7.6

1. (a) (0.18,0.13)t
(b) (0.19,0.10)*

(¢) Gaussian elimination gives the best answer since v(?) = (0,0)! in the conjugate gradient
method.

(d) (0.13,0.21)%. There is no improvement, although v(2) #£ 0.

2. (a) (1.0,1.0)*
(b) (1.0,1.0)
(c) Both answers are the same. However, more operations are required in the conjugate
gradient method.

(d) (1.1,1.0)!. The answer is not as good due to rounding error.

(a) (1.00,—1.00,1.00)*

(b) (0.827,0.0453, —0.0357)"

(c) Partial pivoting and scaled partial pivoting also give (1.00, —1.00, 1.00)%.
(d) (0.776,0.238, —0.185)".

The residual from (3b) is (—0.0004, —0.0038,0.0037), and the residual from part (3d) is
(0.0022, —0.0038,0.0024)t. There does not appear to be much improvement, if any. Rounding
error 1s more prevalent because of the increase in the number of matrix multiplications.

4. (a) (0.9999999997, —1,1)t

(b) (0.9999991959, —1.000066419, 0.9999996693)%;
The residual is (0.11236 x 107°,0.6242 x 10~°,0.4387 x 1IJ_‘€')t

(c) Partial pivoting gives the same answer as in part (a).

(d) (1.000000364, —0.999999391, 1.000000888)¢.
The residual is (—0.10001 x 105, —0.63087 x 10—, —0.4691 x 10~€)".

There does not seem to be an improvement in this preconditioning method.

5. Two steps of the Conjugate Gradient method with C' = C~! = I give the following:

x(2) = (0.1535933456, —0.1607932117,0.5901172091)¢ and ||r® ||, = 0.221.

a

(
(

)
b) x(® = (0.9993129510,0.9642734456, 0.7784266575) and ||r®||,, = 0.144.
(c) x = (—0.7200954114, 2.515782452, —0.6788004058, —2.331943982) and [|r? [ - = 2.2.
(d) x@ = (—0.7071108901, —0.0954748881, —0.3441074093, 0.5256091497)¢ and [[r?@||. =
0.39.
(e) x@ = (0.5335968381, 0.9367588935, 1.339920949, 1.743083004, 1.743083004)¢ and ||r? || o, =
1.3.

(f) x(? = (1.022375671, 1.686451893, 1.022375671, 2.060919568, 0.8310097764, 2.060919568)*
and [|r?|| . = 1.13.
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7.6

6. Two steps of the Conjugate Gradient method with C~! = D~1/2 give the following:
(a) x@ = (0.1012813293, —0.2095507352,0.0701217891) and ||r(?||_ = 0.145

(b) x(® = (0.9993129510,0.9642734455,0.7784266577)" and |[r'?| = 0.144

)
)

(¢) x® = (—0.3365802625,2.120693189, —0.7600395580, 2.703196814)" and [r@||_ = 2.35

(d) x? = (0.5927721564, —0.3791968233, —0.02649943827,0.0197727283) and ||r(2}||mo =
0.146

(e) x(2) = (0.4414248576,0.8089276500, 1.463760200, 1.730537721, 1.895808600)* and ||r'{2) Hm =
1.06

(f) x(2 = (1.022375670, 1.686451892, 1.022375670, 2.060919568, 0.8310997753, 2.060919568)*
and ||r(2}"mo =1.13

7. The Conjugate Gradient method with C = C~! = I gives the following:

(a) x(® = (0.06185567013, —0.1958762887,0.6185567010)* and |[r® ||, = 0.4 x 1079.
x\ = (0.995T894738, 0.95T ,0.7915 and ||[r'? || = 0.1 x 107~.
b) x® = (0.9957894738,0.9578947369, 0.7915789474)* and |r(® 0.1 x 107°
c) x\* = (—=0.7976470579,2.795 ,—0.25 5305, —2.2517 and ||r'* || o = 0.39x
4) 0.7976470579, 2.795294120, —0.2588235305, —2.251764706) and ||r(*) 0.39

1077

(d) x® = (—0.7534246575,0.04109589039, —0.2808219179, 0.6917808219)* and ||r¥|. =
0.11 x 107°.

