7.1

1. (a) We have ||x||oc =4 and [|x||2 = 5.220153.
(b) We have ||x||oc = 4 and ||x||2 = 5.477226.
(c) We have ||x||oo = 2¥ and ||x||2 = (1 + 4%)}/2.
(d) We have ||x||oo = 4/(k+1) and ||x||]2 = (16/(k + 1)? + 4/k* + kte—2k)1/2,

2. (a) Simce |x|1 = >, |z:| > 0 with equality only if z; = 0 for all i, properties (i) and (ii)
in Definition 7.1 hold.
Also,

T i

n
Jaocly = 3 o] = - lalzd = lal 3 feel = lalllxl,
i=1

i=1 i=1
so property (iii) holds.
Finally,

mn T mn b
x4yl =D |z +wl <D (sl +lwl) =D lwsl + > lwil = [Ix]ls + Iy
i=1 i=1 i=1 i=1

so property (iv) also holds.
(b) (1a) 85 (1b) 10 (lc) |sink|+|cosk|+e* (1d) 4/(k+1)+2/k* + k%e*
(c) We have

|1|

2
n
2
]2 = (Z |z,-,|) = (Joal + [za] + - + [za])
i=1

™
> Joa 2+ feal? + -+ [zal2 = 3 faf? = [xII2
i=1
Thus, [lx]|; > [x]l2

3. (a) We have lim;_,., x(*) = (0,0,0)%.
(b) We have limg oo x'¥) = (0,1, 3)".
(¢) We have limg 00 x¥) = (0,0, §)*.

(d) We have limp_o0 x¥) = (1, —1,1)"

4. The I., norms are as follows:

(a) 25 (b) 16 (c) 4 (d) 12
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5. (a) We have ||x — X||oc = 8.57 x 107 and ||Ax — b||oc = 2.06 x 1072,

(a)
(b) We have ||x — X||oe = 0.90 and ||Ax — b||.. = 0.27.

(c) We have ||x — X||oc = 0.5 and ||Ax — b||,. = 0.3.

(d) We have ||x — %|| = 6.55 x 1072, and ||Ax — b||. = 0.32.

6. The [, norms are as follows:

(a) 16 (b) 25 (c) 4 (d) 12

11 1 0
7. LetA:{D 1] andB:[l 1].Then 4Bl g =2 but |A|lg-IBlg=1.

8. Showing properties (1) — (iv) of Definition 7.8 is similar to the proof in Exercise 2a. To show
property (v),

T

|ABlp = Zi

i=1 =1

™
E aikbi;

k=1

<D Jaallbws]

i=1 j=1 k=1

{Z a’tklzbkjl} < Z ( |aik|) (Z bk})
i=1 k=1 j=1 i=1 k=1 k=1 j=1
= (Z Z |aik|) 1Blo = llAllo|lBllo-

i=1 k=1

The norms of the matrices in Exercise 4 are (4a) 26, (4b) 26, (4c) 10, and (4d) 28.
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9. (a) Showing properties (i)-(iv) of Definition 7.8 is straight-forward. Property (v) is shown as
follows:

L

IAB|| = ZIZ

i J:l

n
Z atkbkj

k=1

[

(Zﬂ: Zn: Z |l‘1ik|2 f: |bkj|2)) by Theorem 7.3

i=1 j=1 k=1

55 (iiw

i=1 k=1 =1 k=1

ER|

1

ZZ lae 2| BIF = IBI% YD laal” = | BIZIAIE = [AIFIBI%-
=1 k=1

i=1 k=1

(b) We have
(4a) |Allr = v/326
(4b) [|Allr = v/326
(4c) [|Allr =4
(4d) [ A]lF = V148.
(c) We have

n

2 2
T mn n
|A]l3 = max, > ayzi | < maflz > lasj||z]
Irele=1 = \ Iela=1 & | =
' ) e
mn b mn mn T
<o 5| (L) (See) | = e 5 (Sr) (S
Ielo=1 = | \ & ~ Illa=1 &= ~

