8.2

1. The hnear least-squares approximations are:

(a) Pi(x) = 1.833333 + 4z

(b) Pi(z) = —1.600003 + 3.600003z
(c) Pi(z) =1.140981 — 0.2958375x
(d) Py(z) = 0.1945267 + 3.000001z
(e) Pi(z)=0.6109245 + 0.09167105z
(f) Pi(z) = —1.861455 4 1.666667=

2. The linear least-squares approximations on [—1,1] are:

(a) Py(z)=3.333333 — 2z

(b) Pi(z) = 0.6000025z

(¢) Pi(z) = 0.5493063 — 0.2058375z
(d) Pi(z) = 1.175201 + 1.103639z
(e) Pi(z) = 0.4207355 + 0.4353975z
(f) Pi(z) = 0.6479184 + 0.5281226z

3. The least squares approximations of degree two are:

(a) Pa(z) =2+ 3z + 2% = f(x)

(b) Pa(z) = 0.4000163 — 2.400054z + 3.0000282>

(c) Py(z) = 1.723551 — 0.9313682z + 0.158882712
(d) Py(z) = 1.167179 + 0.082044427 + 1.4589792
(e) Pa(zx) = 0.4880058 + 0.8291830z — 0.7375119z>
(f) Py(z) = —0.9089523 + 0.6275723z + 0.2597736z2

4. The least squares approximation of degree two on [—1, 1] are:

(a) Py(z) =3 — 2z + 1.000009z>

(b) Py(z) = 0.6000025z

(¢) Py(z) = 0.4963454 — 0.2058375z + 0.158882772
(d) Py(z) = 0.9962918 + 1.103639z + 0.53672822>
(e) Py(z) = 0.4982798 + 0.4353975z — 0.2326330z2
(f) Pa(z) = 0.6947898 + 0.5281226z — 0.1406141z2
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5. The errors F for the least squares approximations in Exercise 3 are:

a) 0.3427 x 10~°
b) 0.0457142
c) 0.000358354
d) 0.0106445
)
)

——

o~ —

0.0000134621
0.0000967795

—

e

f

_—

6. The errors for the approximations in Exercise 4 are:
a) 0
b) 0.0457206

)
c) 0.00035851
d) 0.0014082
)
)

——

e

0.00575753
0.00011949

—

e

f

_—

7. The Gram-Schmidt process produces the following collections of polynomials:
(a) do(z) =1,01(x) =205, do(zx)=22—z+1, and ¢3(z) =23 —1.522+0.62—0.05

(b) ¢o(z) =1,¢1(z) =z —1, ¢o(zr)=2>—-2z+2, and ¢s(z)=12"—3z%+ Lz 2
(¢) do(x) =1,01(x) =2 -2, ¢o(z) =224z + %, and ¢a(r) =72 — 622 +11.4x — 6.8

8. The Gram-Schmidt process produces the following collections of polynomials.

(a) 3.833333¢(z) + 4.000000¢(x)
(b) 2¢o(z) + 3.6¢1(x)

(c) 0.5493061¢p0(z) — 0.2958369¢1(z)
(d) 3.19452860(z) + 3¢1(x)

(e) 0.6567600¢0(x) + 0.09167105¢,(x)
(f) 1.471878¢0(z) + 1.666667¢1(x)
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9. The least-squares polynomials of degree three are:

(a) Ps(z) = 3.833333¢0(x) + 4.000000¢1 () + 0.9999998¢s(x)

(b) Ps(x) = 2g0(x) + 3.6¢1(x) + 3p2(z) + ¢a(x)

(c) Ps(z) = 0.5493061¢0(z) — 0.2958369¢1 () + 0.1588785¢2(x) — 0.08524470¢s(z)
(d) Ps(z) = 3.1945286(z) + 3¢1(z) + 1.458960¢5(z) + 0.4787959¢5(x)