(e) x(3 = (0.4516120032,0.7096774197, 1.677410355, 1.741035483, 1.806451613)t and ||r(®)|| ., =
0.2 x 10~

(f) x4 = (1.000000000, 2.000000000, 1.000000000, 2.000000000, 0.9999999997, 2.000000000)*
and ||[r™®||. = 0.44 x 1077,

8. The Conjugate Gradient method with C~! = D=1/ gives the following:

(a) x® = (0.06185567019, —0.1958762885, 0.6185567006)" and ||r¥|| _ =0.12 x 10~%
(b) x(* = (0.9957894739,0.9578947368,0.7915789475)* and ||r(®|_ = 0.19 x 10-#

(¢) x*) = (—0.7976470596,2.795294118, —0.2588235287, —2.251764706) and |[r¥||__ = 0.7x
108

(d) x® = (0.6164383560, —0.3972602742, 004794520550, —0.02054794525)* and |[r®)|| =
0.76 x 10~°

(e) x® = (0.4516129026,0.7096774190, 1.677419356, 1.741935484, 1.806451615)* and ||r® || _
0.61 x 10710

(f) x* = (0.9999999992, 1.999999999, 0.9999999992, 2.000000000, 0.9999999919, 2.000000000)*
and [|r(®]|_ = 0.11 x 102
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7.6

9. Approximations to within 107° in the I;, sty are shown in the tables.

Jacobi Gauss-Seidel SOR (w =1.3) Conjugate Gradient

(a) 49 28 13 9

iterations 1terations lterations iterations
r; 0.93406183  0.93406917 0.93407584 0.93407713
rg 0.97473885  0.97475285 0.97476180 0.97476363
T3 1.10688692  1.10690302 1.10691093 1.10691243
rqe 1.42346150 1.42347226 1.42347591 1.42347699
r; 0.85031331 0.85932730 0.85933633 0.85933790
rg 0.80688119  0.80690725 0.80691961 0.80692197
ry 0.85367746  0.85370564 0.85371536 0.85372011
rg 1.10688692 1.10690579 1.10691075 1.10691250
rg 087672774 0.87674384 0.87675177 0.87675250
x1p 0.80424512  0.80427330 0.80428301 0.80428524
x11 0.80688119 0.80691173 0.80691989 0.80692252
x1z  0.97473885  0.97475850 0.97476265 0.97476392
x13 0.93003466  0.93004542 0.93004899 0.93004987
T4 0.87672774 0.87674661 0.87675155 0.87675298
r15 0.85931331 0.85933296 0.85933709 0.85933979
r1g 0.93406183 0.93407462 0.93407672 0.93407768
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7.6

Jacobi Gauss-Seidel SOR (w =1.2) Conjugate Gradient

(b) 60 35 23 11
iterations iterations iterations iterations
o 0.39668038 0.39668651 0.39668915 0.39669775
T9 0.07175540 0.07176830 0.07177348 0.07178516
rq  —0.23080396 —0.23078609 —0.23077981 —0.23076923
Ty 0.24549277 0.24550989 0.24551535 0.24552253
Ts 0.83405412 0.83406516 0.83406823 0.83407148
T 0.51497606 0.51498897 0.51499414 0.51500583
T 0.12116003 0.12118683 0.12119625 0.12121212
g —0.24044414 —0.24040091 —0.24039898 —0.24038462
Tg 0.37873579 0.37876891 0.37877812 0.3787RT88
T10 1.09073364 1.09075392 1.09075899 1.09076341
T11 0.54207872 0.54209658 0.54210286 0.54211344
T12 0.13838259 0.13841682 0.13842774 0.13844211
r13 —0.23083868 —0.23079452 —0.23078224 —0.23076923
T14 0.41919067 0.41923122 0.41924136 0.41925019
T15 1.15015953 1.15018477 1.15019025 1.15019425
T1g 0.51497606 0.51499318 0.51499864 0.51500583
T1v 0.12116003 0.12119315 0.12120236 0.12121212
18 —0.24044414 —0.24040359 —0.24039345 —0.24038462
T1g 0.37873579 0.37877365 0.37878188 0.37878T88
Tag 1.09073364 1.09075629 1.09076069 1.09076341
Toq 0.39668038 0.39669142 0.39669449 0.39669775
Too 0.07175540 0.07177567 0.07178074 0.07178516
T —0.23080396 —0.23077872 —0.23077323 —0.23076923
Toa 0.24549277 0.24551542 0.24551982 0.24552253
Tos 0.83405412 0.83406793 0.83407025 0.83407148
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7.6

