Calculus I, Fall 2015
Final Exam
Jan 12, 2016, 10:10AM

1. (12 pts) Find the solutions for

x
dy 2
b) =2 _ _
(b) =~ y
Ans
(1) = [2xdr = sin™'y = 2% + C (6 pts) for some constant C.

(2) %‘i‘u:l (2 ptS) = (exu)lzexjexuzex_FCju:1+Ce—m:>y:
(4 pts) for some constant C.

_ 1
1+Ce—2

2. (12 pts) Find the volume and surface area of the object obtained by rotating the region
{(x —3)> +y* <1, z > 3} around the y axis. Note the surface area consists of two
parts, one generated by a half circle, the other generated by a line segment.

Ans:

Volume = [~ 7((3++/1 — y?)?—3%) dy (3pts) —67Tf V1—vy dy—|—7rf =

32 —|—47T
f V1—y*dy= [~ ﬂ/Z , COS (9d6—f7r/32 cosZ0l g = Z. (2 pts)

Surface—f 2w (34 /1 2/ 1 dy (3pts) +27-3-2 (1pt) —67rf1 dy—l—

27Tf dy+127r—67r + 167.

fl dy—sm y| , =7 (2 pts)
3. (10 8pts) Order €*, 2%, (Inx)® and z¢ from slowest to fastest growing rate as z — oo.
Explain.
Ans: ) ) 5
e e— — 1) -1 — e
lim 2= i S g AT elem Dle =Dt e e < 3)
r—o00 €% r—oo ev T—00 e T—00 er
(3 pts)
: e’ : e’ : 1
xh_)rgo )y xll_)rgo el :Ch_)rgo el = 0. (since Inlnx > 1 for x is large enough)
(3 pts)
1 T rlnlnz 1
lim M — lim © = lim ——————— = 0. (since Inx > Inlnz for z is large
T—00 r—oo erlnz z—o0 ex(lnz—Inlnz)

enough) (3 pts)
From slowest to fastest is x¢, e*, (In 917)‘”1 z*. (1 pts)



7

4. (6 pts) Write down the form of partial fraction expansion for 5+ Need NOT

T
(1—a%)
find the undetermined coefficients.

Ans:
7 A B C D Exz+F Gz+H
(1—2%)2 7 1-=x + (1—z)2 + 14+ + (14x)2 + 142 + (14x2)2"

where A ~ H are undetermined coefficients.(1 pts) for each term
5. (50 pts)

2 e /4
(1) / . (2) / sin(lnz)dx  (3) / tan® z sec® x dx
1 1 0

2—x

(4) /jﬁm (5) /\/ﬁd:@

Ans:
(1) Let u> =2 —=z

2 0 2 2 1 2 1

/ Y dr= / al (—2u) du(5 pts) = / 4 —2utdr = (4u — —u?)|§ = —0(5 pts)
V2 -z L u ; 3 3

(2)

™ e e

/16 sin(Inx) dz = (zsin(In))[¢" — /16 cos(Inx) dz(4 pts) = — /16 cos(In ) dz

™ ™

= —[(wcos(Inz))|¢" + /16 sin(lnz) dx](4 pts) =e" + 1 — /16 sin(lnz) dx

e™ T 1
= / sin(lnz) dx = ‘ ;_ (2 pts)
1
(3) Let u =secx
w/4 V2 5 3 2 242
/ tan® 2 sec® z dp — / (0 — 1)u du(5 pts) = (= — Y2 = +1—5f(5 pts)
0 1



21 2 er < 1 . 1
—dr = dr = du(2 pts) = d
/162“’—6—”" v /1637”—1 v /e ud —1 u(2 pts) /e (u—1)(u?+u+1) "
e2 1 1 2
_ 3 3" 75 w2 ot
) ou—1 w?+u+1 u(2 pts)
e 1 e _1,_ 1 e 1
— 3 d 3 6 d / 2 d
/e u—1 +/e w4+ u+1 . uw4u+1 “
1 2
_ ! BT 2 4 1 4 2
= [3ln|u 1| In |u” +u+ 1] \/gtan (\/g(u+2))]| (2 pts for each term)

1 e?—1 1 et +e?+1 1 2 1 2 1
= -1 — CIn(————— ) — ——(tan " (—(e®2 + 2)) — tan" ' (— -
(5) Let  — 2 = 2sin 0(5 pts)
20089d9

| == =

_ /1d9:9+0:sm-1(%—2)+0(5 pts)

for some constant C.

6. (10 pts) Express / cos® z sin*z dr in terms of / cos* x sinz dx.
0 0

Ans:

/ cos® x sin x dx —/ cos® x sin x cos x dx

0 0
g 1

= [cos ZL’( E sin’® x| — / (5 cos™ x(—sin x))(g sin’® x) dz(4 pts)
0

™
/ cos? x sin xd$—/ cos* zsin* 2(1 — cos® x) dx
0 0

/ cos” zsin® v dv — / cos® zsin* x dr (4 pts)
0 0

1 U
= / cos® z sin*z dr = 2/ cos® rsin® z dr (2 pts)
0

7. (10 pts) Start with domain and range for sech and sech™', derive the formula for the
derivative of sech™.

Ans:
sech : R — (0, 1] (2 pts)
sech™ : (0,1] — [0,00) (2 pts)
3



d(sech™'z) 1 (2 pts)
— ) s
dx sech(sech ' z)tanh(sech ') p

1
= — (2 pts)
sech(sech™ ') \/1 — sech?(sech ™ 'z)

(. 2 €(0,1) = sech 'z > 0 = tanh(sech 'x) > 0)

1
——F—— = (2 pts).
— i (2 pts)
8. (8 pts) For what values of p € R, is the function f(z) = |z|P differentiable at x = 07
Explain.
Ans:
For p > 1,

x|P

T

as x — 0. Thus, |z|P is differentiable at = = 0. (3 pts)

0<

= lal* =0

For p=1,
lim mzl;«é—lz lim m
r—0+ 2 x—0—

Thus, |z|P is not differentiable at x = 0. (2 pts)

For p < 1,
) x|P ) 1
lim u = lim = +00.
z—0+ X z—0+ 1P

Thus, |z|P is not differentiable at x = 0. (3 pts)

9. (12 pts) State both parts of Fundamental Theorem of Calculus, prove that part 1
implies part 2.
Ans:
Fundamental Theorem of Calculus Part 1: (3 pts)

Suppose f is continuous on [a, b].
Then F(x) = / f(t)dt is continuous on [a, b] and differentiable on (a, b)

with derivative

Fundamental Theorem of Calculus Part 1: (3 pts)

Suppose f is continuous on [a,b] and F is any antiderivative of f on [a,b].

Then 4



/ F@)dz = F(b) — Fla).

Part 1 implies Part 2: (6 pts)

Let G(x) = [ f(t)dt. Then by Part 1, G is an antiderivative of f.
Given any antiderivative F' of f, then

F(x)=G(z)+C, z € (a,b).
Since F' and G are both continuous on |a, b],
F(x)=G(z)+C, x € [a,b].

Therefore,

F(b) = Fla) = (G(b) + C) — (G(a) + C) = / f(z) da.