(e) Ps(z) = 0.6567600¢0(z) + 0.09167105¢1(z) — 0.73751184(z) — 0.1876952¢3(x)
(f) Piy(z) = 1.4T1878g(z) + 1.666667¢,(z) + 0.2597705¢4(x) — 0.04559611¢s(x)

10. The least-squares polynomials of degree two are:

(a) Py(z) = 3.833333¢0(z) + 461 () + 0.9999998¢(x)

(b) Pa(z) = 2¢0(x) + 3.6¢1(x) + 32 (x)

(c) Pa(z) = 0.5493061¢0(z) — 0.2958369¢1(z) + 0.1588785¢s(x)
(d) Py(z) = 3.19452860(z) + 3é1(z) + 1.458960¢(x)

(e) Py(z) = 0.6567600¢0(z) + 0.09167105¢1(x) — 0.73751218¢s(zx)
(f) Pa(z) = 1.4718780(z) + 1.6666676,(z) + 0.2597705¢4(x)

11. The Laguerre polynomials are Li(z) = z—1, Ly(z) = 22 —4z+2 and Ls(z) = z°—922+182—6.

12. The least-squares polynomials of degrees one, two, and three are:

(a
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13.

14.

Let {¢o(z),¢1(z),...,¢n(x)} be a linearly independent set of polynomials in ] . For each
i=0,1,...,n, let ¢:(z) = > p_gbriz*. Let Q(z) = > p_parz® € [[,- We want to find

constants cg. ..., c, so that
mn

Q(z) = Z cidhi ().

i=0

b n T
apr” = c; (Z bk,;:ck)
k=0 i=0 k=0
so we have both

Zﬂ:akzk = - (Z“: cibki) =¥, and Z“: aprF = zﬂ: (z“: bkicz-) z*.
k=0 k k=0 k i=0

This equation becomes

But {1,z,...,z"} is linearly independent, so, for each k =0,...,n, we have

T
E byic; = ag,
i=0

which expands to the linear system

(bo1  boz -+ bon]
bin b1z - bia o o
. . €1 a1
bnl bﬂ2 T bnn
Cn iy
This linear system must have a unique solution {eg, ¢, ..., ¢, }, or else there is a nontrivial set
of constants {cj, ¢}, ..., }, for which
bor --- bon € 0
bpi 0 bun cr 0

Thus .
codo(z) + cypr(z) + ... + chn(z) = Z'D:I:k =0,
k=0

which contradicts the linear independence of the set {¢yp, ..., ¢n}. Thus, there is a unique set
of constants {cg, ..., c,}, for which

Q(z) = cogo(z) + c1¢1(x) + ... + cadn(x).

If 35 geidi(z) =0, for all @ < = < b, then

f: (Z ci‘f’i(z]) éj(zx)w(z)dr =0, for each j=0,1,...,n.

i=0
Thus, ¢; =0, for each j =0,1,...,n.
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15.

The normal equations are

n b b

Zak/ ':Cj+kdI:/ 1! f(x)dx, foreach j=0,1,...,n.
k=0 Ve a

Let

b
bjk:ij-'-kd;E, foreach j=0,...,n, and k=0,...,n,

and let B = (b;). Further, let
t

a—(ap.....a,) and g— (f:f{:r)dz?...,]jz“f(z} ﬁ) .

Then the normal equations produce the linear system Ba = g.

To show that the normal equations have a unique solution, it suffices to show that if f =0

then a =0.If f =0, then

n b n b

Zak/ it*kdr =0, for j=0,...,n, and Zﬂjakf oItkdz =0, for j=0,...,n,
k=0 . k=0 “

and summing over j gives

n o n b
ZZ&;%/ It ds = 0.
=0 k=0 a
Thus
] 7 b n 2
fZZﬂjIjﬂkadE:D and / (Zajzj) dr = 0.

§=0 k=0 =0

Define P(z) = ap + aiz + --- + anz™. Then f; [P[:I:ll2 dr = 0 and P(z) = 0. This implies
that ag =ay =--- = a, = 0, so a = 0. Hence, the matrix B is nonsingular, and the normal
equations have a unique solution.
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