7.4

1. Two iterations of the SOR method with w = 1.1 give the following results.

(a) x@ = (1.512775000, —0.8298491667, —0.0843373667)"
(b) x(® = (—1.58523750, 1.37885688, —0.7039212812)"

(c) x@ = (—0.6604902,0.03700749, —0.2493513, 0.6561139)"

(d) x@ = (0.3781250000, 1.445468750, 0.3596914062, 1.458531250, 0.3071921875, 1.572124727)t

2. Two iterations of the SOR method with w = 1.1 give the following results.

a

(a) x(? = (0.05410079, —0.2115435, 0.6477159)*
(b) x(® = (0.9876790,0.9784935, 0.7899328)*

(c) x(? = (—0.71885,2.818822, —0.2800726, —2.235422)¢

(d) x(® = (1.079675, —1.260654, 2.042489, 1.995373, 2.049536)*

3. Two iterations of the SOR method with w = 1.3 give the following results.

a

(a) x@ = (1.455783334, —0.7721494442, —0.0805396228)"
(b) x(® = (—1.42073750, 1.595758125, —0.8597927812)*

(¢) x@ = (—0.7268893,0.1251483, —0.2023371, 0.7037018)*

(d) x® = (0.5281250000, 1.480781250, 0.322816406, 1.359718750, 0.4288171875, 1.505949961)*

4. Two iterations of the SOR method with w = 1.3 give the following results.

a

(a) x@ = (—0.1040103, —0.1331814, 0.6774997)"
(b) x(® = (0.957073,0.9903875, 0.7206569)*

(c) x@ = (—1.23605,3.228752, —0.1523888, —2.041266)

(d) x® = (0.7064258, —0.4103876, 2.417063, 2.251055, 1.061507)"

5. The SOR. Algorithm with w = 1.2 gives the following results.

(a) x® = (1.447503814, —0.8359297624, —0.0445516532)"

(b) x(® = (—1.454582850, 1.454498863, —0.7273302714)"

(c) x(® = (—0.75308971,0.04117281, —0.28074817, 0.69163506)"

(d) x(M = (0.3571284945, 1.428582240, 03571489731, 1.571440116, 0.2857000650, 1.571445036)"

6. The SOR. Algorithm with w = 1.2 gives the following results.

x(1) = (0.03544356, —0.23718333, 0.65788317)*

a

(
(

)
b) x(™ = (0.9958341,0.9579041, 0.7915756)*
(c) x® = (—0.7976009, 2.795288, —0.2588293, —2.251768)!
(d) x(19 = (0.7866310, —1.002807, 1.866530, 1.912645, 1.089792)*

Page 1




7.4

7. The tridiagonal matrix is in part (d).
(10d): For w = 1.033370453 we have

x(® = (0.3571407017, 1.428570817, 0.357142771, 1.571421010, 0.2857118407, 1.571428256)".

8. The tridiagonal matrices are in parts (b) and (c).
(9b): For w = 1.012823 we have x(*) = (0.9957846,0.9578935, 0.7915788).

(9¢): For w = 1.153499 we have x7) = (—0.7977651, 2.795343, —0.2588021, —2.251760)".

9. Let Ay, ..., Ay be the eigenvalues of T,,. Then

f[)ﬁ =det T, = det ({D —wL) (1 -w)D +wU])

i=1
=det(D — wL) " det((1 — w)D + wU) = det (D) det((1 — w)D)

(a
:({‘311&22 pn) )( —w)"anagn. ..am)) —(1—w)™

p(T,) = jnax [Ai| = w — 1],

Thus

and |w—1| < 1 if and only if 0 < w < 2.

10. (a) The system was reordered so that the diagonal of the matrix had nonzero entries.

(b) (i) The solution vector using 30 iterations is

(0.00362, — 6339.744638, —3660.253272, —8965.755808, 6339.744638, 10000,
— 7320.508959, 6339.746729)".

(i1) The solution vector using 57 iterations is

(—0.002651, — 6339.744637, —3660.255362, —8965.752851,6339.748259, 10000,
— 7320.506544, 6339.748258)".

(i11)) Method does not converge using w = 1.25. However, using w = 1.1 and using 132
iterations gives the solution vector

(0.0045175, — 6339.744528, —3660.253009, —8965.756179, 6339.743756, 10000,
— 7320.509547, 6339.747544)".
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7.4

11. The results that follow include approximations from the Jacobi and Gauss-Seidel methods for

comparison.
Jacobi Gauss-Seidel SOR (w =1.2) Jacobi Gauss-Seidel SOR (w =1.2)
33 8 13
1terations lterations lterations iterations 1terations iterations

