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Introduction
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Question

From these data, how do we get a reasonable estimate of the population,
say, in 1965, or even in 20107
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Interpolation

Suppose we do not know the function f, but a few information (data)
about f, now we try to compute a function g that approximates f.

Theorem (Weierstrass Approximation Theorem)

Suppose that f is defined and continuous on [a,b]. For any € > 0, there
exists a polynomial P(x), such that

|f(z) — P(z)| <e, for all x in [a,b).

Reason for using polynomial
@ They uniformly approximate continuous functions (Weierstrass
Theorem)

@ The derivatives and indefinite integral of a polynomial are easy to
determine and are also polynomials.
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Interpolation and the Lagrange polynomial
YA

y =) Property
y=fe) T The linear function
passing through
Yo = fxo) T y =P (1170, f(xO)) and
(1, f(x1)) is unique.
A 5
Let T —x T—x
Lo@) = ——, Li(a) = ——
To — T1 I — Xo
and
P(z) = Lo(z) f (o) + L1(z) f (z1).
Then

P(x0) = f(z0), P(x1) = f(x1).
TR



Y

Theorem

Question

How to find the polynomial
of degree n that passes
through

(x()a f($0))a ) (ﬂfn, f(a"n))?

If (zi,v:), xi,yi €R, i =0,1,...,n, are n + 1 distinct pairs of data
point, then there is a unique polynomial P,, of degree at most n such that

Pn(xz) = Yi,

(0<i<n). (1)
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Proof of Existence (by mathematical induction)

@ The theorem clearly holds for n = 0 (only one data point (zg, o))
since one may choose the constant polynomial Py(x) = yq for all x.

@ Assume that the theorem holds for n < k, that is, there is a
polynomial Py, deg(Px) < k, such that y; = Pg(x;), for 0 <1 < k.

© Next we try to construct a polynomial of degree at most k + 1 to
interpolate (x;,v;), 0 <i<k+1. Let

Piyi(x) = Pe(x) + c(z — zo)(z — 1) - - - (& — xg),

where
Yk+1 — Pr(Tr41)

(Tr41 — o) (Thy1 — 21) -+ - (Thg1 — Th)
Since x; are distinct, the polynomial Py1(x) is well-defined and
deg(Pry1) < k+ 1. It is easy to verify that

CcC =

Peyi(z) =y, 0<i<k+1
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Proof of Uniqueness

Suppose there are two such polynomials P, and @Q,, satisfying (1). Define
Sn(x) = Pn(z) — Qn().
Since both deg(P,,) < n and deg(Q,) < n, deg(S,) < n. Moreover
Sn(@i) = Pn(wi) — Qn(xi) =y —yi =0,

for 0 <4 < n. This means that S,, has at least n + 1 zeros, it therefore
must be S,, = 0. Hence P, = Q.. ]
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ldea
Construct polynomial P(x) with deg(P) < n as

P(x) = f(xO)Ln,O(x) +t f(xn)Ln,n(x)a

where
Q L, x(z) are polynomial with degree n for 0 < k < n.
Q L,i(zr) =1and Ly, (z;) =0 for i # k.

Then

P(zg) = f(zg) fork=0,1,...,n.

Q deg(Ly, k) =n and Ly, i (z;) = 0 for i # k:

Ly e(@) = cp(z — 20)(x — @1) -+ (& — Tp—1) (T — Tho1) -+ (& — )

2] Ln,k(l“k) =1
Lni(z) = (x—zo)(x—21) - (x — Th—1) (@ — Tpg1) - -~ (T — 2n)
n, (xr, — xo) (g —x1) -+ (2 — Tp—1) (T — Thy1) - - (T — Xp)
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Theorem

If zg, 21, ...,z aren + 1 distinct numbers and f is a function whose
values are given at these numbers, then a unique polynomial of degree at
most n exists with

f(zg) = P(xx), fork=0,1,...,n.

This polynomial is given by

P(2) = 3 f(ar) Lon(@)

k=0

which is called the nth Lagrange interpolating polynomial.

Note that we will write L,, ;(«) simply as Ly (z) when there is no
confusion as to its degree.
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Example
Given the following 4 data points,

|0 1 3 5
yi|l 2 6 7

find a polynomial in Lagrange form to interpolate these data.

Solution: The interpolating polynomial in the Lagrange form is
Pg(:C) = LD(LL’) + 214 (SL‘) + 6L2(SU) + 7L3($) with

Liw) = po—ae—g =15 -3 -5)
L) = gy ~ 5 e

L) = o= - e
L) = g1y - 57 e
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Question

What's the error involved in approximating f(x) by the interpolating
polynomial P(x)?

Theorem

Suppose
Q =xo,...,x, are distinct numbers in [a,b],
Q f € C™a,bl.

