable ¢, i.e. P = P(¢), the generalization is straightforward. We can obtain
the variational-differential problem in the same form as Eq. (2.13) and the second-order ODE system in the same form as
Eq. (3.2) with a slight modification in the expressions of A;, A1, Ao, B2, B1 and By. Take By for example. We have

2
Bo—— / POIN'(GIN'(¢)' db
0

instead of
=1 pbi
Bo=-Y / PN (N (9 dg.
i=1 Y0
The modifications for other coefficients are similar. The subsequent implementation of the method remains the same. Such
a generalization is also valid for the anisotropic case.
But if P has a non-trivial dependence on p, i.e. P = P(p, ¢) and 9,P(p, ¢) # 0, the generalization is not that easy. This
remains a research topic for us in the future.

We now turn to the error estimate of our numerical treatment. We still focus on the interface problem (2.1) in the isotropic
case. We want to estimate the error ||[u — upl|1 o, where u is the exact solution of problem (2.1) and u;, is the numerical
solution of the discrete variational-differential problem (3.1). Note that 7(¢) is smooth, 27 -periodic and that r(¢) > ry > 0,
V¢ e [0, 2], which indicates that 47 (a7 respectively in the anisotropic case) are bounded for i,j = 1, 2, we have the
following theorem:

Theorem 3.3. If the linear elements are used, i.e.,

Vi = {on(0)] 04(9) € V. thligg,11 € Pulley D) = 1,2, M
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Fig. 2. Interface problem.

then the following estimate holds

J
lu — upll} o < CH? Z{ f f [|Vu|2 +y |D"u|2]dxdy+ ||f||?,n}, (3.14)
i=1 i

lo|=2
where C is a positive constant independent of hand I = 32; (I

The idea of proofs of the above theorem is similar to that in [35]. So we omit the proofs here. For detailed proofs, please
refer to Section 4 in [35].

Remark 3.4. In general, the quadratic elements or other higher-order elements can be used to construct the subspace Vj,.
And similarly we would get a semi-discrete approximate solution of problem (2.1), which would possess higher accuracy.
Our numerical examples will show this fact.

4. Numerical examples
We give four numerical examples in this section.

Example 4.1. Interface problem.

Let7(f) = ————and 2 = {(1,0)[0 <1 < 7(0).,0 <6 <27}, 2 = {(r.0)0 <1 <70),0 <6 < Z},
cos#(6)+sin4(9)
2, ={(r,0)]0 <r <r(0),2 <6 < 2m}(seeFig. 2), and

p— 10, on £24,
11, on £2,,
f=r

2hy(0) + r**h3(6),
where
lM=1-—aqa, M =1+a, a=2n/m, n=arcsin0.9/2.2,
hy(0) = cos(1 — a)d + Cssin(1 — a)o, 0<6<m/2,
2777 1Ccos(1 — a)d + GoCssin(1 —a)d, w/2 <6 <2,

hs(0) = cos(1+ a)d — Cssin(1 + a)o, 0<60<m/2,
T ¢ cos(14a)d — GCssin(14+a)d, w/2 <6 <2,

with
C1 = (1+ 2sinn — 4sin®n)/(1 — 2sinn),
G, = (1 —2sinn — 4sin®y)/(1 — 2sinn),
C3 = (1 —sinn)/cos 7.

Consider the following interface problem:

-V .- (PVu)=0, ing2,

uly = flr,
u(r,67) = u(r,67), 0= r <76, (4.1)
P(6] Jug(r, 6;) = P(6; Jug(r, 6;7), 0 <1 <7(6)),

wherej=1,2and 6, = 0,6, = /2.
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Table 1

Results of Example 4.1. Linear elements.
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Fig. 3. Problem with corner point.

M A — Xz A% — s llu —unllo.2/llullo.2 lu —unll1e/llulle
16 1.54210e—02 2.74818e—02 3.66939e—02 1.29410e—01
32 4.97451e—03 9.22507e—03 1.13096e—02 7.52660e—02
64 1.28886e—03 2.42114e—03 2.90167e—03 3.64710e—02
128 3.25086e—04 6.12673e—04 7.29890e—04 1.80242e—02
256 8.14527e—05 1.53634e—04 1.82753e—04 8.98434e—03
Table 2
Results of Example 4.1. Quadratic elements.
M A — s A% — s [lu = unllo,2/llullo.e lu —unll1,e/lulle
16 1.80627e—03 4.22185e—03 6.69986e—03 4.46586e—02
32 9.08411e—05 2.36297e—04 7.70916e—04 9.95890e—03
64 5.77827e—06 1.51067e—05 9.84948e—05 2.44789e—03
128 3.63606e—07 9.50718e—07 1.24351e—05 6.11639e—04
256 2.27638e—08 5.95221e—08 1.55829e—06 1.52888e—04
Table 3
Results of Example 4.2. Linear elements.
M A — s M5 — sl llu = unllo,2/llullo,2 lu —unll1e/lulle
16 9.88089e—02 2.17913e—01 5.86646e—02 2.23902e—01
32 2.85187e—02 6.47301e—02 1.56697e—02 9.96356e—02
64 7.54962e—03 1.68563e—02 3.98375e—03 4.82895e—02
128 1.91545e—03 4.25628e—03 1.00027e—03 2.39637e—02
256 4.80643e—04 1.06670e—03 2.53549e—04 1.19597e—02

Then u(r, 8) = r*2h,(0) + r*3h3(#) is the unique solution of (4.1). (See Tables 1 and 2.)

