Calculus II, Spring 2014

Brief Solutions to Midterm 2

May 08, 2014
Show all details.

1. (10%) Evaluate

d 2-+y?
d / cos(zy) s
dy J; x

Ans:

2+y2
_ cos(zy) loasy? +/ diycosfy)dx

2 2442
_ cos(éQ—:-yz )Y) +/1 —sin(zy)dz  (8%)

_ cos((2+1%)y)

242 + 5(005((2 +4%)y) — cos y) (2%)

2. (10%) True or false? Prove it or give a counter example.

Assume f(z,y), f.(z,y) and f,(z,y) are all continuous in R?. Let C' = {(x,y), f(z,y) =
f(0,0)} and 7 be a tangent vector of C' at (0,0). Then V f(0,0) -7 = 0.

Ans: True (3%).

Proof: C is a curve. We may assume it is parametrized by (z(t),y(t)) with (z(0),y(0)) =
(0,0). Therefore 7 = (2'(0),%(0)). Since f is constant on C, we have

0= 2 at).y(0)lmo = VI0.0) - T (7%).

3. (10%) Use Lagrangian multipliers (and only Lagrangian multipliers) to find extreme values of
f(x,y,2) = 2y + 22° on
4yt 422=9
{ r—y=20

Ans: Let gi(2,y,2) = 2° +y* +2° =9, ga(w,y,2) =z — y.

Solve from
gi1(z,y,2) =0,
g2(2,y,2) =0, (6%).
Vi, y,2) = MVag(zr,y,2) + XaVaa(z,y,2)

Max: (z,y,2) = (0,0,43). fimax = 18, (2%).
Min: (xvya Z) = :}:(ﬁ o O) fmin =1 (2%)
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4. (10%) Find the absolute maximum and minimum of f(z,y) = 2 + 2z + 2y — 22 — y? in the

region bounded by x =0, y =0 and x + y = 6.
Ans:

(a) Interior points.

folz,y) =2—22=0 z=1
{fy(fv,y)=2—2y:0 = { _

The critical point of f is (1,1). f(1,1) = 4.
(b) Boundary points.
(i) Line segment (0,0)—(0,6) (z = 0).

fOy)=24+2y—y> 0<y<6.

% (0,9) =2 — 2y =0 implies y = 1. £(0,1) = 3.
(ii) Line segment (0,0)—(6,0) (y = 0).

flz,0)=2+2r—2° 0<z<6.

%f(x,O) =2—2z =0 implies z = 1. f(1,0) = 3.
(iii) Line segment (0,6)—(6,0) (y =6 — x).

(2%)

(1%)

fl,6 —2)=2+22+26—12) -2 — (6 —1)* = -22> + 120 — 22, 0<xz<6.

% (,6 —x) = —4x + 12 = 0 implies z = 3. f(3,3) = —4.
(iv) Endpoints of above three line segents.
£(0,0) =2, £(0,6) = =22, f(6,0) = —22.

Therefore,

absolute maximum = f(1,1) = 4,

absolute mimimum = f(0,6) = f(6,0) = —22.

5. (10%) Let f(z,y) = 23+ 1> and g(r,0) = f(rcosf,rsinf). Evaluate 029 + (0.9) /7 +

Ans:

09 _ofor ooy _
Oor  OxOr Oyor

2

% = %(%) = 67 cos® § + 67 sin® 6,
by _afon 5oy _
00  0x 96 0y oo
9’9 0 ,0g
9%~ 5620

322 - cos @ 4 3y*sin @ = 3r® cos® 6 + 3r?sin® 0,

—3r3 cos® Osin 6 + 3r3 cos 0 sin? 6,

) = 3r*(3sin® § cos f + 3 cos® fsinf — cos @ — sin ).

(2%)

(959)/7°

(2%)

(2%)
(2%)

(2%)



Therefore,

2 1 1 2
% + ;% ﬁ% = (67 cos® @ + 67 sin® §) + (3r cos® § + 3r sin® )
+ 3r(3sin® § cos @ + 3 cos® fsin § — cos ) — sin )

= 6r cosf + 6rsinf. (2%)

6. (10%) Derive the Taylor expansion of f(x,y, z) around (0,0,0) up to quadratic terms of z, y
and z and an expression of the remainder term, Ry. You may assume that f and all its first
and second derivatives are all continuous in R3.