Jacobi Gauss-Seidel SOR (w = 1.1) Conjugate Gradient
(c) 15 9 8 8
iterations iterations iterations iterations
1 —3.07611424 —3.07611739 —3.07611796 —3.07611794
e —1.65223176 —1.65223563 —1.65223579 —1.65223582
g —0.53282391 —0.53282528 —0.53282531 —0.53282528
gy —0.04471548 —0.04471608 —0.04471609 —0.04471604
Ty 0.17509673 0.17509661 0.17509661 0.17509661
Tg 0.29568226 0.29568223 0.20568223 0.29568218
Ty 0.37309012 0.37309011 0.37309011 0.37309011
Tg 0.42757934 0.42757934 0.42757934 0.42757927
Tq 0.46817927 0.46817927 0.46817927 0.46817927
T1p 0.49964748 0.49964748 0.49964748 0.49964748
T11 0.52477026 0.52477026 0.52477026 0.52477027
T2 0.54529835 0.54529835 0.54529835 0.54529836
T3 0.56239007 0.56239007 0.56239007 0.56239009
Ti4 0.57684345 0.57684345 0.57684345 0.57684347
T15 0.58922662 0.58922662 0.58922662 0.58922664
T1g 0.59995522 0.59995522 0.59995522 0.59995523
Ti7 0.60934045 0.60934045 0.60934045 0.60934045
T1g 0.61761997 0.61761997 0.61761997 0.61761998
T1g 0.62497846 0.62497846 0.62497846 0.62497847
Tag 0.63156161 0.63156161 0.63156161 0.63156161
Ta1 0.63748588 0.63748588 0.63748588 0.63748588
Tag 0.64284553 0.64284553 0.64284553 0.64284553
Tag 0.64771764 0.64771764 0.64771764 0.64771764
Tay 0.65216585 0.65216585 0.65216585 0.65216585
Tog 0.65624320 0.65624320 0.65624320 0.65624320
Tog 0.65999423 0.65999423 0.65999423 0.65999422
Ta7 0.66345660 0.66345660 0.66345660 0.66345660
Tag 0.66666242 0.66666242 0.66666242 0.66666242
Tag 0.66963919 0.66963919 0.66963919 0.66963919
Tag 0.67241061 0.67241061 0.67241061 0.67241060
Ta1 0.67499722 0.67499722 0.67499722 0.67499721
Ta9 0.67741692 0.67741692 0.67741691 0.67741691
Tas 0.67968535 0.67968535 0.67968535 0.67968535
Tag 0.68181628 0.68181628 0.68181628 0.68181628
Tas 0.68382184 0.68382184 0.68382184 0.68382184
Tag 0.68571278 0.68571278 0.68571278 0.68571278
Ta7 0.68749864 0.68749864 0.68749864 0.68749864
Tag 0.68918652 0.68918652 0.68918652 0.68918652
Tag 0.69067T718 0.69067718 0.69067718 0.69067717
Tag 0.68363346 0.68363346 0.68363346 0.68363349
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7.6

10. n = 10: The solution vector is

(0.90909091, 0.81818182, 0.72727273,0.63636364, 0.54545455, 0.45454545,0.36363636, 0.27272727,
0.18181818,0.09090909)%,

using 10 iterations with "1'(1':'}"'3‘O =0.

i = 50: The solution vector 1s

(0.98039216, 0.96078432, 0.94117648, 0.92156863, 0.90196079, 0.88235295, 0.86274511, 0.84313727,
0.82352943,0.80392158,0.78431374, 0.76470590, 0.74509806, 0.72549021, 0.70588237, 0.68627453,
0.66666668,0.64705884,0.62745100, 0.60784315,0.58823531, 0.56862747,0.54901962, 0.52941178,
0.50980394, 0.49019609, 0.47058825, 0.45098041, 0.43137256, 0.41176472,0.39215688, 0.37254903,
0.35294119,0.33333335,0.31372550, 0.29411766, 0.27450981, 0.25490197, 0.23529413, 0.21568628,
0.19607844,0.17647060,0.15686275, 0.13725491, 0.11764706, 0.09803922, 0.07843138, 0.05882353,
0.03921569, 0.01960784)¢,

using 50 iterations with a tolerance 1.00 x 103 in I, and "r(m}"m =0.

