Calculus II, Spring 2016

Midterm 2

May 10, 2016
Show all details.

1. (10 pts)True or False?

If f(z,y) is differentiable at (0,0), then f(x,y) is continuous at (0, 0).
Answer. True. (2 pts)
Since f is differentiable at (0,0), both f,(0,0) and f,(0,0) exist (2 pts) and

f(x,y)— f(0,0) = f.(0,0)z+ f,(0,0)y+ €12+ €2y where €1,e2 — 0 as x,y — 0 (4 pts)
= | f(z,y)—f(0,0)[ = | f(0,0)[|z[+|f,(0, 0)[|ly|+]e1||z[+]e2]ly| — 0 as (x,y) — (0,0). (2pts)

2. (10 pts)Evaluate

2—|—y2
d / cos(zy) .
dy J, x

Answer. Let G(y, z) = flz % dz. (2 pts) Then we need to compute

cos((2 +4%)y)

21 2y (4 pts)

2+y2
(G(y,24+17) = Gy(y, 2+y*)+G.(y, 2+y*) -2y = —/ sin(zy) do+
1

cos((2+ y%)y)

oy - 2y. (4pts)

= é[cos((Q +y?)y) — cosy] +

3. (10 pts)Find the equation of plane normal to the following curve at (1, —1,1)

22+ 20+ 322 =6
r+y+z=1
Answer. First compute the two gradients at (1, —1,1)
(2.%, 4@/, 62)(17_171) = (2, —4, 6) (2 ptS)

and
(1, 1, 1)|(17,171) = (1, 1, 1) (2 ptS)

The normal vector of the plane is parallel to the outer product of these two gradients:

i j ok
n=|1 1 1|=(5-2-3).(2 pts)
1 -2 3

Therefore, the equation of the plane is

5z —1)—2(y+1)—3(z—1)=0. (4 pts)



4. (10 pts)Show that, for all a € R, the point (xg,ys) = (0,0) is a critical point of the
function

falz,y) = (a = 1)(z+y)* + (a+ 1)(z — 2)*

For what values of a is the point (0, 0) a local minimum, a local maximum and a saddle
point, respectively?
Answer.

Method.1 For a > 1, f,(2,y) = (a — 1)(x + y)* + (a + 1)(z — 2y)* is a sum of two squares.
And (0,0) admits the minimum 0. (2 pts)
For =1 < a < 1, fo(z,y) = (a+ 1)(z — 2y)* — (1 — a)(z + y)? is a difference
of two squares. And (0,0) is a saddle point since f,(1,—1) = 9(a+ 1) > 0 and
£a(2,1) = —9(1 —a) < 0. (6 pts)
For a < -1, fo(z,y) = —[(1 — a)(z + y)* + (=1 — a)(x — 2y)?] is a negative sum
of two squares. And (0,0) admits the maximum 0. (2 pts)

Method.2 First compute the gradient at (0,0)
V£a(0,0) = 2(a—1)(z+y)+2(a+1)(x—2y), 2(a—1)(z+y)+2(a+1)(x—2y)(=2))|00 = (0,0),

and thus (0,0) is a critical point. (2 pts)

Now compute the second derivatives (2 pts)
(fa)zz(0,0) =2(a —1) +2(a + 1) = 4a,

(fa)yy(0,0) =2(a — 1)+ 8(a+1) = 10a + 6 = 2(5a + 3),

and
(fa)ay(0,0) =2(a—1) —4(a+ 1) = —2(a + 3).

A local minimum occurs as (fa)ee > 0 and (fa)ee(fa)yy — (fa)z, >0, ie.

a >0, 8a(5a+3) —4(a+3)> =36(a*—-1) >0
< a>1.(2 pts)

A local maximum occurs as (fo)ee < 0 and (fo)ee(fa)yy — (fa)2, >0, ie.

a>0, 8a(5a+3) —4(a+3)>=36(a*>—1) >0
< a<—1. (2 pts)

A saddle point occurs as (fy)zz(fa)yy — (fa)iy <0, ie.

8a(5a + 3) —4(a+3)* =36(a®* —1) < 0
& —l1<a<1.(2 pts)

For a =1, f,(x,y) = 2(x — 2y)?. And thus (0,0) admits a local minimum.
For a = —1, f.(z,y) = —2(z + y)* And this (0,0) admits a local maximum.



Method.1 - -

Figure 1: Method 1 for problem 5, The gradient analysis.

Getting the two equalities @ = %1 correctly: (extra 2 pts).

5. (10 pts)Find absolute maxima and minima of f(x,y) = 2* + zy + y*> — 62 + 2 on the
rectangular 0 < x <5, =3 <y < 3.
Answer.

Method.2

First find the gradient:
Vi(z,y) = (22 +y— 6,2+ 2y). (2 pts)

Therefore one can plot the gradients as in figure 1. From the plot it is easy to
see that f(4, —2) = —10 is indeed local and absolute minima. Moreover, the local
maximum consists of the four corners. Upon comparing the values of f on the
four corners, it follows that the absolute maxima is f(5,3) = 21.