Then, Vz € [a,b], 3 {(x) € (a,b) such that

T (E()

il @ r)E o) (@ o).

f(@) = P(a)+

()

v

Proof: If z = zy, for any k = 0,1,...,n, then f(zx) = P(zx) and (2) is

satisfied.
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If x # xp, for all k =0,1,...,n, define

Since f € C""1[a,b] and P € C*[a,b], it follows that g € C""[a, b].
Since

glex) = [f(a) = P] = [f(w) - POI[] T =0
and
9(z) = [f(@) = P@)] - [f(2) - P[] ;= =0,
it implies that g is zero at x, xg, x1,...,x,. By the Generalized Rolle's

Theorem, 3 £ € (a,b) such that ¢g"*1(¢) = 0. That is

Wei-Cheng Wang (NTHU) Interpol. & Poly. Approx. Fall 2020 13 / 65



0 = g™ (3)

(n+1) (n+1) d I (=)
Fr () = POV — [f(w) — P@)] 2oy ([ -
| »

g (T — @)

Since deg(P) < n, it implies that P("*t1)(£) = 0. On the other hand,
[Tt — ) /(x — ;)] is a polynomial of degree (n + 1), so

o (= 1 .
H ((a: _a;)) = [Hn = x)] "1 4+ (lower-degree terms in t),
=0 ® i=0 i

and

" t—z) | (n+ 1)
din+1 [H (z — xz)] o [Tl —xi)

1=0
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Equation (3) becomes

0 = ) = [f(2) — Pla)) gt
B FmE) .
f@) = P@)+ T O(w—aa)
Example

© Goal: Prepare a table for the function f(z) = e® for z € [0, 1].

Q@ zj1—zj=hforj=0,1,...,n—1.

© What should A be for linear interpolation to give an absolute error of

at most 10767
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Suppose = € [z, x;41]. Equation (2) implies that

(2
7@~ P@)| = ‘f S o )@~ 2340)
— w| _ || . |
= o1 1%~ Tillz =z

65 . .
= glw — jhllz — (j + 1)h]

(max ef) ( max |z — jh|lz — (j + 1)h|)

56[0,1] xjﬁxgx]qu

N N =

T Se<Tj4

( max |z — jhllz — (j + 1)h|> .
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Let

g(x) = (x — jh)(z — (j + 1)h), for jh <z < (j+1)h.

o@) =g ((5+1)n)] =2
L dax g@l =g ((J+5)h) =T

Consequently,

Then

which implies that
h<1.72 x 1073.

Since n = (1 — 0)/h must be an integer, one logical choice for the step
size is h = 0.001. O
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Difficulty for the Lagrange interpolation
© If more data points are added to the interpolation problem, all the
cardinal functions L;, have to be recalculated.

@ We shall now derive the interpolating polynomials in a manner that
uses the previous calculations to greater advantage.

Definition
@ f is a function defined at xg, x1, ..., %y
@ Suppose that mq,mo, ..., my are k distinct integers with 0 < m; <n
for each 1.

The Lagrange polynomial that interpolates f at the k points
Ty Ty - - - s Ty, 1S denoted Py o m, (T).

Wei-Cheng Wang (NTHU) Fall 2020 18 / 65



Theorem

Let f be defined at distinct points xg,z1,...,xE, and 0 <1i,j <k, i # j.

Then

(z — ;) (z — i)
P(z)=+——5P1,. j-1,+1,..k&) — -~ Po,.i-1,i+1,. k(T
( ) xz _x]) sdyees] 7.7+ jeany ( ) (xz _:,U]) sdyeey? 7/L+ PEEED) ( )
where P(x) = Py 1, k() describes the k-th Lagrange polynomial that
interpolates f at the k + 1 points xg, X1, ..., ZTk.

Proof: Since

deg(Po1,...j—1,4+1,.k) <k —1
and
deg(Po1,. i—1,i41,..k) < k—1,
it implies that deg(P) < k. If 0 <r <k and r # ¢, j, then
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P(z,) = EZ — Z)) By, j-1541,.. k(2r) — %Po,lwi_l,prlwk(a:r)
— T (e - 22 flar) = o).

Moreover

P(z;) = MPM —1,j+1 k(l“)—wpm i—1,i+1,..., k(%)

e (xi_xj) 1y =1,3+1,..., L (xi_xj) Ayeyi—1441,.., i

= f(z:)

and

P(zj) = %P&l,...,j—l,j—‘rl,m,k(mj) - %PO,LMJ—LHLM,I@(fﬂj)
= f(z)).

Therefore P(z) agrees with f at all points xg, z1,...,2k. By the
uniqueness theorem, P(x) is the k-th Lagrange polynomial that
interpolates f at the k + 1 points xg, x1,..., %k, i.e., P= FPy1. k- ]

gLy
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Neville's method

The theorem implies that the Lagrange interpolating polynomial can be
generated recursively. The procedure is called the Neville's method.