nn = 100: The solution vector 1s

(0.99009901, 0.98019803, 0.97029704, 0.96039606, 0.95049507, 0.94059409, 0.93060310, 0.92079212,
0.01089113,0.90099014, 0.89108916, 0.88118817, 0.87128718, 0.86138620, 0.85148521, 0.84158422,
0.83168323,0.82178225, 0.81188126, 0.80198027, 0.79207928, 0.78217830, 0.77227731, 0.76237632,
0.75247533,0.74257434, 0.73267335, 0.72277237, 0.71287138, 0.70297039, 0.60306040, 0.68316841,
0.67326742,0.66336643, 0.65346544, 0.64356445, 0.63366347, 0.62376248, 0.61386149, 0.60396050,
0.59405951,0.58415852, 0.57425753, 0.56435654, 0.55445555, 054455456, 0.53465357, 0.52475258,
0.51485159, 0.50495059, 0.49504960, 0.48514861, 0.47524762, 0.46534663, 0.45544564, 0.44554465,
0.43564366,0.42574267, 0.41584168, 0.40594068, 0.39603969, 0.38613870, 0.37623771, 0.36633672,
0.35643573, 0.34653474, 0.33663374, 0.32673275, 0.31683176, 0.30693077, 0.20702078, 0.28712879,
0.27722779,0.26732680, 0.25742581, 0.24752482, 0.23762383, 0.22772283,0.21782184, 0.20792085,
0.19801986, 0.18811886, 0.17821787, 0.16831688, 0.15841589, 0.14851489, 0.13861390, 0.12871201,
0.11881192,0.10891092, 0.09900993, 0.08910894, 0.07920794, 0.06030695, 0.05940596, 0.04950497,
0.03960397, 0.02970208, 0.01980199, 0.00990099)",

using 100 iterations with a tolerance 1.00 x 10~2 in Il and ||r(1'm) Hm =0.
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7.6

11. The Conjugate Gradient method gives the results in the following tables.

(a)

(b)

This converges in 6 iterations with tolerance 5.00 x 10~2 in the I, norm and ||r® ||, =

0.046.

This converges in 6 iterations with tolerance 5.00 x 10~2 in the I, norm and ||r(®)| =

0.046.

Solution Residual
2.55613420 0.00668246
4.090171393 —0.00533953
4.60840390 —0.01739814
3.64309950 —0.03171624
5.13950533  0.01308093
7.19697808 —0.02081095
7.68140405 —0.04593118
5.93227784  0.01692180
5.81798997  0.04414047
5.85447806  0.03319707
5.94202521 —0.00099947
4.42152959 —0.00072826
3.32211695  0.02363822
4.49411604  0.00982052
4.80968966  0.00846967
3.81108707 —0.01312902

Solution Residual
2.55613420 0.00668246
4.00171393 —0.00533953
4.60840390 —0.01739814
3.64300950 —0.03171624
5.13950533  0.01308003
7.19697808 —0.02081095
7.68140405 —0.04593118
5.093227784  0.01692180
5.81798996  0.04414047
5.85447805  0.03319706
5.94202521 —0.00099947
4.42152959 —0.00072826
3.32211694  0.02363822
4.49411603  0.00982052
4.80068966  0.00846967
3.81108707 —0.01312902

(c) All tolerances lead to the same convergence specifications.
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7.6

12. With (x,y) = xty, we have

(x,y) =x'y =y'x = (y,x); (i)

(ex,y) = (ex)'y = exy = elx,y) = x"ey = (x,cy); (ii)
(x+z,y)=(x+2)y=(x+2")y=x'y+2'y = {x,5) + (z¥); (iii)
(x,x) =x'x =[x > 0. (iv)

We show (v) as follows:

If (x,x) = ||x||3 = 0, then x = O by the properties of norms. If x = 0, then 0 = x'x = (x, x).
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7.6

13. (a)

Let {v(l] ey v(”‘)} be a set of nonzero A-orthogonal vectors for the symmetric positive
definite matrix A. Then (v(¥, Av(9)) =0, if i # j. Suppose

v 4 v o4 v(™ =0,
where not all ¢; are zero. Suppose k 1s the smallest integer for which ¢ # 0. Then
cxrv® e v 4 e v = 0.