Example 4.2. Corner singularities.

Let7(0) = 2 + cos(46) and
Q={r0)0<r<70),0<6 <3m/2},

(See Fig. 3). Consider the following boundary value problem:

Iy=A{r0)0<r<70),0=00r0 =3m/2},

I'p =08\ I

—Au=0 in$2,

ulp, =flp,
au

(4.2)

where f(r, 0) = 1?3 cos(26) + r*/® cos(360). Then u(r, 6) = f(r, 6) is the unique solution of (4.2). (See Tables 3 and 4.)
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Table 4
Results of Example 4.2. Quadratic elements.

M A3 — s A} — s llu —unllo.2/llullo.e llu —unllie/llullLe
16 2.57504e—03 7.21007e—03 4.81530e—03 9.46886e—02
32 3.08120e—04 4.21603e—04 6.32814e—04 2.43882e—02
64 1.96655e—05 2.55890e—05 8.16560e—05 6.15971e—03

128 1.23471e—06 1.58481e—06 1.03391e—05 1.54639e—03

256 7.72584e—08 9.88313e—08 1.29943e—06 3.87349e—04

Table 5
Results of Example 4.3. Linear elements.
M lu = unllo,2/llullo,2 lu—unll1,e/llull,e
16 1.81332e—02 6.51841e—02
32 4,63327e—03 3.08164e—02
64 1.16450e—03 1.50819e—02
128 2.91515e—04 7.49850e—03
256 7.29033e—05 3.74401e—-03
Table 6
Results of Example 4.3. Quadratic elements.
M lu —unllo,2/llullo, lu—unll1,e/llull,e
16 1.32291e—03 9.30685e—03
32 1.69012e—04 2.26967e—03
64 2.13271e—05 5.64701e—04
128 2.67247e—06 1.41004e—04
256 3.34266e—07 3.52402e—05
Q

Fig. 4. Exterior problem.

Example 4.3. Exterior problem.
Let7(8) = 2 4+ cos3(0)and 2 = {(r, 0)|r > 7(0),0 < H < 27} (see Fig. 4). Consider the following exterior problem:

—Au=0 inS2,

ulp=flr, (4.3)
uis bounded as r — +o0,

where f(r,0) = %m%. It is straightforward to check that u(r,8) = f(r, ) is the unique solution of (4.3). (See
Tables 5 and 6.)

Example 4.4. Anisotropic case.
Letr(0) = ‘/% +sin(50)and 2 = {(r,0)|0 <r <1(0),0 <0 < 2m}(seeFig.5),
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Fig. 5. Anisotropic problem.

Table 7
Results of Example 4.4, Linear elements.
M llu = unllo,2/llullo,2 llu —unll1,e/llull,e
128 3.81037e—03 4.13534e—02
256 9.94178e—04 2.05363e—02
512 2.57196e—04 1.02471e—02
1024 6.53754e—05 5.12011e—03
Table 8
Results of Example 4.4. Quadratic elements.
M llu — upllo,2/llullo,2 lu—uplle/llull,e
128 6.25065e—05 1.71809e—03
256 7.80882e—06 4,04984e—04
512 9.76104e—07 1.01210e—04
1024 1.27413e—07 2.53076e—05

Consider the following problem:
—V - (PVu)=0 in$2,
ulp =flp,

where f(r, ) = r?(cos(20) — sin(#) cos(8)). Then u(r, §) = f(r, ) is the unique solution of (4.4) (see Tables 7 and 8).

(44)

All the results show that our method has the first-order convergence rate for the linear elements and second-order for the
quadratic elements w.r.t. the error in H'-norm and the convergence rate is one order higher when considering the error in
[?-norm and the error of eigenvalues. These show that our method is feasible for a variety of elliptic problems in star-shaped
domains.

5. Conclusion

In this paper, we generalize the direct method of lines for elliptic problems in star-shaped domains. We assume that
the boundary of the domain is a closed curve that can be parameterized as a (piecewise) smooth function of the angular
variable, which enables us to introduce an appropriate transformation of coordinates. Then the elliptic problem is reduced
to a variational-differential problem, the well-posedness of which has been discussed. This variational-differential problem
is only discretized w.r.t. the angular variable so that we obtain a semi-approximation. A direct method is introduced to solve
it. We show that some good properties of the semi-approximation ensure that we can handle both interior and exterior
problems and our method has an optimal error estimate. Finally, numerical results show that our method is feasible and
effective for a wide range of elliptic problems.
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