
Calculus II, Spring 2014

Brief Solutions to Midterm 2

May 08, 2014

Show all details.

1. (10%) Evaluate

d

dy

∫ 2+y2

1

cos(xy)

x
dx

Ans:

=
cos(xy)

x
|x=2+y2 +

∫ 2+y2

1

d

dy

cos(xy)

x
dx

=
cos((2 + y2)y)

2 + y2
+

∫ 2+y2

1

− sin(xy)dx (8%)

=
cos((2 + y2)y)

2 + y2
+

1

y

(
cos((2 + y2)y)− cos y

)
(2%)

2. (10%) True or false? Prove it or give a counter example.

Assume f(x, y), fx(x, y) and fy(x, y) are all continuous in R2. Let C = {(x, y), f(x, y) =
f(0, 0)} and T be a tangent vector of C at (0, 0). Then ∇f(0, 0) · T = 0.

Ans: True (3%).

Proof: C is a curve. We may assume it is parametrized by (x(t), y(t)) with (x(0), y(0)) =
(0, 0). Therefore T = (x′(0), y′(0)). Since f is constant on C, we have

0 =
d

dt
f(x(t), y(t))|t=0 = ∇f(0, 0) · T (7%).

3. (10%) Use Lagrangian multipliers (and only Lagrangian multipliers) to find extreme values of
f(x, y, z) = xy + 2z2 on {

x2 + y2 + z2 = 9
x− y = 0

Ans: Let g1(x, y, z) = x2 + y2 + z2 − 9, g2(x, y, z) = x− y.

Solve from 
g1(x, y, z) = 0,
g2(x, y, z) = 0,
∇f(x, y, z) = λ1∇g1(x, y, z) + λ2∇g2(x, y, z)

(6%).

Max: (x, y, z) = (0, 0,±3). fmax = 18, (2%).

Min: (x, y, z) = ±(
√

3
2

,
√

3
2

, 0). fmin = 9
2
, (2%).



4. (10%) Find the absolute maximum and minimum of f(x, y) = 2 + 2x + 2y − x2 − y2 in the
region bounded by x = 0, y = 0 and x + y = 6.

Ans:

(a) Interior points. {
fx(x, y) = 2− 2x = 0
fy(x, y) = 2− 2y = 0

⇒
{

x = 1
y = 1

The critical point of f is (1, 1). f(1, 1) = 4. (2%)

(b) Boundary points.

(i) Line segment (0, 0)–(0, 6) (x = 0).

f(0, y) = 2 + 2y − y2, 0 ≤ y ≤ 6.

d
dy

f(0, y) = 2− 2y = 0 implies y = 1. f(0, 1) = 3. (1%)

(ii) Line segment (0, 0)–(6, 0) (y = 0).

f(x, 0) = 2 + 2x− x2, 0 ≤ x ≤ 6.

d
dx

f(x, 0) = 2− 2x = 0 implies x = 1. f(1, 0) = 3. (1%)

(iii) Line segment (0, 6)–(6, 0) (y = 6− x).

f(x, 6− x) = 2 + 2x + 2(6− x)− x2 − (6− x)2 = −2x2 + 12x− 22, 0 ≤ x ≤ 6.

d
dx

f(x, 6− x) = −4x + 12 = 0 implies x = 3. f(3, 3) = −4. (1%)

(iv) Endpoints of above three line segents.
f(0, 0) = 2, f(0, 6) = −22, f(6, 0) = −22. (3%)

Therefore,

absolute maximum = f(1, 1) = 4,

absolute mimimum = f(0, 6) = f(6, 0) = −22. (2%)

5. (10%) Let f(x, y) = x3 + y3 and g(r, θ) = f(r cos θ, r sin θ). Evaluate ∂2
rg +(∂rg)/r +(∂2

θg)/r2

Ans:

∂g

∂r
=

∂f

∂x

∂x

∂r
+

∂f

∂y

∂y

∂r
= 3x2 · cos θ + 3y2 sin θ = 3r2 cos3 θ + 3r2 sin3 θ, (2%)

∂2g

∂r2
=

∂

∂r
(
∂g

∂r
) = 6r cos3 θ + 6r sin3 θ, (2%)

∂g

∂θ
=

∂f

∂x

∂x

∂θ
+

∂f

∂y

∂y

∂θ
= −3r3 cos2 θ sin θ + 3r3 cos θ sin2 θ, (2%)

∂2g

∂θ2
=

∂

∂θ
(
∂g

∂θ
) = 3r3(3 sin2 θ cos θ + 3 cos2 θ sin θ − cos θ − sin θ). (2%)
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Therefore,

∂2g

∂θ2
+

1

r

∂g

∂r
+

1

r2

∂2g

∂θ2
= (6r cos3 θ + 6r sin3 θ) + (3r cos3 θ + 3r sin3 θ)

+ 3r(3 sin2 θ cos θ + 3 cos2 θ sin θ − cos θ − sin θ)

= 6r cos θ + 6r sin θ. (2%)

6. (10%) Derive the Taylor expansion of f(x, y, z) around (0, 0, 0) up to quadratic terms of x, y
and z and an expression of the remainder term, R2. You may assume that f and all its first
and second derivatives are all continuous in R3.

Ans: Assume that f and all its first and second derivatives are continuous on R3. Parametrize
the line segment joining O(0, 0, 0) to P (h, k, `) by

x = th
y = tk
z = t`

, 0 ≤ t ≤ 1.