© Denote
Qi = PFijij+1,. . i—14
@ Hence Q;;, 0 < j <1, denotes the interpolating polynomial of degree
J on the j +1 points T, Ti—jy1, ..., Ti—1, ;.
© The polynomials can be computed in a manner as shown in the
following table.

zo | Po= Qoo

z | P = Ql,o Po,l = Q1,1

Ty | Po=Q20 Pi2=Q21 Fi12=0Q22

23 | Ps=Q30 FPaz=0Q31 Pia3=0Q32 Fyi23=0Q33

Ty | PA=Quo P34=Q41 P34=Q42 Pr234=0Qs3 Po1234=Q4.
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Neville's Method
Step 0 INPUT ($0, P()), oo0 o (xn,Pn) Set Q0,0 =Py, - 7Qn,0 =P,
Stepl. Fori=1,2,---,n
For ¢ =1,2,---,i
Qio (z—mi0)Qie—1—(x—2:)Qi—1,0-1

Ti—Ti—2
End ¢
End ¢
Step 2. OUTPUT Q,,.,, STOP.
zo | Po = Qoo

z1 | PL=0Q10 FPo1=0Q1,1

T | P = QQ,O P1,2 = Q2,1 P0,1,2 = Qz,z

23 | Pa=Q30 P3=0Q31 Pias=Q32 Foi23=033

Ty | Ppb=Quo P34=Qu1 Po3a=Qu2 Pr234=Qu3z FPoi1234= Q4.

(x — 1) Py(x) — (x — z9) P1(x)

Poai(z) = gk |
Pio(z) = (x_xz)Pl(Z :Ecz_xl)Pz(a:),
Poiz(z) = e- xQ)PO’l(Z - (;; — 20) Py o(x) o
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Example

Compute approximate value of f(1.5) by using the following data:

x f(z)
1.0 0.7651977
1.3 0.6200860
1.6 0.4554022
1.9 0.2818186
2.2 0.1103623
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© The first-degree approximation:

(= 20)Q1,0 — (z — 21)Qop

Q11(15) = o2
1.5 — 1. —(15-1.
- B O)ijg_ij 3)Q00 _ ) 5933449,
Q@21(1.5) = = xl)Qi’z : 3(:17 — 72)Q1,0
1.5 — 1. —(15-1.
- & 3)ij§_§_35 6)Qu0 _ 5109968,
Qsa(15) = = @)Qiz - z — 3)Qa0
1.5 — 1. —(15-1.
- L G)ijg_iﬁf’ 9€20 _ 5139634
Qui(15) = &= ”33)@;2 - g — 24)Qs0
1.5 — 1. —(15-22
- & Q)Qﬁ_’g - 5.95 )@30 _ ¢ 5104270.
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@ The second-degree approximation:

(x —21)Q2,1 — (x — 22)Q11

Q22(1.5) = .
15— 1. —(15—1.
- & 3)fo€1~, - §.35 6)Qu1 _ 5194715,
Q32(1.5) = & 902)@:;,; : ;5’27 —23)Q21
15— 1. —(15—1.
- & 6)fo§ - 5_65 9Q21 _ 5119857,
Quafrs) = T o n)Gu
15— 1.9)Qqq — (1.5 — 2.2
- ! )Q;f; - §_9 J@1 _ ) 5137361,
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i f(z) 1st-deg 2nd-deg 3rd-deg 4th-deg
1.0 | 0.7651977

1.3 | 0.6200860 0.5233449

1.6 | 0.4554022 0.5102968 0.5124715

1.9 | 0.2818186 0.5132634 0.5112857 0.5118127

2.2 | 0.1103623 0.5104270 0.5137361 0.5118302 0.5118200

Table : Results of the higher-degree approximations

az f(x) 1st-deg 2nd-deg 3rd-deg 4th-deg 5th-deg
1.0 | 0.7651977

1.3 | 0.6200860  0.5233449

1.6 | 0.4554022  0.5102968 0.5124715

1.9 | 0.2818186  0.5132634 0.5112857 0.5118127

2.2 | 0.1103623  0.5104270 0.5137361 0.5118302 0.5118200

2.5 | —0.0483838 0.4807699 0.5301984 0.5119070 0.5118430 0.511827"

Table : Results of adding (x5, f(x5))
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What is a spline?
What s a th‘ne.f\ 4

vsed 1w :"ﬂr (wibdl’ua .

/. f*omyené
oink cons trant

covstr aint
" lwt evypo boki ng " the constraldd;

Spline (in mathematics): ‘Smooth’ Piecewise Polynomial Interpolation.
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Why use a Spline?

Interpolation with a single Lagrange polynomial: Runge Phenomena.

Figure 3.13

f)

— o L

123 4 5/6 7 8,9-10111
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Polynomial Vs. Piecewise Polynomial Interpolation

@ The previous sections concern the approximation of an arbitrary
function on a closed interval by a polynomial. However, the
oscillatory nature of high-degree polynomials restricts their use.

