Chapter 3 Second Order Differential Equation

Linear Superposition Priciple
v +pt)y +q(t)y =0 (linear ODE)
y1(t) - y2(t) are solutions :

= c1y1(t) + cay2(t) is also a solution

ay’ +by +cy=0 a,b,ceR
Try €, r to be determined

= (ar* +br+c)et =0

If 7 is a solution of ar? + br + ¢ = 0, then e is a solution of

ay” + by +cy = 0.

3 cases
case (1) : r=ry,r5 ry,ro €R, and ry #ry.
3 at least 2 solutions e, e™! & cie"t + cye™?
case (2):r=a+p3i «,f€ER
= elatiB)t o(e=iB)t are solutions of ay” + by’ 4+ cy =0
cq et o ¢, pla—iB)t
= (c1 + ¢9) €™ (cos Bt) + i(c1 — o) e sin St
= ¢; e cos Bt + i ¢y e sin Bt
elotif)t — gat . ¢iBt — o (cos Bt + isin [Bt)

elami0)t — pat . o=iBt — pot(cos Bt — isin (t)



case (3) : double roots 1, ro

e and te™ are 2 solutions. (b* = 4ac)

For (3), i.e. r = —b/2a, " is a solution
Try p(t)e™ as follow:

<p(t)€rt)/ — plert + Tp@rt
<p(t)€rt)l/ — pllert + 27”]),6” + T2p€rt

Pluging into ay” + by’ + cy = 0, we get

a(p’ +2p'r +pr?) + b(p' + pr) + cp =0
ap” + (2ar + b)p' + (ar* + br + ¢)p =0

Hence ap” = 0 and we may choose p(t) = t.
Question : all 3 cases Jy; (1), y2 (1)
Y1 # constant ys (t)

Are there solutions not of the form ¢y (¢) + coya(t) 7

Ans
ay’ + by +cy=0
y(to) = vo
y'(to) = Yo

has exactly one solution.

Eg et e ri#£reR
If another solution . (t)

Can we find ¢, ¢

{ c191(0) + c2y2(0) = v.(0)
191 (0) + c215(0) = #.(0)



If we can find ¢, ¢

ca1y1(t) + coyo(t) have the same y(0) and y'(0)
y«(t)
From uniqueness = y.(t) = c1y1(t) + caya(t)

n(0) =1 3(0) =1

1 Yh(0)=ro+11 = c1,co exists.
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2nd Order Linear ODE
(1) Homogeneous ODE
y' +pt)y +q(t)y =0
Existence of linearly independent solution

Consider ar? +br+c=20

3 cases
case (1) : 2 real roots ry; # ry
= c1e"t + cye™? the solutions
case (2) : multiple real roots r,r
= cie" + cote™ Vep, e
case (3) : 2 complex conjugate roots
atif a,0ER [G#£0

= c1e cos Bt + cpesin St Ve, cp.

Given y;(t), y2(t) 2 linear indep solution

homogeneous 2nd order ODE



How to construct solution of
ay’ +by' +cy=0
(k)9 ¥ (0) =wo
y'(0) = yq
Ans : Find ¢;, co € R s.t.
9 { Clyi(o) + c22(0) = o
c191(0) + 295(0) = v

= c191(t) + c2y2(t) is the solution .

(%) has a solution

given yo , Yy, can always find unique ¢, cs .

11(0) 32(0)
1(0) w5(0)

ie. ( a0 > ( y(?) ) are linear indep
(1) Ya(t)

inRZatt=0.
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Definition : y;(¢), y2(t) are linearly dependent

iff Jep,00 ER st cryr(t) +caya(t) =0

for all t € (a, f).

Linear independent < NOT linear dependent .

