21.

22,

i 23.

24,
23,

1.2 Round-off Errors and Computer Arithmetic 27

Suppose two points (xp, ¥p) and (x;, y;) are on a strai ghtline with y; # y. Two formulas are available
to find the x-intercept of the line:

L) Sk b B —p— (x1 — x0)yo

Y1— Yo ¥1— Yo

X

a.  Show that both formulas are algebraically correct.

b.  Use the data (xq, yo) = (1.31,3.24) and (x;, ¥1) = (1.93, 4.76) and three-digit rounding arith-
metic to compute the x-intercept both ways. Which methed is better, and why?

The Taylor polynomial of degree n for f(x) == e is 37 (xi/i1). Use the Taylor polynomial of degree
nime and three-digit chopping arithmetic to find an approximation to e~* by each of the following
methods,

9 ; 9 -
A A
e e.Mou i I.Mm, i

b. nlmHHR 1

P

Nu MV.“O wl_

€. An approximate value of =3 correct to three digits is 6.74 % 1073, Which formula, {(a) or (b),
gives the most accuracy, and why?

The two-by-two linear system

ax+by=e,
cx +dy = f,

where a, b, ¢, d, e, f are given, can be solved for x and y as follows:

setm = m. provided a # 0;
a

dy=d —mb;
h=Ff—me

N
E &—.u

_fe—by)
X =

a

Solve the following linear systems using four-digit rounding arithmetic,

2, 1.130x — 6,990y = 14.20 b.  8.110x + 1220y = —0.1370
1.013x — 6.099y = 14.22 —18.11x + 112.2y = —0.1376

Repeat Exercise 23 using four-digit chopping arithmetic.

a.  Show that the polynomial nesting technique described in Example 6 can also be applied to the
evaluation of

F) =1.01e" — 4.62¢™ —3.116% 4+ 12.2¢5 — 1.99,

b, Use three-digit rounding arithmetic, the assumption that e153 = 4.62, and the fact that e™ —
{¢%)" to evaluate £(1.53) as given in part (a).
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The number e can be defined by e = Mumwcﬁ\:c. wheren! =n(n—1)---2-1forn #0and 0!l = 1.
Compute the absolute error and relative error in the following approximations of e:
5 10
1 1
b. —

n 1
n=0 n n=0 n

a.
Let

xcosx — sinx
f)=——.

x —sinx

a.  Find lim,_,o f(x).
b.  Use four-digit rounding arithmetic to evaluate f(0.1).
€. Replace each trigonometric function with its third Maclaurin polynomial and repeat part (b).

d. The actual value is f(0.1) = —1.99899998. Find the relative error for the values obtained in
paxts (b) and (c).

Let

X N|H

F =2

X

a. Findlim,_,p{e® — e ™ )/x.

h.  Use three-digit rounding arithmetic to evaluate f({0.1).

¢.  Replace each exponential function with its third Maclaurin polynomial and repeat part (b).

d. The actual value is f(0.1) = 2.003335000. Find the relative error for the values obtained in
parts (b) and (c).

Use four-digit rounding arithmetic and the formulas (1.1), (1.2), and (1.3) to find the most accurate
approximations to the roots of the following quadratic equations. Compute the absolute errors and
relative errors.

1, 1231

.ooxt— x4 - =0

a ua AH._-a
1, 123 1

b. WH xTHH.IWl

¢ 1.002x2 - 11.01x 4 0.01265 =0
d.  1.002x2 + 11.01x 4+ 0.01265 = 0

Use four-digit rounding arithmetic and the formulas (1.1), (1.2}, and (1.3) to find the most accurate
approximations to the roots of the following quadratic equations. Compute the absolute errors and
relative ertors.

a x*—Jix+/2=0

b. mx*+13x4+1=0

€ x*4x—e=0

d x2—+35x—2=0

Repeat Exercise 15 using four-digit chopping arithmetic.
Repeat Exercise 16 using four-digit chopping arithmetic.

Use the 64-bit-long real format to find the decimal equivalent of the following floating-point machine
numbers.

a, 010000001010 1001601106000000000000000060000000000000000000000000
b. 110000001010 1001001160000000000000000000000000000000000000000000C
¢. 001111111111 0101001100006000000030000000000000000000000000000000
d. 001111111111 0101001100000000000000000000000300000000000000000001

Find the next largest and smallest machine numbers in decimal form for the numbers given in Exer-
cise 19.
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APPLIED EXERCISES .
The opening example to this chapter described a physical experiment involving the temperature of a
g2as under pressure. In this application, we were given P = 1.00 atm, V =0.100 m®, ¥ = 0.00420 mol,
and R = 0.08206. Sclving for T in the ideal gas law gives

r_ PV _ __(1.00)0.100)

NR ~ (0.00420)(0.08206)

=280.15K = L7°C.

In the laboratory, it was found that T was 15°C under these conditions, and when the pressure wis
doubled and the volume halved, T was 19°C. Assume that the data are rounded values accorate to the

places given, and show that both laboratory figures are within the bounds of accuracy for the ideal
gas law.

THEORETICAL EXERCISES

The binomial coefficient

Ev _ m!
T T kln—k)!

describes the number of ways of choosing a subset of & objects from a set of m elements.
a.  Suppose decimal machine nambers are of the form

£0.didadzdy x 107, withl <dy <9, 0<d; <9,

ifi=2,3,4 and |n| =< 15.

What is the largest value of  for which the binomial coefficient () can be computed for all &
by the definition without causing overflow?

b.  Show that () can also be computed by

n Imﬁv m—1 m—k+1
k) \k/J\k—1 1 '
c.  What is the largest value of m for which the binomial coefficient G_V can be computed by the
formula in part (b} without causing overflow?

d.  Use the equation in (b) and four-digit chopping arithmetic to compute the number of possible
five-card hands in a 52-card deck. Compute the actual and relative errors.

Suppose that fI(y) is a k-digit rounding approximation to y. Show that

— 1
T bQo‘;mpmx:ﬁi_.
y

(Hint: I dyyy < 5, then fI(y) = O0.dida...d x 10", I dyyy > 5, then FI(y) = 0.dids ... .dy x 10" +
107% )

Let f & Cla, b] be a function whose derivative exists on (a, b). Suppose f isto cm evaluated at xp in
(a, b), but instead of noBuEwum the actual value f(xg), the approximate value, F(xp), is the actual
value of f atxg + ¢; that is, f(xp) = F(xp + €).

a.  Use the Mean Value Theorem 1.8 to estimate the absolute error | £ (xg) — f (x)! and the relative
error | f (xo) — F(xo)l/| f (xo)l, assuming £ (xp) # O.

b. ¢ =35x10"%and xy = 1, find bounds for the absolute and relative errors for
L fix)y=e¢"
il. f(x)=sinx

c.  Repeat part (b) with € = (5 x 10~%)xg and xp = 10.

L