@ Piecewise polynomial interpolation: divide the interval into a
collection of sub-intervals and construct different approximation on
each sub-interval.

@ The simplest piecewise polynomial approximation is piecewise linear
interpolation.

@ A disadvantage of linear function approximation is that the
interpolating function is not smooth at each of the endpoints of the
subintervals. It is often required that the approximating function is
continuously differentiable.

@ An alternative procedure is to use a piecewise polynomial of Hermite
type. However, to use Hermite piecewise polynomials for general
interpolation, we need to know the derivatives of the function being
approximated, which is frequently not available.
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Cubic spline interpolation

@ The most common piecewise-polynomial use cubic polynomials
between successive pairs of nodes, called cubic spline interpolation.

Definition
Given a function f defined on [a,b], and a set of nodes

a=1x9<x1 <--+<x, =Db, a cubic spline interpolation S for f is a
function that satisfies the following conditions:

(a) S'is a cubic polynomial, denoted S;(x), on [z}, x;11] for each
7=0,1,...,n—1;

(b) Sj(xj) = f(x) and5'(96j+1)Zf(ijH)Vj:O,l,---,n—l;

() Sjt1(zjp1) = Si(zj41)Vi=0,1,...,n =2

(d) ]+1($]+1) (33]+1)V] —0,1,...7 =%

(e) ]+1(xj+1) ($]+1)V J=0 1o — 4

(f) One of the foIIowmg sets of boundary conditions is satisfied:

(i) S”(x0) = S"(xn) = 0 (free or natural boundary);
(ii) S’(zg) = f'(zo) and S'(z,) = f'(zn) (clamped boundary).
Fall 2020 30 / 65
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Construction of cubic spline interpolation

Remark

In general, clamped boundary conditions lead to more accurate
approximations since they include more information about the function.

On interval [z, z;11], we have
Si(z) = a; +bj(x — x;) + ¢j(x — z;)® +dj(z —z;)3,Vi=0,1,...,n— 1.
Also define

/
an = Sn-1(Tn), bn=S,_1(Tn), cn= ;L;(ajn)a
We have
a; = Sj(z;) = Sj—1(zj), j=0,--+ ,n—1, an = Sn_1(zn)
Denote h; = 211 —x;,V j=0,1,...,n—1. Then
aj41 = a; + bjhj + c;hi + d;h3, j=0,1,...,n— 1L (4)
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Since
S;(l’) =b; + 2¢j(x — zj) + 3d;(x — azj)2,
it follows that
bj :S;-(."L‘j), Vj:O,l,...,n—l.

Since S} 1 (zj+1) = Sj(xj+1), 5=0,1,...,n =2, b, = S} _;(zn), we
have

bjy1 = bj + 2c;h; +3d;h3, Vji=0,1,...,n— L (5)

. . S (an
Since 87,1 (zj11) = S} (zj41), 5=0,1,...,n =2, ¢, = = 12(1 ), we have

Cj+1 =Cj+3djhj, Vi=01,....,n—1.
Hence

Qall — &
dj=-"—2 j=01,...,n—1.
J 3hj > J 07 9 , (6)
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Substituting d; in (6) into (4) and (5), it follows that

aj+1:aj+bjhj+§(20j+cj+1), j=0,1,....,n—1, (7)
and
bjit1 =bj+hj(c; +¢cjy1), j=0,1,...,n—1, (8)
or
bj=bj_1+hj_1(cj-1+¢), j=1,...,n (9)

Eq. (7) implies that

1 h; .
bj:E(aj+1—aj)_§](2cj+cj+1), 7=0,1,....n—1, (10)
J
or
1 i .
bj_l = 3 (aj = aj_l) = ]3 ! (2Cj_1 + Cj), j=1,...,n. (11)
j—1
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Substituting (10) and (11) into (9) for j =1,...,n — 1, we get

3(a;r1 —a; 3(a; —a;_
hj_1cj—1 +2(hj_1 +hj)Cj + hjci1 = ( ﬁ}; J) = ( jh- 1j 1).(12)
J J—

forj=1,2,...,n—1.

Theorem (Natural boundary condition)

If f is defined ata = xp < x1 < --- < x, = b, then f has a unique natural
spline interpolant S on the nodes xg, x1,...,x, that satisfies
S"(a) = S"(b) = 0.