Proposition :  y(t) = cys(t)

yi(t) ya(t)

= =0
y1(t) ys(t)
y1(0)  y2(0)

= =0
y1(0) 5(0) ‘

Theorem : p,q continuous on («, [3)



Y1, Y2 are solutions of y” + p (t)y' + q(t)y =0

vVt e (a,5) 0¢€ (a,p)

Define w(t) = n(t) vlt)
yi(t) wa(t)
= w/(t) _ yll (t> yé(t) + yl(t> y2<t)
yi(t) ys(t) yi(t) y5(t)
= w'(t) = y,l " y,Q(t) = —p(t) w(t)
—PY1 —qy1  —DPYs — QY2

t
Sow(t) = w(0) exp ( —/ p(s)ds).
0
w(t)=0< w(0)=0
Corollary : If y;(t), y2(t) are two solutions of ay” + by + cy = 0 with

y1(0) 2(0)
1.(0) y5(0)

Then the solution to (xx) is uniquely given by ().

£0

Proof : The existence has been done, . ¢y (t) + ca y2 (t) satisfies (k)

And the uniqueness is equivalent to

J0) =y =g  mPlesv®=0.

Because if y4(t) and yp(t) both solve (%), then y4 — yp solve (% x)

ay" + by +cy=0
(% * %

Why is (% x %) true?

yi(t) yi(t

Consider wy(t) = |~ )
y) v

~_—




Y1
Example
y”+k2y=0 y//+k2y_0
y(0) =1 — (1) and y(0) =0 —(2)
y'(0)=0 y'(0) =1

(1) : y(t) = coskt
(2) : y(t) = +sinkt
In general
y// + ka =0
y(0) =4
y(0)=B
= y(t) = Acoskt + By sin kt

Remark
"The existence of two linear indep. = unique” is also valid for y"+p (t)y+q(t)y = 0.

But ”existence of Two linear indep. solutions” was not proved in class.

Example : Solve the following initial value problem

y// - ka =0
y(0) =A
y'(0)=B

First note that v — k%y = 0 has a family of solutions y = ¢, + coe™*. According



to the initial condition, we have

y(O) =cC+ 6
=1y'(0) = 1k — 2k

A
B
Hence, ¢; = (Ak + B)/2k and ¢y = (Ak — B)/2k.
Inhomogeneous 2nd Order ODE

Suppose y1(t), y2(t) are two linear indep solutions in the case of g(¢) = 0. Then

{ Y +pt)y +q(t)y = g(t)
y(0) = yo,y'(0) =y

has a solution of the form

y = c1y1(t) + coya(t) + Y (1),

where c1y1 + coys is the solution to the homogeneous initial value problem

v +py +qy=0
y(0) = vo, y'(0) = 5

and Y (t) is the solution to the equation

{ v +py +qy = g(t)
y(0)=0, %(0)=0

Remark Given (1) = solution to (2) is unique , same proof as before.

Remark If given Y'(t)

Y'+pY' +qY =g
Y0)=A Y'(0)=B

= solution to (2) is given by c1y1(t) + caya(t) + Y (t).

Inhomogeneous 2nd Order Linear ODE



{w+pmy+ww:gm————m
y(to) =vo V' (to) = ¥o

For homogeneous ODE

Y +pt)y +qit)y=0—-———(2)

Jy1(t), yo(t) is linear independent solutions

e w(yr,y2) #0 (Vt)

Y1 Yo

t
‘% Ya )
w' +pw =0

such that all solutions of (2) is of the ¢y (t) + c2 y2(t)

y1(t) , y2(t) can be explicitly found for the constant coefficient case. For the general
case, we only know the existence of y;(t), y2(t) from theorem of the solution to
(1) is unique.

We can decompose the solution as y(t) = c1y1(t) + c2y2(t) + Y (t) where y; , yo are
linear independent solutions of (2), Y(¢) is any solution to " +py' +qy =g. 1,
o are chosen so that y(to) = vo, ¥'(t0) = v} -

Next, we introduce some methods that picks a Y (¢) ( special solution ) in terms
of y1(t) and ys(t).

(a) guess ( method of undetermined coefficient)

(b) variation of parameter .

