Calculus II, Spring 2019

Midterm 1

April 02, 2019
Show all details.

1. (6 pts) Give formal definition of lim a, = L.

n—oo

Answer. See page 552 of the textbook.

() 1 o 12
2. (648 pts) Show that g k™2 converges and evaluate lim og ( 10’;” )
n—oo n
k=1

Hint: Give an estimate of the form f(n) < Z k=% < g(n) and use it to find the limit.
k=n

Answer.

<1
- f(k)=k"% >0\, and / — dx converges. .. Converges. (6pts)
L x

log (Ype, k%) o= log(n — 1)
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And,
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the limit = —1. (8 pts)

3. (18 pts) Are the following series convergent? Explain.
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a — (b — (c -
W2 T P& © 2
Answer.
(a) Use limit comparison theorem, compare it with Z —. Convergent.
n=1 nz

(b) Ratio test: lim “* = 3 < 1. Convergent.

¢) Root test: lim ¢/a, = lim £~ = L =0 < 1. Convergent.
Vinn o]
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(8 pts) Find Z nz™ and Z n?z™ on |z| < 1 using computational rules for power series

n=1 n=1
(multiplication, differentiation, integration, etc.). Need NOT prove your equality holds.

Answer.
1
1 2y =—
+x 42+ 1_93(2 pts)
1 /
=  z+22°+32° +... = (1_x> i ) (3 pts)
x " z(l+a)
= 22+ 3%+ ... = 3 pts).
xr+ 2% 4 37" + x 1—22) ~ =2 (3 pts)
5. (a) (6 pts) Show that 1 1+ ! +(=1)" + bsolutel
. (a) (6 pts) Show tha ST TR converges absolutely.

(b) (446 pts) Find the sum of the series in (a) and prove your answer (show the
equality holds).
Answer.

(a) Ratio test:

1
lim w — 0 <1, convergent. (6 pts)
(b)
e”/2 (4 pts)

" 1 - eCn+1 1 0 wh 10 6 bt
| "(_§)|_m%—> werecn+1€(—§, ) . (6 pts)

6. (8 pts) Find the Taylor series generated by sin~' z, centered at 0.

Answer.
sin 1x—/ (1—t)=2dt =
0
x 1.3 1.3.5 1.3, 201
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7. (8 pts) Give an approximation of fol sin(z?®)dz to within 107°. Give the formula of the
approximation (need not find the numerical value) and explain why the error is less

than 1075,

Answer.
x3)2n 1 2n 1dl)’]

/sm dx—/ on—1) dxzz( " 1f0(2n—1)

n=



(3 pts)

= 1
:Z(_l)n_l =a—ay+ay—aqg+---
= (6n —2)(2n — 1)!

Since

1
22-7 110880
(2 pts) From error estimate for alternating series, the approximation a; — as + ag will
do the job with error less than ay < 107° (3 pts).

~ 0.9 x 107°.

ay =

SIH X

—cosw
. (8 pts) Use any method to evaluate hn% 5 :
T— €T
Answer.
1 1 . 1
smx—x—gx +§$ —ﬁx + -
_ L, 14 15
cosx_l—gx —1—53[; _ax 4.
(1 pts)
answer = lim (1—§m2+---)—(1—%x2+...) :1
z—0 ZE2 3
(7 pts)

. True or False? Prove it if true, give a counter example if false.

o0
(a) (4 pts) If Z a,x" converges at x = —1, then it converges at = = 1.
n=0

(b) (4 pts) If Z a, converges, then Znan converges.

n=1 n=1

(c) (6 pts) If g(x +Zf

m on |z| <1, then f(x) = g(z) on |z| < 1.

Answer.

(a) False (1 pts). >, =" converges at x = —1, but diverges at x = 1(3 pts).

(b) False (1 pts). Z " converges, but 3 (—1)" diverges (3 pts).

(c) False (2 pts). Take f(x) = e V% for x # 0, and f(z) = 0 for z = 0. Then

f™(0) =0,V n>0 (3 pts). Therefore f(0) —i—i f(’;;((]) " =0%# f(z),ifx #0

(1 pts).




