Chapter 5 Series Solutions

Consider the following second order initial value problem

P(a)y" + Q(z)y + R(z)y =0
y(20) = Yo
y'(zo) = yo

We want to find the solution of the form y(z) = >"°°  jan(z — zo)" as a

convergence power series. Since P(xg) # 0, 7o is a regular point, we write

Y+ plx)y + q(x)y = 0, where p = %, and ¢ = %_
If p(x) =32 pu(r — 0)"

q(x) =32 gu(® — 20)"

Yi(x) = 300 nag(z — x9)"!

yl(x) = 32 n(n — 1)a, (@ — x0)" 2

p(x)y'(x) = poar + (pray + po2az)(z — xo) + - - -

q(x)y’(:n) = @oap + ((]1&0 + qul)(:L‘ — mo) + ...

Comparing the Coeflicients

20,2 + Poa1 + qog = 0
6as + piai + 2poas + apqr + goa; =0
y(xo) = Yo = ap = Yo

y' (20) = Yo = a1 = Y;

Thus, we can solve a,, inductively.



Theorem 1 : Ifp(x), q(x) are analytic on (vo—e, ro+¢), then D a,(x—x0)"

obtained by the procedure also converges on (xy — €,x¢ + €).

y'+y=0
y(0) = ap, ¥'(0) =a

Example : Solve { by series expansion.

sol :

To find y(x) = > 7 an(x — x0)", for 9 = 0.

Since y"(z) = >_>7 , n(n — 1)ay(x — z9)" 2,

we have >~ n(n — 1)ay(x — )" 2+ > 07 an(z — 20)" = 0.
Let n — 2 = m, then

Yo _o(m+2)(m + 1)amia(z — o)™ + D0 am(x — 20)™ = 0.

m=0
—a
Therefore (m + 2)(m + 1)ay40 = —ayy, or Ao = i .
(m +2)(m + 1)am 2 g 2)m+ 1)
For example
—ag Qo —Qo — ai —a
G2ZT, G4ZZ, GGZ—!, CL3:—!, a5:ﬁ’ G7ZT
Therefore
B X 2 4 6 ' 3. 05 47
y(:)ﬁ)—CLo( —§+Z—a+")+a1< —a+a—ﬁ+ )
converges.

Remark : We can obtain an ”formally” form recurrence relation. We need

to determine where these power series converge.

Method 1 : Please check the radius of convergence directly.

.TQ $4 ZE6 x2n

cosx:1—§+g—a+'“, Qop =




2] 2]

al=——=<
o w/(n) R

For n large , lim %/|ag,| =0

Zn‘

where (2n)! >> R*™ VR >0

radius of convergence = oo

I A

Similarly, sinz =z — 3 + ETl + .- converges for all x € R.
Method 2 :

v +py +qu=0 p,q are analytic ( where p =0,q = 1)

For p, ¢ are constant, p, ¢ are analytic.

So radius of convergence is infinite for p and gq.

By Theorem, y(z) = ag + a1z + asz? + - -+ converges for all z € R.
Example : (Airy Function)

YV —xzy=0 y(1)=a9 v'(1)=a

y' =z =1 +1y =0

Since (z — 1) + 1 is analytic and radius of convergence is infinite,

therefore y(z) = Z a,(z — 1)" converges for all z € R

n=0
y'(2) = n(n—Da,(z—1)"2 =Y (m+2)(m+ Dap(z - 1)"
n=2 m=0
[(z—1)+ 1]y = Z an(z — 1)" 4+ Z an(z —1)"
n=0 n=0
= Z A1 (x— )™ + Z ap(z—1)™
m=1 m=0
m=0 , 2ay=aqg
& m=1 |, 6ag=ap+a;
m = 2 , 12@4:CL1+CL2

Two linearly independent solution given respectively by y3(x) < ap =1,



a1 =0; yu(z) ©ag=0,a; =1
y1(x) is a power series around x = 0 with y(0) =

1
yo(z) is a power series around z = 0 with y(0) = 0,

Determine the radius of convergence

A R
T — g + g — F +
(=1)"L , if nis odd number
an, = '
0 , if n is even number

f(z) = Z an(z — 29)"

The equality is valid when z = 2.
In general, there exists R > 0
- convergent for |z — zo| < R
s.t. Z an(z — 29)" ¢ divergent for |z — 29| > R
n=0

no conclusion on |z — zg| = R

How to Determine R ?
1

lim ||~
n—oo

Sufficient condition to determine R :

1
(1) If lim ]anﬁ exists, then lim ]anﬁ = —
n—00 n—00 R
mn . . n 1
(2) If lim ’T +|1’ exists, then lim ‘T +|1| =z
n—oo Ay n—oo |Gy,

Remark : If f(x) = > a,(x — x0)" is valid in (zg — &, 19 +€), then f € C™

and



f// (xo)

ap = f(x0), a1 = f'(20), a2 = ——,

21
(1 + 22)y" + 22y + 42’y = 0
2x 422
:> 1 / — 0
VY ey

1 >
The radius of convergence for p(z), ¢(x) around = = 5 is exactly >

Remark : From local existence and unique theorem
Then y(z) on —oo < x < oo for given y(3), ¥'(3)
Example : What is the radius of convergence for given series solution of
(1+ 22y + 22y + 42>y =07

Sol. :

(1) around z =0

4
7 /
=0
v 1+ 27 * 1+ a2”
2
p(x) = . +x 5 = 27(1 — 2 +2%)  converges for 22| < 1
x
diverges for |2?| > 1
4?

some for g(z) = radius of convergence = 1

1+ a2
Soy(x) =3 a,a™ converges at least on |x| < 1.

1
(2) around z = 5

p(x) 2 ! Ve

T 142 Pa(z — 5)”, radius of convergence =
Some for g(x)

V5

1 1
Soyle) = bz — 5)" converges at least on |z — §| <5



: 5 is differentiable (.. analytic) on C{=i}.

Facts : (complex analytic) T
z

1 - 1
If Bp(§) C C{=:} then radius of convergence for Z an(x — 5)” is at least e

n=0
In above example, radius of convergence = e.

Remark : The solution exists for all € R. But the power series only

converges
1 1
on (L V31 V5,
5" 272 2
Remark : — ts for all = € R. But f:( Ly ol
emar €X1StS Ior all @ u = Ap\T — on on
1+ 2 1+ 22 Y

P(z)y” + Q(x)y + R(x)y =0 , P. Q. R : polynomials of x.

T = x¢ is a ordinary point if lim Q(m) and lim R(w)

ists.
Jm P( ) Jm P(:r) exists

Example : P(z) =z, Q(z) = sinx, R(z) = 2%, 20 =0

sin

y"(x) + ~ y’—l—xy:()

=
y(0)=ao ¥y (0)=ar z#0 R=o0