Variation of Parameter

Try y(t) = w1 (t)y1(t) + ua(t)y2(t) with uy , ug to be determined. There are some



freedom in choosing wuy, us. Put them into y” + p(t)y' + q(t)y = g(t), we obtain
vy ay =yt usye + 2uiy) 4 2uhyh + iy + usys
+p(uiyr + uyys + wiyy + uays) + q(uiys + uzys)
= 9(t)
We impose ujy; +usys =0 — — — —(1)
= upyy +usys = g(t) — — = —(2)
uiyr + upy2 =0
= /o " = alt
uiyy + sy = g(t)

solve for u} , u),

R
a0 = o ) )

t_ t_
uy(t) = / %29 15 and us(t) = / NI s
¢ t

0o W o W

) — o)

and ORBI0

= Y (to) = wi(to)y1(to) + ua(to)y2(to) =0

Y'(to) = (uhyr + usye)(to) + (ury) + uays)(to) = 0

Y"+pY' +qY = g(t)
=

Y(te) =0  Y'(tg) =0
Find a particular solution of y” + 2y' — 4y = 3e* + 2sint — 8e’ cos 2t
Consider y" + 3y' + 4y
y1(t), ya(t) are the solutions of y” — 3y’ — 4y =0
= yi(t) = e, yo(t) +e

By the linear superposition, it suffices to find the solutions of

362t
y' =3y — 4y =< 2sint
—8et cos 2t



(1) y" =3y’ — 4y = 3¢

2£ 711,79

(e2)" — 3(e?') — 4(e?) = 4e* — 6e? — 4e?t #£ 0
Try y = Ae?

= 4Ae? — 6Ae? — 4Ae?" = 3e*
—6A=3=>A=-1/2

= y(t) = —1/2e%

(2) v — 3y — 4y = 2sint = 2Im e*
Try y = Acost + Bsint (Equivalent to try (C + Di)e™) as follow :
y' =3y — 4y

= —Bsint — Acost + 3Asint — 3B cost —4Acost —4Bsint
= 2sint

—B+3A—4B =2 3A—5B =2 A=8
=
~A—3B—-4A=0 54+ 3B =0 B==l

() (%) (5)-(2)
_3 _4 —

—-B —A B 2
(C + Di)(e®)" — 3(e't) — 4(e™)

— (C + Di)(—5 — 3i)e"

— (=5C — 3Ci — 5Di + 3D)e

= (=5C + 3D +i(—3i — 5D))e"

= 2Ime'

10



= = 34 17
-3C -5D=0

(3) 9" — 3y — 4y = —8 el cos 2t = —8Re eI 20!
A ( (e(+200)7 _ 3 (o120t _ 4 (€(1+2i)t))

= \(—2i — 10) e120t = _g (1420t

-8

= A= =5

= take y = Re (\e(1T20%)

Example : To find a particular solution of 3" + 4y = 3 cos(2t), ( = 3Re 62“).
First we solve 72 +4 = 0, and obtain r = 42i.

Next, try M e?* as follow :

Take Re (A te*)

Y — 4y + 4y = e*

Try At?e*

Consider :

ay” + by’ + cy = ke
ag®> +bg+c=0

Try p(t)eqt
200 +b# 0 qg=11#19

20 +b=0& 1 =19

(p(8) ') + (p (t) ™) + (p () )

/!

p /

p

a +2p/q eqt + b 6qt + C( P )eqt
2 pq

trq
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= p"ae® + p'(2aq + b)e? + p(ag® + bq + c)e®
= kedt

There are two possibility :
1. If 2aq + b = 0, then we let p” = k/a.
2. If 2aq + b # 0, then we let p” =0 and p' = k/(2aq + b).

Example : To solve the differential equation vy” + 3y’ + 2y = t*, we may try the
polynomial y(t) = axt* + ax_1t*1 + -+ + ap. Then

apk(k — D)t* 2 +ap_1(k — 1)(k — 2)tF=3 4 ...

+3 (akkt"‘_l +ap_1(k— D)tF 2 4 ap_o(k — 2)tF3 + .. )

+2 (aktk + ap_ 1 tF N+ ap_oth 2 4 ) =tk

Therefore,
26Lk =1

3apk + 2a,_1 =0
akk(k; — 1) + Sak,l(k — 1) + 2(1]972 =0

Question : What can we do in the case of ¢/ + 3y =tF +...?
Answer : Try the polynomial y(t) = a1 t* +apth + - -.

Remark : To solve i/ = t* 4 ... we integrate on both sides directly.
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Undamped Osoillations

Consider the second order differential equation
mu” + ku =0,

for some positive constants m, k.
(F = ma)

" k., _
u' 4+ u =0

u = Acos (ﬁt) —i—Bsin(\/gt) = A2 + B2 cos (\/%t—l—c;o).