Proof: The boundary conditions imply that

cn = S(zn)/2=0,
0 = S”(l’o) = 2¢y + 6d0($0 — LL‘()) = co = 0.
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Substituting ¢y = ¢, = 0 into (12), it produces a linear system Az = b,
where Ais an (n+ 1) x (n + 1) matrix

[ 1 0
ho 2(h0 aF h1) h1
h 2(h1 + h h
4 - 1 ( 1. 2) | 2 |
hn72 Q(han + hnfl) hnfl
. O 1 -
_ 0 i
C
;%(02 — a1) — 55(a1 — ao) 0(1)
b = : , T=| .
oty — 1) — (a1 — 6y _3) .
i 0 ] n

Eliminating ¢y and ¢, results in a new equivalent (n — 1) x (n — 1) for the
unknowns c1,...,Cnp_1.
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The new equivalent (n — 1) x (n — 1) linear system: A% = b, where

2<h0 aF hl) hi
h1 Q(hq +>h2) ho
hn—3 2(hn—3 + hn_2) hp—2
L hn—Q Z(hn—2'+'hn—1)
[ i (ag — a1) — (a1 — ao) c1
B = 9 i’ —
L h;il(a” _'an—l)'_ Ei%g(an—d,_'an—Z) Cn—1

The matrix A is symm metric and strictly positive definite:

n—2 n—2
#T A% =2hoc} + ) hi(d+ )+ D hile + ¢41)? + 2hn1ch
j=1 3=1
It is not difficult to see that #7 Az = (&, /NL’E>~> 0 as long as & # 0. Thus
A is nonsingular and the linear system A% = b has a unique solution
F=(c1,...,cn1)?. O
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Theorem (Clamped boundary condition)

If f is defined at a = xo < x1 < --- < x, = b and differentiable at a and
b, then f has a unique clamped spline interpolant S on the nodes
Zg,x1,. .., T, that satisfies S'(a) = f'(a) and S'(b) = f'(b).

Proof. Since f'(a) = S'(a) = S'(z0) = bo, Eq. (10) with j = 0 implies

f(a) = hio(al —ag) — %(200 +c1).

Consequently,
3 /
2hoco + hocy = h—o(al —ag) — 3f'(a).
Similarly,

fl(b) = bn = bn—l + hn—l(cn—l + Cn)’
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so Eq. (10) with j = n — 1 implies that

Qp — Gy Ry
z n-l nl (QCnfl = Cn) aF hnfl(cnfl aF Cn)

!
b) = -
ap — Qp— Ry
= St 3 H(enm1+260),

and

W 11 A Py 1, = 3f/(b) -
hn—l
Eq. (12) together with the equations

3
2hgco + hocy = h—o(al - QO) - Sf/(a)

and
3

e 11C 1) - Aty = 3f,(b) - h
n—1
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determine the linear system Ax = b, where

i 2hg ho T
hO 2(h0 ar hl) hl
h 2(h1 + h h
A = 1 ( 1. 2) | 2
Wi 2llfipes 4= =)l i
L hnf]_ 2hn71 |
[ 2 (a1 — ag) = 3f'(a)
3 0 3 Co
h—l(az —ay) — h_o(al — ap) .
b = : Ca= |
= (an — an—1) — 7= (an—1 — 65_3) C.n
3f'(b) — %(an — ap-1) i

The linear system Az = b has a unique solution x = (cg, c1, .. .,c,)T since
A is symmetric and poiitively definite:
g

n—1
wT Az = hi(d + i) + ) hile + 1) O
j=1 =0
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Appendix: Solving tridiagonal linear system

A tridiagonal linear system is solved most efficiently by Gauss elimination,
or equivalently the following LU decomposition. We seek to decompose A

into the form

i 1 U192
1 u23

lom - Un—1n

gn,n—l 1

The existence of such decomposition follows from comparing the matrices
on both sides. That is, we try to find £'s and u’s from

a1l
Qg i—1
(o

Qi i+1

gll’
lii—1, fori=2,3,...,n,
bii1wi—1;+ by, fori=2,3,...,n,

fn'ui’lurl, fori:1,2,...,n—1.
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Thus the entries in L and U can be solved systematically as follows.

First, we have

Then, fori=2,..

0y = a1, w2 = aiz/l.

.,n — 1, we can solve the £'s and u's by

i1 = @i,
i = ay— iz 1uia;,
Wl — @Y
Finally,
gn,n—l Gnn—1,
Enn = Qnpp — en,n—l“n—l,n-
i 2020
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Forward substitution

Given the decomposition A = LU, the linear system Az = LUz = b can

be solved in two steps.
Step 1: Solve y from Ly = b:

(

iy = b,
lo1y1 + la2y2 = b,
= .
\ En,n—lyn—l +LlnyYn = bn.
(y1 = b/,
y2 = (b2 — loryr)/laa,
= .
L Yn = (bn_fn,n—lyn—l)/fnn‘

N {yl = b1/,

Yi = (bz — &'72'_1:1,/1‘_1)/&2', for i = 2, 500 g o
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Back substitution

Step 2: Solve = from Uz = y:

,

T1+ U2 = Y1,
=
Tpn—1+ Un—1,nTn = Yn-—1,
\ In = Yn,
,
In = Yn,
Tn—-1 = Yn—1 — Un—1nTn,
=
(21 = Y1 — U122,
= In = Yn,
Ti = Y— Uit1Ti41, fori=n—1,...,1
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Appendix: Divided Differences

@ Neville's method: generate successively higher-degree polynomial
approximations at a specific point.