Ans: Assume that f and all its first and second derivatives are continuous on R3. Parametrize
the line segment joining O(0,0,0) to P(h,k,¢) by

x =th
y=tk , 0<t<lI.
z=1l
Let F(t) = f(th,tk,tf). Then (2%)

_0fox  0foy  ofo

O=%cat Tayor "o MRS (1%)
F'"(t) = h(hfys + kfyy + Lfuz) + k(hfys + Ekfyy +Lfy2) + C(0fow + kfoy + L)
= B2 frou + K2 fyy + O fon + 20k foy + 2kL S 4 20 S, (2%)

F"(t) = h*(hfawe + K fawy + Cfeaz) + B2 (W fyye + K Fyyy + Cfyye)
t C(Wfone + ki fony + L) + 20k (R frys + K fogy + Cfuye)
+ 2kU(fyea + K fyey + Cfye) + 200( frog + K frzy + fozz)
= B frza + K fyyy + O fozz + 307K faay + 30%L frne
+ 3hE? fryy + 3K%Cf . + W frns + 3K £, + 6RKL fry, (2%)

where all the partial derivatives of f are evaluated at (th,tk,t(). By Taylor’s theorem, there
exists ¢ € (0,1) such that

F(1) = F(0) + F'(0)(1 — 0) + %F”(O)(l — 02+ %F’”(C)a —0),

1

Y

(B2 fow + K2 fyy + 2 for + 2Rk fry + 2kCf,. + 2h0 fm)>

(0,0,0)

1
+ (§(h3fxa:m + kgfyyy + €3fzzz + 3h2kfa:a:y + 3h2£fa:acz

4 302 fayy + 3K2Cf g + BN fovs + BKL2 S, + 6REL fxyz)> (1%)

(ch,ck,cl)



Hence, the Taylor expansion of f(x,y,z) at (0,0) up to second order is

f(x,y,2) = f(0,0,0) + (xfu +yfy + 2f.)

1
57 (8 fra + 97 foy + 2 For 4 20y fry + 292y + 202 1)

1
3‘(‘7: fzma: +y fyyy + 2z fzzz + 31‘ yfma:y + 31‘ Zfzmz
+ 32y fayy + 3Y22 fyyz + 372 frns + 3Y2° fraz + 62Y2 fuy2),

where all the first and second derivatives are evaluated at (0,0,0), and all the third derivatives
are evaluated at (cx, cy, cz) for some ¢ € (0,1). (2%)

. (10%) Evaluate (2%)y and (&F)y at (P,V,T) = (1,2,2) where U(P,V,T) = Texp(—P/V)
with the constraint PV =T.

Ans:
we have
ouU 0 ouU ouU
O1.2,2) = 0P VTP V)2 (8—]3 +V6_T> L
B O N S
= —eXP(j) + GXP(7) = eXP(T) (1%)

oU 0 10U 0oU
(8T) (1 2 2) = 8TU<P(V’ T)7 V7 T)(1,2,2) = (Va_P + 8_T) (122 (4%)
1 -1 —1 1 —1
= —(5) eXP(T) + eXP(T) = §GXP(7) (1%)

X

2 2
8. (10%) Evaluate / / ST Jwdy.
0 Jy

Ans: we have

/2 /2 sinx(x) dudy
/ / Smxx dydz  (6%)

- / O e (2%)

T

= /0 sin(z)dr =1 —cos(2) (2%)

9. (20%) Let f(z,y) = —— L for (z,y) # (0,0) and f(0,0) = 0. P = (0,0) and u’ =

(cos@,sinf),

>
=)

[\
A



(a) Is f continuous at (0,0)? Explain.

d
(b) For fixed 6, write down the definition of the directional derivative (d—f) and evaluate
S/ up

it.
(c¢) Does f have a linear approximation at (0,0)? Explain.

Ans:
(a) (6%) Let
x =rcos(u),y = rsin(u)

then
r3((cos(u))? + (sin(u))?3)

(x,yl)igiom fw,y) = lim 72 =0
then f is continuous at 0.
(b) (7%)
(ﬁ) _ iy S (Brcos(8), heos(6)) — f(0,0))
ds 0 p h—0 h
= g PULe0SON O o0))° 1 (sin(o))®

h—0 h
(¢) (7%) since Vf(0,0) - u(f) = (1,1) - (cos(#),sin(8)) # (cos(h))? + sin(6))?)
then f is not differentiable at (0, 0)

Therefore f does not have linear approximation.



