11.5

1. The Piecewise Linear Algorithm gives
d(z) = —0.07713274¢1(z) — 0.074426782(x).
The actual values are

y(x1) = —0.07988545 and y(z2) = —0.07712903.
2. The Piecewise Linear Algorithm gives
o(z) = —0.2552629¢1 () — 0.1633565¢2(x).

The actual values are

y(r1) = —0.24 and y(z2)= —0.16.
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11.5

3. The Piecewise Linear Algorithm gives the results in the following tables.

(a)

T #(xi) y(z:)

0.3 —-0.212333 -0.21
0.6 —0.241333 -0.24
0.9 —-0.090333 -0.09

w3,

=R =T}

i ox; @) y(xi)

3 03 0.1815138  0.1814273
0.6 0.1805502  0.1804753
9 0.9 0.05936468 0.05934303

=]

i ¢(x:) y(zi)

5 0.25 —0.3585989 —0.3585641
10 0.50 —0.5348383 —0.5347803
15 0.75 —0.4510165 —0.4509614

i I; o(x;) y(x;)

5 025 —0.1846134 —0.1845204
10 0.50 —0.2737099 —0.2735857
15 0.75 —0.2285169 —0.2284204
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11.5

4. The Cubic Spline Algorithm gives the results in the following tables.

(a)

i T d(zi) Yi

1 025 -0.0712415 —0.0712308
2 0.5 —-0.0944237 —0.0944091
3 0.75 —0.0681742 —0.0681651

iz P(x;) Yi

1 025 -0.1875 —0.1875
2 05 —0.25 —0.25
3 075 -0.1875 —0.1875
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11.5

5. The Cubic Spline Algorithm gives the results in the following tables.

(a)

T @(x;) y(x;)

3 03 -0.2100000 —-0.21
6 0.6 —0.2400000 -0.24
9 09 -0.0900000 -0.09

iz ¢(T) y(zi)

3 03 0.1814269  0.1814273
0.6 0.1804753  0.1804754
9 09 0.05934321 0.05934303

[=2]

i ¢(z:) y(x:)

5 0.25 —0.3585639 —0.3585641
10 0.50 —-0.5347779 —0.5347803
15 0.75 —-0.4509109 —0.4509614

i T o(w) y(xi)

; —0.1845191 —0.1845204
10 0.50 —-0.2735833 —0.2735857
15 0.75 —0.2284186 —0.2284204

(kg ]
ot
o
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11.5

6. With z(z) = y(z) — Bz — a(1 — z), we have
z0)=y(0)—a=a—-—a=0 and z(1)=y(l)—F=5-F=0.

Further, z'(z) = ¢'(z) — 8 + «. Thus
y(x) =z(z) +fr+a(l—z) and y'(z)=27(z)+f—a.

Substituting for y and 3 in the differential equation gives
d '
—7-(p()z” + p(2)(B — @) +4(z)(z + Bz + a1 — z)) = f(z).

Simplifying gives the differential equation

L (p(@)2) + 9@z = (@) + (5~ )P (z)  [8z + (1 - 2)]g(x).

7. Exercise 6 and the Piecewise Linear Algorithm give:

i (x) y(z:)

3 03 1.0408182 1.0408182
6 0.6 1.1065307 1.1065306
9 09 1.3065697 1.3065697

LT

8. The Cubic Spline Algorithm gives the results in the following table.

T; ¢s () y(z;)

0.3 1.0408183 1.0408182
0.5 1.1065307 1.1065301
0.9 1.3065697 1.3065697

9. A change in variable w = (z — a)/(b—a) gives the boundary value problem

_%{P((b —a)w +a)y’) + (b—a)’q((b— a)w + a)y = (b— a)’f((b— a)w +a),

where 0 < w < 1, y(0) = a, and y(1) = 8. Then Exercise 6 can be used.
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11.5

10. Ifz cidi(x) =0, for 0 < z < 1, then for any j, we have Zci‘:.f’i(-rj) =10.
i=1

i=1
But
0 ij,
‘.f’ifu’?j):{l ?_éj
i'_j:

so ¢;¢;(x;) = ¢; = 0. Hence the functions are linearly independent.

11. Suppose ¢(x) = Zn-"lq—@ﬁi(m) =0, for all z in [0, 1]. At the nodes z;,i=0,...,n+1, we have

i=0
1/4, ifi=1
@ il = '
bol:) {U, otherwise;
1, ifi=1
d1(zs) =L 1/4, ifi=2
0, otherwise;
1, fi=mn
Onlzs) =S 1/4, ifi=n—1
0, otherwise;
1/4, ifi=n
Fnt (@) = {0, otherwise;
and for j =2,3,...,n—1,
1, ifi—=j
‘1"'-5_?'(-"3‘5}: 1,/4, fi=j—lori=j+1
0, otherwise.

Thus

4 4
1 1
0 _é(IQ} - ZC]_ + o+ ZCS
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11.5

Since ¢'(0) = ¢'(1) = 0, we have

U:%CQ-I-%C]_, =50 D:3C{|+1.5C1
and
0= —l—fcn — %c,ﬂ_l, so 0=15¢, + 3cpe1.
Thus,
T3 15 0 ... ... ... ... 07
_ g (07
025 1 025 . : €1 0
0 025 1 025 : : :
025 1 025 o0 || 0
Cn 0
: 025 1 0.25| |ent1] 0]
Lo ... ... ... .. 0 15 3

which can be written as the linear system Ac = 0. The matrix A is strictly diagonally
dominant and, hence, nonsingular. So the only solution to the linear system is ¢ = 0, and

{do,¢1,...,0n, Pns1} is linearly independent.

12. Letc= (ey,...,c,)t be any vector and let ¢(z) = E?:l ¢jd;(z). Then

n n T i+1
:X_:IZ:IGEJC%CJ _221 Z @i CiCj
T 1
=Z[ [ e)eadi (@bl (o) + dle)ehla)eesios (2)) da

d
Il
—

+

[{p 2[4 + g(@)e2[B(2)]?} da
4 [ [p(@)esd (@)eisr B (z) + a(x)csde(z)cim dinn ()} d:c]
f{pz}[qs ()2 + q(@)[$()]?} de.

So c*Ac > 0 with equality only if ¢ = 0. Since A is also symmetric, A is positive definite.
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13. For ¢ = (cp,e1,---,¢n41)" and ¢(z) = Z?:ul c;d;(x), we have

1
cde= [ p@)6 @) +g(@)(e) dr
0

But p(z) > 0 and q(z)[¢(z)]? > 0, so ¢t Ac > 0, and it can be 0, for x # 0, only if ¢'(z) =0 on
[0,1]. However, {¢(, ¢}, ...,d), .} is linearly independent, so ¢'(z) # O on [0,1] and c'Ac =0
if and only if ¢ =0.
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