1 1.53873501  1.53873270 1.53873549 z41 0.02185033 0.02184781 0.02184855
o 0.73142167 0.73141966 0.73142226 x4z 0.02133203 0.02132965 0.02133038
3 0.10797136 0.10796931 0.10797063 x4z 0.02083782  0.02083545 0.02083615
x4 0.17328530 0.17328340 0.17328480 r44 0.02036585  0.02036360 0.02036429
x5 0.04055865  0.04055595 0.04055737 ras 0.01991483  0.01991261 0.01991324
g 0.08525019  0.08524787 0.08524925 x4 0.01948325 0.01948113 0.01948175
xr  0.16645040 0.16644711 0.16644868 z47 0.01907002 0.01906793 0.01906846
g 0.12198156 0.12197878 0.12198026 raz 0.01867387 0.01867187 0.01867239
g 0.10125265 0.10124911 0.10125043 rqao 0.01829386 0.01829190 0.01829233
o 0.09045966  0.09045662 0.09045793 o 0.71792806  0.01792707 0.01792749
r11  0.07203172 0.07202785 0.07202912 rs1  0.01757833  0.01757648 0.01757683
x12  0.07026597  0.07026266 0.07026392 zsz  0.01724113  0.01723933 0.01723968
r1z 0.06875835 0.06875421 0.06875546 zsz  0.01691660 0.01691487 0.01691517
r14 0.06324659  0.06324307 0.06324429 rse 0.01660406 0.01660237 0.01660267
r15 0.05971510 0.05971083 0.05971200 zss  0.01630279  0.01630127 0.01630146
r1g 0.05571199  0.05570834 0.05570949 zsg  0.01601230 0.01601082 0.01601101
r17  0.05187851 0.05187416 0.05187529 zsr  0.01573198  0.01573087 0.01573077
Tz 0.04924911  0.04924537 0.04924648 zsg  0.01546129  0.01546020 0.01546010
r19 0.04678213  0.04677776 0.04677885 rsg  0.01519990 0.01519909 0.01519878
xop  0.04448679  0.04448303 0.04448409 zgo 0.01494704 0.01494626 0.01494595
r91  0.04246924  0.04246493 0.04246597 xg1 0.01470181  0.01470085 0.01470077
x92 0.04053818  0.04053444 0.04053546 xgz 0.01446510 0.01446417 0.01446409
xoa 0.03877273  0.03876852 0.03876952 xgz 0.01423556  0.01423437 0.01423461
To4 0.03718190 0.03717822 0.03717920 xge 0.01401350 0.01401233 0.01401256
x9s 0.03570858  0.03570451 0.03570548 xgs 0.01380328  0.01380234 0.01380242
xog  0.03435107  0.03434748 0.03434844 zgs 0.01359448  0.01359356 0.01359363
xoy  0.03309542  0.03309152 0.03309246 xgr 0.01338495 0.01338434 0.01338418
ros  0.03192212  0.03191866 0.03191958 xegg 0.01318840 0.01318780 0.01318765
xo9 0.03083007  0.03082637 0.03082727 xgo 0.01297174  0.01297109 0.01297107
xap 0.02980997  0.02980666 0.02980755 7o 0.01278663  0.01278598 0.01278597
ra1 0.02885510 0.02885160 0.02885248 x71 0.01270328  0.01270263 0.01270271
raz  0.02795937  0.02795621 0.02795707 xrz  0.01252719  0.01252656 0.01252663
rag  0.02711787  0.02711458 0.02711543 xrg  0.01237700 0.01237656 0.01237654
T34 0.02632478  0.02632179 0.02632262 x4 0.01221009  0.01220965 0.01220963
ras 0.02557705  0.02557397 0.02557479 x7rs  0.01129043  0.01129009 0.01129008
rag 0.02487017  0.02486733 0.02486814 x7g 0.01114138  0.01114104 0.01114102
ray  0.02420147  0.02419858 0.02419938 - 0.01217337 0.01217312 0.01217313
rag  0.02356750  0.02356482 0.02356560 xrg  0.01201771  0.01201746 0.01201746
rag 0.02296603  0.02296333 0.02296410 xrg  0.01542910 0.01542896 0.01542896
xap  0.02239424  0.02239171 0.02239247 zgp 0.01523810 0.01523796 0.01523796
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12.

ForO<w <2 letT,=(D—wLl) '[(1-w)D+wL']. Let P=A—T!AT,, and note that P

1s symmetric.
As in Exercise 17 of Section 7.3, we derive a new representation for T,,:
(D—wL)Ty=(1-w)D+wl! =(D—wL)—wA, so T,=1I-w(D-wl) A
Let .
Q=wD-wL)'A and Q'=wA[(D-wL)']".
We again have
P=0 [AQ“ +(@) ' A- A} Q.

But
-1 1 ¢

A=— (D —wlL ]

w

AQ_lzé(D—wL) and (Q)

1

AQT'+(Q) "A-A==[D-wL+D-wL']-A

1
w
2
;D—D—I—D—L—LE—A

o

Thus P = (E — 1) Q'DQ. Since 0 < w < 2, we have E — 1> 0 and P is positive definite.
w

w

The proof follows Exercise 17 with T, replaced by T,,. Hence, T,, is convergent.
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