@ Divided-difference methods: successively generate the polynomials
themselves.

Suppose that P, () is the nth Lagrange polynomial that agrees with f at
distinct xg, x1,...,x,. Express P,(x) in the form

P.,(z) = ao+ai(x—z9)+ az(x —xzo)(x —x1) + -

+an(x —x0)(x —x1) -+ (T — Tp—1)-

@ Determine constant ag:

ap = Pp(zo) = f(xo)
@ Determine ay:

f(@o) + a1(z1 — 20) = Po(z1) = f(z1) = a1 = W.

Wei-Cheng Wang (NTHU) Interpol. & Poly. Approx. Fall 2020 44 / 65



@ The zero divided difference of the function f with respect to z;:

flzi] = f(xi)

@ The first divided difference of f with respect to x; and z;11 is
denoted and defined as

f[xz‘, l‘z’+1] = ‘f[m;:rll] : i;[%]

@ The second divided difference of f is defined as

e ) = e, $i+1].

flzi, Tip1, Tiga) =

Tit2 — Tj
@ The k-th divided difference relative to x;, x;11, ..., %;1% is given by
STt Tivas - Tivk] = fIZ0 ik, - Bigk—1]
flzis Tiv1, - Tik] =
Litk — T4
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As might be expected from the evaluation of ag, a1, ...,a, in P,(z), the
required coefficients are given by

ak::f[w(),flfl,---,.’fk], k:O,l,...,n.

Therefore P,,(x) can be expressed as

Py(z) = flzo] + Y flxo, x1, - ., k) (z — x0)(m — 71) -+ - (T — ).

k=1
This formula is known as the Newton’s divided-difference formula.

zi | k=0 k=1 k=2 k=3
zo | flwo]

> flzo,z1]
z1 | flzi] > flxo, w1, 2]

> flz1, zo] > flzo, 1, T2, 23]
x| flzo] > flo, 22, 23]

> flze, z3]
w3 | flas]

Table : Dependency diagram of Newton's divided differences.
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Newton's Divided Difference
Step 0 INPUT (35073/0)7 ey (:Cn?y’n) Set FO,O = Yo, aFn,O = Yn-
Stepl. Fori=1,2,---.,n
Fork=1,2,--- 1

Fyj = “SAolmlhol (B = flog g,ccc 2
End &
End ¢
Step 2. OUTPUT F()}o,Fl’l, oo aFn,n (E,z = f[:l?o, <. ,{L‘i]), STOP.

z; | k=0 k=1 k=2 k=3
zo | flzo]

> .”»I'HAJ'I}
z1 | flz1] > flxo, w1, 2]

> flz1, zo] > flwo, 21, x2, 23]
za | flza] > floy, w2, 23]

> flxa, 3]
z3 | flzs]

Table : Divided differences generated from left to right, then from top to bottom.
Red: ¢ = 0; green: ¢ = 1; blue: ¢ = 2; black: ¢ = 3.
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Newton's Divided Difference (Storage Saving Version)

Step 0 INPUT (350,3/0)7' o 7($n7yn)' Set FO = Y0, 7F7‘L = Yn-

Stepl. Fork=1,2,---,n

Fori=n,n—1,--- .k
F « 228 (), = Duofione)
End ¢
End k
Step 2. OUTPUT Fy, Fy,--- , Fy (Fl = f[x(), °00 ,xi]), STOP.
z;, | k=0 k=1 k=2 k=3
zo | flzo]
> flzo, z1]
zy | flz1] > flwo, 1, 2]
> flz1, 2] > flzo, 1, T2, 23]
x| flzo] > flo, 22, 23]
> flza, z3]
w3 | flos]

Table : Divided differences generated from bottom to top, then from left to right.
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Example
Given the following 4 points (n = 3)

| 0
|1

find a polynomial of degree 3 in Newton's form to interpolate these data.
v

Z; 1 3 5

Solution:

zi | k=0 k=1 k=2 k=3
0 1

> 1
1| 2 > 3

> 2 > -1
3] 6 > -3

>3
5 7

1 17
Therefore, P(x) =1+ + ga:(x —-1)— mm(m —1)(xz —3).

1
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Theorem (14)

Suppose f € C™[a,b] and g, x1,...,xz, are distinct numbers in [a, b].

Then there exists £ € (a,b) such that

™)

n!

f[waTl:---axn] -

Proof: Define

9(@) = f(z) — Pa(w).
Since P, (x;) = f(x;) for i =0,1,...,n, g has n+ 1 distinct zeros in
[a,b]. By the generalized Rolle’s Theorem, 3 £ € (a, b) such that

0= g™ () = r™( - P (¢).