=30 layl? = 14l

Then Ax = (a1;,a2j, ..., an;)", so

n
1413 > [[Ax]3 = > |as;|*.
i=1

Thus

A2 =3 Jagl? = 303 el < Z A3 = nllal3.

i=1 j=1 j=1i=1
Hence, [|A]l2 < ||A[F < v/nl|Al|2.
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10. We have
2 2
T i) n mn
2
IAx]3 =Y "> Jaiz| <D0 D] lawllzs]

i=1 |j=1 i=1 ji=1

Using the Cauchy—Buniakowsky—Schwarz inequality gives
1 1y 2

x2S Sl ] [S1m] | =30 (3 lau? | Ix02 = 1412 112
i=1 j=1 i=1 i=1 ji=1

Thus, [|Ax|lz < [[All#llx]2-

11. That ||x|| > 0 follows easily. That ||x|| = 0 if and only if x = 0 follows from the definition of
positive definite. In addition,

Joox] = [(ext) S(ax)] * = [a?x!5x] * = o] (x'Sx)* = Jal ]|
From Cholesky's factorization, let S = LL*. Then
x!Sy =x'LLty = (L'x)" (Lty)
<[ (] " [ty (@)

— (xtLfo)uz (ytLLty)IJ'? _ {X;Sx)uz (ytSy)l‘m.

/2

Thus
[Bs -I—y||2 = [(x + 3,.')E S(x+ y)] = [xESx +y'Sx+x'Sy +yESy:|

i:xth—F 2 (xtsx) 1f2 (}"tsy) 1,"2 + (ytsy) 1,"2
=x'§x + 2|lx||[ly]l + ¥ Sy = ([Ix]| + [l¥)*-

This demonstrates properties (i) — (iv) of Definition 7.1.

12. Since ||x|" = 0 implies ||Sx|| = 0, we have Sx = 0. Since S is nonsingular, x = 0. Also,
Ix+y[" = 156+ y)ll = [1Sx + Syl < |Sx[| + ISyl = lIx|" + ¥

and

lex||" = [|S(ex)]| = [l [|Sx]| = |e] [Ix]".
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13. It is not difficult to show that (i) holds. If ||A|| = 0, then ||Ax|| = 0 for all vectors x with
|x|| = 1. Using x = (1,0,...,0)", x = (0,1,0,...,0)%, ..., and x = (0,...,0,1)" successively
implies that each column of A is zero. Thus, [|A|| = 0 if and only if A = 0. Moreover,

laAll = e [(eAx)|| = |ef e | Ax|| = |ef - [[A]l,
4+ Bl = max (4 + B)x] < o )
S0
14+ BIl < o [Ax] + e, 1Bl = 4]+ | 8]
and
|AB| = e [(AB)x| = max |A(Bx))||-
Thus

[AB[| < max [[A]l || Bx]| = [[A]| max [|Bx]| = [[A] | BIl

14. (a) We have

T . Yi _ S Tili
Z g2 T o2 ZZj: z3 z;( Sz f)uz (Z?zlyﬁ)m

i
+) . vm 2
;Ej_l y_?
_ . Tili
=1-2 - 72 - 2144,2—1—1.
= (Zae) " (Sas)
Thus
2
El:,?zlilﬁiyi =1—1§: Ti _ Yi
n 2 /2 n 2 1/2 2 - n 2 1/2 n 2 1/2
(Zj:l Ij) (Zj:lyj) =t (Zj=1$j) (23':15‘9')
(b) Since
2
1 " Iy Y;
§Z n g\ 1/2 R 1/2
S\(En) (Ea9)
we have n
E‘i:l Tilli
n )12 n o\2
(Za) " (E)

and
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15. Define z = (21, 29,...,2z,)" by z; = z; when y; > 0 and z; = —z; when y; < 0. Since the
Cauchy-Buniakowsky-Schwarz Inequality holds for z and y we have

T mn mn n mn mn n
S <3 Il =3 € 3PS WA = 3OS ()
i=1 i=1 i=1 i=1 i=1 i=1 i=1

Page 6