We solve for v(®) to obtain

v — Skt o(kt1) _ L (n)
Cl Ck
Multiplying by A gives
Ay = S g (ktn) S g (n)
C Cp
80
(vIEAVR) = _SREL (R A (kD) _ L S (R gy ()
Cl CL
= SR Ay(rDy L SRR ()
Cpa Cla
— &1 g_..._5 g—p
Ck Ck

Since A is positive definite, v(¥) = 0, which is a contradiction. Thus, all the ¢; must be

zero, and {v(1), ... v(™} is linearly independent.

Let {v(}) ... v(™} be a set of nonzero A-orthogonal vectors for the symmetric positive
definite matrix A, and let z be orthogonal to v(¥), for each i = 1,...,n. From part
(a), the set {v(1) ... v(™} is linearly independent, so there is a collection of constants
By .., B with

T
zZ = Z Biv®.
i=1
Hence,
mn n
(o7) = sa= 3 et =3 5,020,
i=1 i=1

and Theorem 7.30, part (e), implies that z = 0.
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7.6

14. To prove Theorem 7.33 by mathematical induction:
(a) First note that we have

(v(D,r©)
(v, AvD)

x(D =xO 4 ;v = xO) 4 vil),

Thus ( (1) (D})
D) Ax® ¢ A 8 7 4
Ax'Y = AxYY + (vﬁl),Av(”)Av
and (1) p(0)
b— Ax() = b — Ax© — ugv(l
{v 1), Av(1) }
Hence,
1) (0
o )
(v(l Avl 1}>
Taking the inner product with v(1) gives
(1) (':'

<T(1}.V(13> _ <TED},V(1}> O <AV(13 (1]>
: v[l vi1) )
_ <I.(D},v(1}> _ (vm’ (D}> —

This establishes the base step.
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7.6

(b) For the inductive hypothesis we assume that (r(k},vtj)> =0, forall £k <1 and j =

1,2,..., k. We must then show
<r“+1},vm’>:D, for j=1,2,... 141

We do this in two parts.
First, for j = 1,2,...,1, we will show that {r'[Hl),v(j]') = (. We have

xUHD = 5O 4 g GO+
(v r0)

— (D (I+1)
=x"+ (VD AviD) ’
* ( (I+1) (-U)
+
(I+1) _ A (D) v T (1+1)
Ax Ax\ 4 <v“+1),Av“+1]‘>AV .
Subtracting b from both sides gives
(1+1) (1)
(2) —rtth) — 0 4 {v - ) AvH),

(v+1) | Av(+D)

Taking the inner product of both sides of (2) with v(¥) gives

) _ (I+1) r(”) )
_ [+ ca}> _ _< (1) (=J> (v, ( (1+1) m>
(3) <r ,V '), v - {v”"‘”,Av{H‘lJ) Av SV

The first term on the right-hand side of (3) is 0 by the inductive hypothesis, and the factor
{AVUHJ, v("3> is 0 because of A-orthogonality. Thus, {r““]', v("*]> =0,for1,2,....1

For the second part we take the inner product of both sides of (2) with v(+1) to obtain

(v p(0)
{v(i+l}1 Av(Hl])

_ <r(:+1}1v(£+1}> _ <r{I},v(E+l}> n <Av“+”,v”+”>.

Thus,
_ (r{:+1)‘v{:+1)> _ <r(”,v“+”‘> 4 (v(Hl],r“)) —0

This completes the proof by induction.

15. 1If A is a positive definite matrix whose eigenvalues are 0 < A1 < --- < A, then ||A||l2 = An
and ||A_1||2 = 1/A1, 50 Ka(A) = A\n /A

For the matrix A in Example 3 we have

As 700.031

Ka3(4) = N, _ 0.0570737

— 12265.2,

and the matrix AH has

Maple gives ConditionNumber(A,2) = 12265.15914 and Condition Number(AH ,2) = 12.02598124.

A5 1.88052

Ky(AH) =22 = =
2(AH) N\, 0.156370

= 12.0261.
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