2
Vk/m

Damped Oscillations

mu” +vu' + ku=0, v >0 (fixed)
The solution are given by cje™! + coe™!

ri,rmo: mrl+uvr+k=0

—v + V1?2 —4Amk

2m

r,Tr2 =

There are 3 cases to be discussed :
1. If 2 —4mk > 0, then 1 < 0, 79 < 0, and 71 # 79.

2. Ifl/2—4mk::0,thenr1:r2:_—y<O.
2m

3. If v —4mk < 0, then Rer; = Rery = Q—V < 0.
m

Since u(t) = c1e™t + cye™?, i.e.
)

- Vvamk — v? . VAmk — 12
u=e 1 COS(Tt) + ¢ sm(Tt) :

13



we have lim;_,o u(t) = 0 for any initial data u(0), «/(0).

REMARK :

1. In the case of r1 # ry < 0, say 7 < ry < 0, we have u = ¢t + coe™.

61,02:?

u(0) =¢1 + ¢
U/(O) = T11C] + T2C

/ 0 o O / O B 0
Therefore, ¢; = M) and ¢, = M
=T T2 —1T1

2. In the case of r; =1y < 0, we have u(t) = c1e™ + cote™.

Undamped Oscillations
mu” + ku = Fy coswt

Let wo = \/k/m

u(t) = ¢y coswot + casinwpt + =2 coswt (w? # Wi = k — mw? #0)

01,02:?

{ o 4 22 = u(0)

woce = u'(0)

u=+/c+ 3 cos (wot +8) + =2 coswt

As w ~ wy
w wtwy wW—uwy w + wy w
0— - ~ Wo
wHwy w—wy implies w—2wo
w= ~ 0
2 2 2

For simplicity, suppose 4/(0) =0 (c2 =0) =0 =0

Fo

ooz coswt

U = ¢ coswot +

Let A=“£0¢  and B = 50t

14



= u = ¢1(cos A cos B + sin Asin B) + —2—(cos A cos B — sin Asin B)

250 cos(E0t) cos(U520t) ¢ =
2P0 gin(eteng) sin(2520t) ¢ = R

Recall : mu” + ku = Fycoswt

u(t) = c1 coswyt + ¢y sinwpt + ﬁ cos wt

w2
0
wg =%
If U(O) = U/(O) — 07 Co = 0 , C1 m((_U_QF,‘OQ,Q)
0
then
(t) Fo (coswt — cos wot)
u = ——% -
m{wf — ?) °
_2F0 . w+w . wW—Ww
= (o — o) - sin(“5L1) - sin(“520t).

In general,

u(t) = Acos(wpt + 6) + B cos(wt)

= A(cosacos 3 + sinacsin ) + B(cos a cos § — sin asin [3)

= (A+ B)cosacosf+ (A— B)sinasin 8

= Ccos(f +¢).
Homework : What is C' and €7
Resonance (w = wy)
mu” + ku = Fy coswpt
u = ¢1 coswyl + o sinwyt + Re(zj—fwo teiwot) = ¢1 cos wot + ¢o sin wot + cst sin wot
Try w, = p(t)e™ s.t. muy) + ku, = Fye™°*
Take Re(u,)

mug — m(p// 4 2p’iw0 _ wgp)eiwot + kp eiw()t — Foeiwot

Hence mp” + 2mplivwy = Fy

15



Fo

and we get p = -
2miwyg
Take Re(u,) Fo ) g (wot)
ake Re(u,) = - sin(w
P mwo 04/

G(t, S) _ sin(wggt—s))
uy(t) = [ = sin(wo(t — 5)) 22 cos(wys)ds

mu” + ru’ + ku = F, cos wyt

u(t) = cre™t + cpe™t + c3 cos(wot +0) (wo # 71 ,72)

Rer; <0 )
limy oo (c1€™F + c2e™t) = 0
Rery <0

HW : 3.7, 15, 17
HW : (1) u” — 3u' + 2u = cost, find a particular solution.

(2) u” —2u' + u = cost, find a particular solution.
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