
Calculus II, Spring 2016 (http://www.math.nthu.edu.tw/ wangwc/)

Solutions to selected problems in HW for Week 01

1. Section 8.7: Problem 35.∫ π/2
0

tan θ dθ = limc→π/2−
∫ c
0
tan θ dθ = limc→π/2−

∫ 1

cos c
du
u
= limc→π/2− lnu|1cos c =∞.

2. Section 8.7: Problem 65.

(a)
∫ 2

1
dx

x(lnx)p
=
∫ ln 2

0
du
up

converges for p < 1 and diverges for p ≥ 1.

(b)
∫∞
2

dx
x(lnx)p

=
∫∞
ln 2

du
up

converges for p > 1 and diverges for 0 < p ≤ 1.

3. Section 8.7: Evaluate ∫ 1

0

1

xp
dx = lim

ε→0

∫ 1

ε

1

xp
dx

for 0 < p < 1, p = 1, and p > 1, respectively.

p 6= 1:
∫ 1

ε
1
xp
dx = 1

1−px
1−p|1ε = 1

1−p(1− ε
1−p)→

{
∞ if p > 1
1

1−p if 0 < p < 1
as ε→ 0+.

p = 1:
∫ 1

ε
1
x
dx = lnx|1ε = − ln ε→∞ as ε→ 0+.

4. Section 10.3: Problem 53. (Cauchy Condensation Test) Suppose that an is
positive and an ↘ 0. Then ∑

n

an con. ⇔
∑
n

2na2n con.

Proof. Let sn = a1 + . . .+ an and tm = a1 + 2a2 + . . .+ 2ma2m .

“⇒ ”

a1 + . . .+ a2m = a1 + a2 + (a3 + a4) + . . .+ (a2m−1+1 + . . .+ a2m)

≥ a1 + a2 + (a4 + a4) + . . .+ (a2m + . . .+ a2m)

=
1

2
a1 +

1

2
tm

⇒ tm ≤ 2

(
s2m −

1

2
a1

)
≤ 2

(∑
n

an −
1

2
a1

)
=:M ′

That implies {tm} is an increasing and bounded from above, and thus converges.



“⇐ ”

a1 + . . .+ a2m = a1 + (a2 + a3) + . . .+ (a2m−1 + . . .+ a2m−1) + a2m

≤ a1 + (a2 + a2) + . . .+ (a2m−1 + . . .+ a2m−1) + a2m

= tm−1 + a2m

⇒ s2m−1 ≤ tm−1

⇒ sn ≤ s2m−1 ≤ tm−1 ≤
∑
m

2ma2m =:M for some m.

That implies {sn} is an increasing and bounded from above, and thus converges.
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