Chapter 6 Laplace Transform
Consider the following second order linear differential equation

y(0) = yo,

{ Y +pt)y +q(t)y = g(1),
y'(0) = yo.

where y : [0,00) — R.
Define L{y(t)} : [1,00) — R, by

L{y(0)}(s) = /0 Testytydt = tim [ e~ty(t) dt.

A—o00 0

1. If Jy(t)] < e™ for ¢ large enough, then L£{y(¢)}(s) is defined for s > a.

2. L{y/(H)}(s) = / T ety

Notation :

- Yls) = LLy(1)}(s),

2. y'(s) = —y(0) + s y(s),

3. 7"(s) = —y/(0) = sy(0) + s* ().

Therefore, if p and ¢ are constants, then we have

1

—y'(0) = sy(0) + s*G(s) + p [~y(0) + s G(s)] + a Y(s) = g(s)-

And hence R )
?/\(S) _ g(S) + (S +p) Yo + Yo
s2+ps+q

Step 1 : Compute g(s) from g(t).

Step 2 :  Compute y(s) from the above algebraic equation.
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Step 3 :  Compute y(t) from y(s).

Example 1 : Let y(¢t) =1, ¢ > 0. Then

=)

0o 1
(s)= [, e tdt = -, s> 0.
s

Example 2 : Let y(t) = e, t > 0. Then
2‘5(3) = [y ettt dt = [° e~ (s—a)t q¢

1
= , 5> a.
s—a

Example 3 : Let y(t) = y1(t) + y2(t), t > 0. Then

L{cry(t) + caya(t)}(s) = crin(s) + c2 Ga(s).
Example 4 : Let y(t) = €™ = cos at + i sin at, t > 0. Then

N 1 s +1ia
s) = = , s> 0.
yls) s—ia s24 a?

Therefore, we have
— s — a

cos at(s) = e sin at(s) = e

1 ift>ec,
0 if0<t<e. (¢>0)

fls) = /Oooe“f(t) dt = /:O L

Example 5 : Let f(t) = { Then

—SC

S

ft—c) ift>c,
Example 5 : Let g(t) = {O( ) H0<t< (¢>0) Then

~

g(s) = /OO e *g(t)dt = /OOO e~ s(r+e) f(r)ydr =e*f(s).

Example 6 : @(S) = [ e ste P f(t) dt
— e fe)de = Fls+b)



Convolution Operator

Define
(F*9) () = JL () glt —rydr = [{ f(t 1) g(r) dr.

Theoremf: Let h(t) = (f * g) (), then h(s) = f(s) - §(s).
Proof :

ﬁ(s)—/oo e~ h(t) dt

/ /ft—T r) drdt
// sty )g(7)drdt
/ < / Stf(t—T)dt>g(T)dT

787’ (S)

Il
\

= f
Example 7 : Let f(t) =t, then

. N ') B o0 d(e—st) e—st 1
=1(s) = stdt = t = — dt = —.
Flo =ty = [T [T o[5S

a
s?(s2 4+ a?)

ﬁ( ) 1 /a a o 1 a
S) = — _———_— ry —=m— — .
a2\ s2 24 q2 2 2+ a2

1 1
Therefore h(t) = — -t — — -sin at, or =tx*sin at.
a a

Example 8 : If /ﬁ(s) = , for some a # 0. Then

sin ¢ if 0 <t < m/4;

, then
sin t + cos (t— %) ift>n/4.

Example 9 : Let f(t) = {

0 if0<t< n/4;

J(t) =sin t+ {COS (t— %) ift> n/4.
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Therefore,

~ 1 S
_ . —sm/4
f(s) 32+1+52+1 e .

Example 10 : Consider the second order initial value problem

y' +y=g(t),
y(0) =0,
y'(0) = 0.

Take ” ~ 7 on both sides, we obtain

or

Therefore

Impulse function
Let

1 .
[At(t[)’t): AL lftoététo‘l—At,
0 elsewhere.

The formal limit is

lim 1% (tg,t) =

At—0 oo if t =ty.

{0 if ¢ £ to,

The point value of §(t — ¢y) doesn’t make sense. It is defined as an operator

o) — /Oau—T)g(T) dr = tim [ I%(r4) g(r) dr = g(t).

At—0 0

That is,
d*xg=g.

Example 1 :

—_—

5(t —t)(s) z/ e o(t —tg) dt = e = ¢t
0

t=to



Example 2 : Consider the following initial value problem

ay” + by + cy = 6(t — to)
y(to) =0
y(tg) =0
By taking the Laplace transform, we have the equation
as*y + bsy + cy = e 50,
Example 3 : Consider the following initial value problem

az’ +bz +cz=0
Z(to) =0
Z(td) =1
By taking the Laplace transform and using the initial conditions, we

obtain
(as®> +bs+c)zZ —a = 0.



