Calculus II, Spring 2016

Brief answers to Final Exam

Jun 16, 2016
Show all details.

1. (10 pts) Replace

271 1 \/2—_1’2
f f f rdz dr d6
0 0 Jo

by triple integrals in spherical coordinates in the order dpd¢d6 and d¢dpdO, respec-
tively. Need not evaluate them.
Answer.

27 i V2 z csc ¢ 1
f { f p?sin ¢ dpde + f f p?sin dpdd | dO (5 pts)
; Jo _

0 0
270 1 V2 csclp 1
[ f p? sin p dpdp + f f p*singdgpdp| d6 (5 pts)
0 0 0 1 0

2. (15 pts) Evaluate the surface area of S = {z = \x? + 2, 1 <xy <2, 1 <x/y <3, x>

[N

0, y>0}.
Answer.
Method.1 Let f(x,y) = +/x? + y2. First compute

fr (2 pts)

D - ¥

Then the surface area is

Area = fﬁ \fE+ fy + 1dxdy (2pts) = fj; V2 dxdy. (1pt)

Letu =xy, v = i,x,y> 0@2pts). Thenl <u <2,1<0v<3(2pts), and the
Jacobian is

Vi )
e ave |__1
| T ZZ).(Zpts)
2uv 2040

Thus, The integral is changed into

2 V2 In3
Area = f f — dvdu (2 pts) = —. (2 pts)
) 2 P N P



NI=

Method.2 Letr(r,0) = (rcos 0, rsin0,71), (ﬁ)% <r< ( 4 )

3g) - ot 3 < 0 < cot™ 1 (3 pts).
First compute

r,(r,0) = (cos 0,sin 6, 1), (1 pt)
re(r,0) = (—=rsin 0,7 cos 0,0), (1 pt)
I, 6) X ro(r, 0)| = |(—=r cos 6, —rsin 6, 7)| = V2r. (2 pts)

Thus, the area is

1
cot™11 (ﬁ)7 cot™11 1 4 7
2rdrd0 @ pts) = V2 —( - )dQZt
wris Joz)} V2rdrdd @pts) = V2 1, 2\5in20 ~ sinap) 99 2P
cot™11
= V2 csc260d6
cot™13
= —% [ln(l +O)—ln(§ + %)] (2 pts)
In3
= —. (2 pts)
N p

3. Let F(x,y) = (M(x, y), N(x, y)) have continuous first and second derivatives every-
where in R>and letR = {x* + y* < 1,x > 0,y > 0}.

(@) (10 pts) State Green’s Theorem in both forms for F on R.

(b) (16 pts) Take F = (y, x) and verify both forms on R. That is, evaluate both line
integral and double integral and check that they are the same. Do this for both
forms.

Answer.

(a)

SEF-nds = SEMdy — Ndx = ff(Mx + N,) dxdy (5 pts)

c c R

SEF-Tds = 9§de + Ndy = ff(Nx — M,) dxdy (5 pts)
c c R

where C is a piecewise smooth, simple closed curve which encloses the region
R.

(b) Letr(t) = (cost,sint),0 <t < Z;7(t) =(0,1-1),0<t<1;r3(t) = (£,0),0<t <1



(4 pts). Then

SgF-nds
C

z 1
f (sintcost — cost(—sint))dt + f (1-t)-(-1)—-0-0)dt
0 0

1
f(O-O—t-l)dt
0

1_1_1—0 ff(()+0)dxdy fM+Ny)dxdy,(6pts)

+

SéF-Tds = fo(sint(—sint)+costcost)dt+fo((1—t)-0+0-(—1))dt

1
f(0-1+t-0)dt
0

O+0+O:ff(1—1)dxdy:f (Ny — M,) dxdy. (6 pts)
R R

+

4. (10 pts) True or false? Give details.

If f(x, y, z) has continuous first derivatives ina domain D, and C = {(x(t), y(t), z(t)), 0 <
t < 1} be a smooth curve in D. Then fc Vf - Tds depends only on f, (x(0), y(0), z(0))

and (x(1), y(1), z(1)).
Answer. True. (2 pts)

LVf-Tds

1
fo (fe(®), (), 2(D)x"(£) + f,(x (D), y(®), 2(D)y'(£) + f(x(8), y(£), 2(1)Z(¢)) dt (4 pts)

1
j; H(f(x(®), y(t), 2(D) di = f(x(1), y(1),2(1)) = f(x(0), y(0), 2(0)). (4 pts)

y

5. 24 pts) Let R = {1/4 < x> + y* < 4}, F(x, y) = y,x), G(x, y) = ( =),
\/x2 T2 Py

_(_Y x
H(x,y) = (x2+y2,x2+y )-

Which one(s) of F, G and H is (are) conservative on R? (That is, which one(s) of
fc F -dr, fc G -drand fc H - dr is (are) zero on every closed loop C in R?) Explain.
Answer.