First find the interior critical points:

For z =0, f(0,y) =y*+2, =3 <y < 3. Compute (f(0,y)) =2y =0=y =0,
and thus we compare these values

f£(0,0) =2, f(0,-3) = f(0,3) =11. (1 pt)



For z =5, f(5,y) =y*+5y—3, =3 <y < 3. Compute (f(5,y)) =2y+5=0=
y = —5/2, and thus we compare these values

F(5.-3) = 9. £(5.8) = 21, f(5,—5/2) —% (1 pt)

Fory = -3, f(x,—-3) = 2?—9x+11, 0 < 2 < 5. Compute (f(z,—3)) =22x—-9 =
0 = x =9/2, and thus we compare these values

F(0,—3) = 11, £(9/2,—8) = —>L £(5,-3) = —9. (1 pt)

4
Fory =3, f(z,3) = 2?3z +11, 0 < x < 5. Compute (f(z,3)) =2r—-3=0=
x = 3/2, and thus we compare these values

£(0,3) = 11, £(3/2,3) = % £(5,3) = 21. (1 pt)

Therefore, the absolute maxima is f(5,3) = 21 and the absolute minimum is
f(4,-2) = —10. (4 pts)

6. (10 pts)Give an example of a constraint optimization problem that, upon applying the

method of Lagrangian multipliers, results in a system of 5 equations with 5 unknowns
(and write down the equations). Need not solve it.
Answer. Find the points on the intersection curve of these two surfaces x2+2y?+32% =
1 and z = 0 which admit the shortest distance from the origin. Let f(x,y,z) =
2+ y?+ 2% gi(z,y, 2) = 2?2+ 29> +322 — 1, and go(7, 9y, 2) = 2. (5 pts) Then applying
the method of Lagrangian multipliers result in this system

20 =2\ x

2y =4y

2z = 6/\12 + /\2

22+ 202 +322-1=0
z=0. (5 pts)

7. (10 pts)Use Taylor’s formula to find the quadratic approximation of f(x,y,z) =
1
—  near the origin.
l—z—-y+=2
Answer. Find all of the first and second derivatives first.

1

=1, (2 pts)
(1—x—y+2)? 0,00)

fx(oa 07 0) = fy(oa 07 0) = _fz(oa 07 0) =
and
fm,(O, 0, 0) = fyy(O, 0, 0) = f:l;y(o, 0, 0) = —fZZ(O, 0, 0) = —fyz(O, 0, 0)

2
= —/2(0,0,0) = (l—z—y+2)3

= 2. (2 pts)



Therefore, the gradratic approximation is

Q([B, y7 Z) = f(O? 07 0) + fx(()? 0? O).CE + fy(oa 07 O)y + fz(07 Oa O)Z
% f22(0,0,0)2* + £,,(0,0,0)y* + f..(0,0,0)z

+2f4,4(0,0,0)xy + 2£,.(0,0,0)yz + 2f.,(0,0,0)zx| (4 pts)

= l4+ao+ty—z+a*+y*— 2%+ 22y — 2yz — 2z2. (2 pts)

8. (10 pts)Evaluate (%)y at (z,y,z,w) = (1,1,1,1) where u(z, y, 2, w) = 2> +y*+2*+w?
with the constraint r +y+z+w=4andz -y +2—w =0.
Answer. First we compute z, and w, at (1,1,1,1).

1+ 2z, +w, =0 (2 pts)
1+ 2z, —w, =0 (2 pts)
=  z;=—-1,w, =0.(2 pts)

Now we compute (%)y at (1,1,1,1).

0
(_u) =220 + 222, + 2ww|a11,1) (2 pts) =2 —2 = 0. (2 pts)
Yy

ox
2 2
//a:QCos(a:y) dxdy
0 Jy
Answer.

2 2 2 o
//a:QCos(a:y) dedy = //xQCos(xy) dydzx (4 pts)
0 o Jo
v , )
= /xsin(xy) dx
0

0

9. (10 pts)Evaluate

— /Ostin(xQ) dz (3 pts)

1 2
= ——cos(2?)

1
5 = —5(0084 —1). (3 pts)

0

2 ry
/ / dxdy
V2 Jyf4—y?

10. (10 pts)Change



into an equivalent polar integral and evaluate the polar integral.
Answer.

2 y w/2 p2csc
dedy = / / r drdf (2 pts
/\/5 \/\/4—y2 w/4 2 ( )

/2 7“2 2cscl
= / — df (2 pts)
w/4 2 2
w/2
= / (2csc? 0 — 2) do (2 pts)
w/4

w/2
= (—2cotf — 26)

(2 pts) =2 — g (2 pts)
w/4

o0

1

11. (10 pts)Is/ sin — convergent? Explain.
1 x
Answer.Yes. (2 pts)

1

sin =5 1
lim —% =1 € (0,00) (4 pts) and / —; dx converges. (4 pts)
T—00 -7 1z

. we can conclude from Limit Comparison Test that the improper integral converges.

n

=z
12. (10 pts)Evaluate Z on |z| < 1 using computational rules of power series.
0

— n+ 2
Answer. The value is 1/2 as z = 0. (2 pts) Consider z # 0.

e’} In - e’} $n+2
R e

n=0 n=0

= 17?2 Z/ ¢t dt) (2 pts)
n=0 0

— 2 / Zthrl di
0 n=0
o [F
= x ——dt ] (2 pts)
0

1-1

@ 1
= g2 (/ —1—|——dt)

= 27 %(—z —In(1—-1)) (2 pts)
1 In(l—2x)