Note that
P (z) = nlf[zo, x1,. . ., 2n)-
As a consequence )
n
oo,z ra) = ),
Fall 2020
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€Ty — L
h n 0

= Ti+1 — Ty, i:O,l,...,n—l.
n

Then each z; = zo +ih, i =0,1,...,n. For any = € [a, b], write
x = xo + sh, s € R.

Hence © — z; = (s —i)h and

P.(x) = flzol+ > flzo,x1,...,2k](x —xo)(z —21) -+ (& — 2p—1)

= f(xo)+ flzo, z1, ..., xk](s —0)h(s—1)h--- (s —k+ 1)h

M- I I

= f(=zo) + f[xo,xl,...,:rk]s(s—1)---(3—k+1)hk

e
Il
—

M=

= f(mo) + f[mg,ml,...,xk]k!(]i)hk, (13)

B
Il

1
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@ The binomial formula

s(s—=1)---(s—k+1)
k!

@ The forward difference notation A

Af(xi) = f(xiy1) — f(xi)

and fort =0,1,...,n—1,

AR f(z) = AR f(201) — AP f(2) = A (Ak_lf(xi)> .

@ With this notation,
f[CC(), xl]

f[x()a T, $2]

Wei-Cheng Wang (NTHU) Interpol. & Poly. Approx.

flz1) = flxo) 1

= EAf(%)
1 — X0
flz1, x2] — flxo, 1]
To — X
FOf(x1) = gAFf(x0) 1
h I 2hh Zo _ WAQf(-TO)7
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@ In general

flzo,x1,...,xk] = k'hkA’ff(mo)

@ The Newton forward-difference formula:

Po(z) = f(xo +Z<)Akf$o)

@ If x is close to xq, the first few terms in the above summation also
gives good lower degree interpolating polynomials.
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@ In case x is close to x,,, we could rearrange interpolation nodes as
Ty Ty« - - TO:
Po(z) = flzn] + flon, Tn-1](z — 2n)
+flTn, Tn_1,Tn_2](x — 2p) (T — Tp_1) + - -
+flTn, ... xo)(z — zp)(x — Tp—1) - - (z — 21).
o If the nodes are equally spaced with
Ty — X0

h= , x; = xp — (n—10)h, T = x, + sh,
n

n

Pu(z) = fleal+ > flonTn1,. 2o glsh(s + Dh--- (s + &k —1)
k=1

= Jan) + 3 flomns, a0 )

k=1
@ The first few terms in the above summation gives good lower degree
approximation for x near x,.
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@ Binomial formula:

—s —s(—=s—1)---(—s—k+1 s(s+1)---(s+k—-1
(77) - =izt ) _ plet ) )

@ Backward-difference:
VEf(a:) = VU f(23) = VI (i) = V (Vk_lf(%’z‘)) :
then
7l | = 2Vf(za), Sl | = V2 f ()
Tny Tp—1| = h Tn), Tny, Tn—1,TLn—-2] = 2h2 Tn ),
and, in general,
1
flZn; Tn-1,-- s Tn—k] = vaf(xn)'
@ Newton backward-difference formula:

Poo) = flan) + Y17 VA
k=1
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Appendix: Hermite Interpolation

Given n + 1 data points g < 1 < - -+ < xp, and

v = f (o) =) e =S
w!=rf (o) W =F@) - e =)
y5™) = Fm)(zg) ™) = f () oo i = ) (3,)
t . 1
mg + 1 conditions m; + 1 conditions --- m, + 1 conditions
for some function f € C™[a,b], where m = max{mg, m1,...,my}.
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@ Determine a polynomial P of degree at most IV, where

N = <Z: mz) +n, (14)

to satisfy the following interpolation conditions:
PP @) =y® k=0,1,...m;, i=0,1,....,n.  (15)

o If n =0, then P is the moth Taylor polynomial for f at xg.

@ If m; = 0 for each 4, then P is the nth Lagrange polynomial
interpolating f on xq, ..., x,.

@ If m; =1 for each i, then P is called the Hermite polynomial.
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Theorem

If f € C'a,b] and xg, ..., =, € [a,b] are distinct, then the polynomial of
least degree agreeing with f and f’ at xq,...,x, is unique and is given by

Hont1(z) =Y f(aj)Hnj(z) + Y £ (@) Hnj(@),
j=0 J=0

where
Hoj(x) = [1 = 2(z — z5) L, ;(2;)] L2 ;(2), Haj(z) = (& — 2;)L2 ;(2),
and

(o= 20)- (@ = 35-1)(@ = 531) - (o = 70)

Ly j(z) = (z; — @0) - (T — &5_1)(Tj — Tj11) - (Tj — Tn)

Moreover, if f € C?"*2[a,b], then 3 £(x) € [a,b] s.t.

z—x0)% - (x — )2
(@) = Hanpa (@) + S ) o g ),
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Proof:

The representation

n n

Hopyr(z) = f(z)Hj(@) + Y f(2)Hn (@),

=0 =0
suggests that it suffices to construct H,, ;(x) and H, ;(x) with

{ Hy j(x;) = 1

H., (z;) =0 " Hyj(z:) = H j(z) =0 ifi#3j,

and

{ I:In,j(xj) =0 7 f{n,j(mi) — Iif{m(a:i) =0 ifi#j,

It is easy to see that deg H,,; < 2n + 1 and deg H,, j < 2n + 1.
Since deg L7, ; = 2n and

2 2 . .
Ln,j('ri) = (Ln,j) (xl) = 0,for i # j
We can simply seek for H,, j(x) and H,_;j(x) of the form
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The coefficients a, b and @, b can be easily solved from the conditions
Hmj(:ci) = 1, H;hj(a;i) = 0,

and

A ~

Hnyj(%-) = O, Hl (l‘l) = 1,

n’j

respectively. O
Proof of uniqueness:

@ Since deg(P) < 2n + 1, write
P(z) = ap + a1 + - - + agpp1 22"t

@ 2n + 2 coefficients, ag, ay,...,a2,+1, to be determined and 2n + 2
conditions given

P(x;) = f(z;), P'(z;)= f(z;), fori=0,...,n.

= 2n + 2 linear equations in 2n + 2 unknowns to solve
= show that the coefficient matrix A of this system is nonsingular.
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@ To prove A is nonsingular, it suffices to prove that Au = 0 has only
the trivial solution v = 0.

o Au =0 iff
P(z;) =0, P(x;)=0, fori=0,...,n.

= P is a multiple of the polynomial given by
n
H (x — .172
=0

@ However, deg(q) = 2n + 2 whereas P has degree at most V.
@ Therefore, P(x) =0, i.e. u=0.

@ That is, A is nonsingular, and the Hermite interpolation problem has
a unique solution. O
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Divided Difference Method for Hermite Interpolation
Given the 2n + 2 condition pairs

(x(]a f(x()))a ($07 f/(x(]))7 (xla f(.Tl)), ($17 f/(xl))a Tty (xnv f(xn))y (.'L'n, fl(m’n
Rename the z-coordinates as zg, 21, - - - , Zop+1, Where
20 =21 = X0,72 = 23 = X1, ,22n+1 = 22n4+2 = T

Note that 29 < 21 < - < zpn. If z; were distinct, then the unique
Hermite interpolating polynomial in Newton's form is given by

2n+2

Hypiq(2) Z flz0, 215 -y zi)(x — 20)(x — 21) -+ - (T — 2k—1).

When k > 2, z; # 2+, the k-th divided difference is well defined:

f[zl+17 Zi425 oy Zi-‘rk] - f[zia V7 P 7Zi+k—1]

Zis %4 000
f[ 1y “i+1) H—k] Zith — %
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However the first divided-difference formula has to be modified since
Z29; = Z9i+1 = I for each 7. Let

G
22 = Xy, 22i+1 =I; + €.

and let ¢ — 0. Formally, it suffices to replace the first divided differences
by

flz2i, 22i41] := lg% flz2i, Z§¢+1] = f/(z2i) = f’(ﬂ%)
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z f(2)
20 = To flzo] = f(z0)
flzo, 28] = flz1]=flz0]
’ Ziizo € €
2 = zo+e | flz5] = F(25) flzo, 25, 29] = Lzl flz0n
Fl25, 2] = flz2]—flz1]
’ S g
29 = 11 flz2] = f(z1) flzf, 22, 28] = —f[zz’zjgiﬁf[z“zi
flzo, 28] = flzg]—flz2]
’ #3722 . (
% =mite | fle4) = f(5) Flea, 25 2a] = HEfizns
Fl25, 24] = flzal—flz5]
’ 24725 € €
24 = Ty flza] = f(z2) fl25, 24, 28] = #f[“’ig:%[z —
flza, 28] = ﬁ“—f[zzg:ﬁ“]
25 = zate | flz5] = f(25)
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As € = 0, 2f — z1 :=zo, f[2]] = f(z0), flz0,2{] = flz0,21] := f'(z0),

etc.
z f(2)

20 = o | flz0] = f(w0)
flzo, 1] = f'(wo)

21 =0 | fla] = f(=o) flzo0, 21, 22) = —f[zhzjj:QZmM]
flo, o) = LE2l=fla

=1 | flea] = f(z1) flz1, 22, 23] = —f[zzyzi:i”l[zwz]
flz2, 23] = f'(z1)

z3 =1 | fles] = f(z1) flz2, 23, 24] = —f[ZS’Z;j:QZMS]
fles, za] = LEel=flzl

24 =2 | flza] = f(=2) flzs, 24, 23] = —f[zhz;g:i”izavm]
flza, 2] = f'(x2)

z5 =22 | flzs] = f(x2)

Hopi1(x) = flzo] + Z flz0,21,. ..

2n+2

k=1

yzp)(x — z0)(x — 21) -+ - (T — 2p—1).
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