F is not conservative (2 pts) since d,(2y) = 2 # 1 = di(x) (2 pts).

H is not conservative (2 pts) since for some r(t) = (acost,asint), 0 < t < 27 (2 pts),

270 . 27T

t t

SEH.TdS:f (—%,%)-(—asint,acost)dtzf 1dt =2m # 0. (6 pts)
o 0 0

G is conservative. (2 pts) There are two methods to check it.



Method.1 It suffices to check whether ffc G-Tds = 0 for any loop of the form C = {x* + y* =
a?, 1/2 < a < 2} since G satisfies the component test.

9, —1— ——x—y—a ¥ (2 pts)
N\Ery) @rpe g T

Let r(t) = (acost,asint), 0 < t < 2m.

270 27T
SE G-Tds = (cost,sint) - (—asint,acost)dt = f 0dt = 0. (6 pts)
C 0 0

Method.2 Find f = f(x, y) such that G = V{.

B X
fxlx,y) = \/xz—Tyz
= floy) = P+ 2+ 8)
_ y boon y
fyxy) = \/ﬁ +¢'(y) = \/ﬁ

= gy=C
= f(x,y) = \J¥*+ 2+ C. (8 pts)

6. (15 pts) Let F(x,y,z) = zkand S = {x* + y* +z2 =4, x > 0, y > 0, z > 0}. Evaluate
f F - n do where n is unit normal of S pointing away from the origin.
s

Answer.
Method.1 Let 7(¢p, 0) = (2sin¢ cos 0,2sin¢sin 0,2 cos ), 0 < ¢, 0 < Z (3 pts). Then

(¢, 0) = (2cos P cos 0,2 cos P sin 6, -2 sin @) (1 pt)
ro(¢, 0) = (=2sin¢sin 0,2 sin ¢ cos 0, 0) (1 pt)
ro X 19 = (4 sin? ¢cos 0,4 sin? ¢ sin 0,4 cos ¢ sin ¢). (2 pts)

Therefore,

ffl—”-n do :f f (0,0,2 cos ¢)-(4 sin” ¢ cos 0, 4 sin” ¢ sin 0, 4 cos ¢ sin ¢) dpdO (4 pts)
s 0o Jo

3 or: 1
= 8f f cos” psin p dpd6 = 4 - f u? du (2 pts) = 4?71 (2 pts)
o Jo 0
Method.2 Let g(x,y,z) = x* + y* + z* = 4. Then

Vg =(2x,2y,2z), Vg -pl = 2z. (7 pts)



V
F-ndo = dxd
ffR e ff |Vg| V-l Y
r. dxdy (4 pts)
ffR |Vg'p| A
f f zdxdy (2 pts)
R

the volume of the sphere of radius 2 in the first octant
4r0-2% 1

3 8
4?”. (2 pts)

3
7. (10 pts) Let f(x,y) = 2x + 3y + 4 + (sz + y2)2. Is f(x,y) differentiable at (0,0)?
Explain.
Answer. Yes. (2 pts)
First we compute

_ 1 f(hro)_f(olo)_ . 2h+h3_

£(0,0) = lim P =lim— — =2 (2 pts)
SO -£0,00 . Bh+h’

£(0,0) = lim h =lim —— =3. 2 pts)

Given (Ax, Ay). Then

f(ax, ay) = £(0,0) = 2ax + 34y + (, | AX? + AyZ)E (2 pts)

To show (w/sz + AyZ) = €1Ax + €AY. (2 pts)

Method.1 Write (Ax, Ay) = (rcos 0,7 sin 0). Then

3
2 3 1
(,/Ax2+Ay2) =r2=r-12 =1(€1cos 0 + €;5in 0) = €1Ax + 2AY

for some €3, €; which approach to zero as Ax, Ay — 0.
Method.2

(1/Ax2 + Ay2)2 = (\/sz + Ayz)z \/sz + Ay? = o(1) \/Ax% + AY2 7 €1AX+€AY

for some €1, €, which approach to zero as Ax, Ay — 0.

NI
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8. (10 pts) Evaluate Z n):- 7

n=0

on |x| < 1 using computational rules of power series.

Answer.



For x =0, clearly Yy = = 1.
For0 < |x| <1,

ZX = m (4ptS)

n=0
e xn+1

= ;nﬂ_—ma—x)mpts)
= X" In(l-x)

= Zn+1_ " . (2 pts)