Let F (t) = f(th, tk, t`). Then (2%)

F ′(t) =
∂f

∂x

∂x

∂t
+

∂f

∂y

∂y

∂t
+

∂f

∂z

∂z

∂t
= hfx + kfy + `fz, (1%)

F ′′(t) = h(hfxx + kfyy + `fxz) + k(hfyx + kfyy + `fyz) + `(hfzx + kfzy + `fzz)

= h2fxx + k2fyy + `2fzz + 2hkfxy + 2k`fyz + 2h`fxz, (2%)

F ′′′(t) = h2(hfxxx + kfxxy + `fxxz) + k2(hfyyx + kfyyy + `fyyz)

+ `2(hfzzx + kfzzy + `fzzz) + 2hk(hfxyz + kfxyy + `fxyz)

+ 2k`(hfyzx + kfyzy + `fyzz) + 2h`(hfxzx + kfxzy + `fxzz)

= h3fxxx + k3fyyy + `3fzzz + 3h2kfxxy + 3h2`fxxz

+ 3hk2fxyy + 3k2`fyyz + 3h`2fxzz + 3k`2fyzz + 6hk`fxyz, (2%)

where all the partial derivatives of f are evaluated at (th, tk, t`). By Taylor’s theorem, there
exists c ∈ (0, 1) such that

F (1) = F (0) + F ′(0)(1− 0) +
1

2!
F ′′(0)(1− 0)2 +

1

3!
F ′′′(c)(1− 0)3,

f(h, k, `) =

(
f + (hfx + kfy + `fz)

+
1

2!
(h2fxx + k2fyy + `2fzz + 2hkfxy + 2k`fyz + 2h`fxz)

)∣∣∣∣
(0,0,0)

+

(
1

3!
(h3fxxx + k3fyyy + `3fzzz + 3h2kfxxy + 3h2`fxxz

+ 3hk2fxyy + 3k2`fyyz + 3h`2fxzz + 3k`2fyzz + 6hk`fxyz)

)∣∣∣∣
(ch,ck,c`)

. (1%)
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Hence, the Taylor expansion of f(x, y, z) at (0, 0) up to second order is

f(x, y, z) = f(0, 0, 0) + (xfx + yfy + zfz)

+
1

2!
(x2fxx + y2fyy + z2fzz + 2xyfxy + 2yzfyz + 2xzfxz)

+
1

3!
(x3fxxx + y3fyyy + z3fzzz + 3x2yfxxy + 3x2zfxxz

+ 3xy2fxyy + 3y2zfyyz + 3xz2fxzz + 3yz2fyzz + 6xyzfxyz),

where all the first and second derivatives are evaluated at (0, 0, 0), and all the third derivatives
are evaluated at (cx, cy, cz) for some c ∈ (0, 1). (2%)

7. (10%) Evaluate (∂U
∂P

)V and (∂U
∂T

)V at (P, V, T ) = (1, 2, 2) where U(P, V, T ) = T exp(−P/V )
with the constraint PV = T .

Ans:

we have

(
∂U

∂P
)V (1, 2, 2) =

∂

∂P
U(P, V, T (P, V ))(1,2,2) =

(
∂U

∂P
+ V

∂U

∂T

)
(1,2,2)

(4%)

= − exp(
−1

2
) + 2 exp(

−1

2
) = exp(

−1

2
) (1%)

(
∂U

∂T
)V (1, 2, 2) =

∂

∂T
U(P (V, T ), V, T )(1,2,2) =

(
1

V

∂U

∂P
+

∂U

∂T

)
(1,2,2)

(4%)

= −(
1

2
) exp(

−1

2
) + exp(

−1

2
) =

1

2
exp(

−1

2
) (1%)

8. (10%) Evaluate

∫ 2

0

∫ 2

y

sin x

x
dxdy.

Ans: we have ∫ 2

0

∫ 2

y

sin(x)

x
dxdy

=

∫ 2

0

∫ x

0

sin(x)

x
dydx (6%)

=

∫ 2

0

(
sin(x)

x
)(x)dx (2%)

=

∫ 2

0

sin(x)dx = 1− cos(2) (2%)

9. (20%) Let f(x, y) =
x3 + y3

x2 + y2
, for (x, y) 6= (0, 0) and f(0, 0) = 0. P = (0, 0) and uθ =

(cos θ, sin θ), θ ∈ [0, 2π].
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(a) Is f continuous at (0, 0)? Explain.

(b) For fixed θ, write down the definition of the directional derivative

(
df

ds

)
uθ,P

and evaluate

it.

(c) Does f have a linear approximation at (0, 0)? Explain.

Ans:

(a) (6%) Let
x = r cos(u), y = r sin(u)

then

lim
(x,y)→(0,0)

f(x, y) = lim
r→0

r3((cos(u))3 + (sin(u))3)

r2
= 0

then f is continuous at 0.

(b) (7%) (
df

ds

)
uθ,P

= lim
h→0

(f(h cos(θ), h cos(θ))− f(0, 0))

h

= lim
h→0

(h((cos(θ))3 + sin(θ))3)

h
= (cos(θ))3 + (sin(θ)))3

(c) (7%) since ∇f(0, 0) · u(θ) = (1, 1) · (cos(θ), sin(θ)) 6= (cos(θ))3 + sin(θ))3)

then f is not differentiable at (0, 0)

Therefore f does not have linear approximation.
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