Calculus I, Fall 2013 (TA: Yang Ming-Hsuen)
Brief solutions to Final Exam

d
1. (8 pts) Find the solutions for d_y = 3x%e7Y.
x

Ans:
/eydy:/3m2dx = ="+ 0 = y=h(*+0).

7

2. (8 pts) Write down the form of partial fraction expansion for (1£E—4)2. Need NOT
-z
find the undetermined coefficients.
Ans:
x? 2’
1—at’  (1+2)°1—2)’(1+a2)?
A B C D Ex+F Gx+H

= + + + + + .
Itz (142 l-z (1-2)? 1422 (14227
3. (8 pts) Order €*, 2, (Inz)* and z°¢ from slowest to fastest growing rate as x — oo.

Ans: As z — 00, e(constant) grows slower than Inz, Inz grows slower than z. Hence
e grows slower than (Inz)”, (Inx)” grows slower than 2”. On the other hand, z¢ grows
slower than e*. Thus, the answer (the order of growing rate from the slowest to the
fastest) is

¢, €, (lnx)", 2”

4. (64 pts) Evaluate

1 1 /4
(1) /mdx (2) /exsinxdx (3) /\/ﬁdm (4) /0 tan® z sec® x dx

(5) /i#d:c (6) /Oooxzexda: (7) /01 \/11+7dx (8) /Oﬂ\/mdx

Ans:

(1) With the substitutions z = tan %, z + 1 = ‘/73 tan @,

1 1 2 1 1
R S A SN - —
2+sinx 24+ 5= 1+ 224241 (24_%) +

V3 g0c2 0 ) )
:/—3 g S0¢ )cw:/g\/ﬁde:gﬁwc
4

(tan?0 + 1

2 2tanf +1
= 2V3 tan! (—2 > +C.
3 1\/5
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(2) With integration by parts,

/ex sinz dr = e* sinx—/ex cosxdr = ¢e® sinx — (excosa:+/ex sinmd:v) .

Hence
e sm:cda::§e sm:c—§e cosz + C.

(3) With the substitution x — 2 = 2 sin 6

2 cos b

1 1
—dx:/ ——=df
/\/4.73—332 \/—(m—2)2—|—4 V4 — 4 sin?0

:/d9:0+0=sm—1 <xT_2)+C.

(4) With the substitution u = secz,

de =

™ s V2
4 4
/ tan® x sec® x dx = / (sec2 T — 1) sec® x tanx sec x dx = / (u2 — 1) u? du
0 0 1
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(5) With the substitution u = e”,

2

21 2 e <1 “/1 1 11
——dr = dr = du = - = d
/1 e /1 e — 1" /e -2 /e (2u 2u+1> "

1
e2—1 11 e—1
5 )

=—1In

ez +1 ne+1

A
= 2.
0

(6) With integration by parts,

fe’e) A
/ 22e % dr = lim 22e % dr = lim (—x%‘x —2xe ¥ —2e7 "
0

A—oo 0 A—oo

(7) With the substitution v = /1 + €7,

1 1 \/1+61 2U V14e 1 1
0 V1+e® Vs uu?—1 VB u—1 wu+1
vite Vetl-1 V2-1
=Inlu—1—In|u+1| =Ih|——|-In|——|.
3 Ve+1+1 V2+1
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(8) With the substitution u = sin z,

i "V1+sinzy/1—sinx T |cos x|
Vl—i—sinxdx:/ dr = ———dx
/() 0 v1—sinz o V1—sinz

b ° 1
= du — du=2|-2v1-—
/0 vV1i—u “ /1 vV1—u “ “

1
= 4.
0

. (12 pts) Does the improper integral dx converge or diverge? Explain (DO

o 1
/1 Va3 —x
NOT try to integrate explicitly).

Ans: Note that \/ﬁ has two ‘improper’ parts: x — oo and x = 17.

For the x = 17 part, let v =2 — 1,

dv

/12 \/ﬁdx - /01 ol —i—ll)(v )

Since )

lim v(v+1)(v+2) . L

1
v—=0% oi/2 \/§

and fol 1)1% dv converges, by the limit comparison test,

dv

21 ! 1
o= |
/1 Vad —x o Volv+1)(v+2)
converges.

Similarly, since
1
vrd—x
— =1
2372

lim

T—00

and [,° -5 dx converges, by the limit comparison test, [,” \/ﬁ dx converges. There-
fore,

* 1 21 * 1
e [ [
/lmxflmeMQC

converges.

. (8 pts) Express ff sinz dr as a Riemann sum. That is, limz e

Ans: Let P={l=129 <z <--- <x, =2} be a partition of [1,2] and Azy = z} —
zr — 1. Then

n

2
/ sinzdr = lim E sin ¢, Axy, where ¢ € [xr_1, 2] .
| 1Pll—0 &=
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Or consider the partition P = {1, 1+ %, R "T_l, 2}. Then

2 n k’ 1 2n k’ 1
/1 sinx dx ani_)I{)lO;Sin (1 + ﬁ) ~= nll_{& Z sin (ﬁ) e

k=n+1

. (8 pts) Evaluate lim,_ g+ 2%"%.

Ans: Since
2
. 2 . (Inx) . 2hnz: . —2lnzx . =22
lim  (Inz)” = lim —+— = lim —— = lim — = lim —% =0,
z—07t z—07F = z—0t —= z—07F = z—0t ——=
xX X x X
we have

lim z°™* = lim 61(1”)2 =’ =1.
z—0t z—0+t

. (16 pts) Find the volume and surface area of the object obtained by rotating the region
{(x —2)2 +y*> <1, z > 2} around the y axis. Note the surface area consists of two
parts, one generated by a half circle, the other generated by a line segment.

Ans: It is the same as Problem 7 of the second midterm exam.

4
V= §7r+27r2, A = 47% + 127.

. (.100 pts) Schedule recitation change for next semester.

Ans: The schedule for recitation is changed to Wed evening next semester.



