5.6

1. The Adams-Bashforth methods give the results in the following tables.

(a)

2-step

3-step

4-step

H-step

y(t)

0.2
0.4
0.6
0.8
1.0

0.0268128
0.1200522
0.4153551
1.1462844
2.8241683

0.0268128
0.1507778
0.4613866
1.2512447
3.0360680

0.0268128
0.1507778
0.4960196
1.2961260
3.1461400

0.0268128
0.1507778
0.4960196
1.3308570
3.1854002

0.0268128
0.1507778
0.4960196
1.3308570
3.2190993

L

2-step

3-step

4-step

H-step

y(t)

22
24
2.6
2.8
3.0

1.3666667
1.6750000
1.9632431
2.2323184
2.4884512

1.3666667
1.6857143
1.9794407
2.2488759
2.5051340

1.3666667
1.6857143
1.9750000
2.2423065
2.4980306

1.3666667
1.6857143
1.9750000
2.2444444
2.5011406

1.3666667
1.6857143
1.9750000
2.2444444
2.5000000

2-step

3-step

4-step

H-step

y(t)

1.2
14
1.6
1.8
2.0

2.6187859
3.2734823
3.9567107
4.6647738
5.3949416

2.6187859
3.2710611
3.9514231
4.6569191
5.3848058

2.6187859
3.2710611
3.9520058
4.6582078
5.3866452

2.6187859
3.2710611
3.9520058
4.6580160
5.3862177

2.6187859
3.2710611
3.9520058
4.6580160
5.3862944

2-step

3-step

4-step

H-step

y(t)

0.2
0.4
0.6
0.8
1.0

1.2529306
1.5986417
1.9386951
2.1766821
2.2369407

1.2529306
1.5712255
1.8827238
2.0844122
2.1115540

1.2529306
1.5712255
1.8750869
2.0698063
2.0998117

1.2529306
1.5712255
1.8750869
2.0789180
2.1180642

1.2529306
1.5712255
1.8750869
2.0789180
2.1179795
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The Adams-Bashforth methods give the results in the following tables.

(a)

t 2-step 3-step 4-step 5-step y(t)
0.2 1.349857812 1.346153846
0.4 1.556590819 1.548505437 1.551742825 1.551724138
0.6 1.618098483 1.613103414 1.618495896 1.618045413 1.617647059
0.8 1.581123788 1.581537429 1.586784646 1.585534486 1.585365854
1.0 1.493132968 1.497482321 1.501365685 1.499907131 1.5
(b)
t 2-step 3-step 4-step 5-step y(t)
1.2 —1.270097903 —1.268299404
1.4 —1.145585721 —1.14555416 —1.142395930 —1.142245242
1.6  —1.050436722 —1.045646519 —1.046822255 —1.046486051 —1.046559939
1.8 —0.9752223844 —0.9702763545 —0.9715163192 —0.9711385301 —0.9712326550
2.0 —0.9141608282 —0.9093053788 —0.9105163922 —0.9101442242 —0.9102392264
(c)
. ________________________________________________________________________________________________________________________________|
t 2-step 3-step 4-step 5-step y(t)
1.4 —1.608147341 —1.555555556
1.8 —1.1429612993 —1.359101590 —1.404013030 —1.384615385
22 —1.331187984 —1.269164344 —1.314903737 —1.283404253 —1.294117647
2.6 —1.268712599 —1.217326056 —1.253881487 —1.229097787 —1.238095238
3.0 —1.225776866 —1.182688385 —1.212496957 —1.192208061 —1.200000000
(d)
t 2-step 3-step 4-step H-step y(t)
0.2 1.058717655 1.057181007
0.4 1.207722688 1.202476610 1.200816932 1.201486010
0.6 1.389363032 1.381043540 1.379947852 1.381296110 1.380931216
0.8 1.562852804 1.554374654 1.554384988 1.555455875 1.555031423
1.0 1.707692156 1.700926322 1.701562220 1.702136018 1.701870053
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5.6

3. The Adams-Bashforth methods give the results in the following tables.

(a)

t 2-step 3-step 4-step 5-step y(t)

1.2 1.0161982 1.0149520 1.0149520 1.0149520 1.0149523
1.4 1.0497665 1.0468730 1.0477278 1.0475336 1.0475339
1.6 1.0910204 1.0875837 1.0887567 1.0883045 1.0884327
1.8 1.1363845 1.1327465 1.1340093 1.1334967 1.1336536
2.0 1.1840272 1.1803057 1.1815967 1.1810689 1.1812322

t 2-step 3-step 4-step 5-step y(t)

1.4 0.4867550 0.4896842 0.4806842 0.4896842 0.4896817
1.8 1.1856931 1.1982110 1.1990422 1.1994320 1.1994386
2.2 21753785 2.2079987 2.2117448 2.2134792 2.2135018
2.6 3.5849181 3.6617484 3.6733266 3.6777236 3.6784753
3.0 5.6491203 5.8268008 5.8589944 5.8706101 5.8741000

t 2-step 3-step 4-step 5-step y(t)

0.5 —1.5357010 —1.5381988 —1.5379372 —1.5378676 —1.5378828
1.0 —-1.2374093 —1.2380605 —1.2383734 —1.2383693 —1.2384058
1.5 —-1.0952910 —1.0950952 —1.0947925 —1.0948481 —1.0948517
2.0 -—1.0366643 —1.0359996 —1.0359497 —1.0359760 —1.0359724

t 2-step 3-step 4-step 5-step y(t)

0.2 0.1739041 0.1627655 0.1627655 0.1627655 0.1626265
0.4 0.2144877 0.2026399 0.2066057 0.2052405 0.2051118
0.6 0.3822803 0.3747011 0.3787680 0.3765206 0.3765957
0.8 0.6491272 0.6452640 0.6487176 0.6471458 0.6461052
1.0 1.0037415 1.0020894 1.0064121 1.0073348 1.0022460
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5.6

4. The Adams-Moulton methods give the results in the following tables.

(1a)

(Le)

(1d)

t;

2-step

3-step

4-step

y(t:)

0.2
0.4
0.6
0.8
1.0

0.0268128
0.1533627
0.5030068
1.3463142
3.2512866

0.0268128
0.1507778
0.4979042
1.3357923
3.2298092

0.0268128
0.1507778
0.4960196
1.3322919
3.2227484

0.0268128
0.1507778
0.4960196
1.3308570
3.2190993

t;

2-step

3-step

4-step

y(t:)

1.2
1.4
1.6
1.8
2.0

2.6187859
3.2711394
3.9521454
4.6582064
5.3865293

2.6187859
3.2710611
3.9519886
4.6579866
5.3862558

2.6187859
3.2710611
3.9520058
4.6580211
5.3863027

2.6187859
3.2710611
3.9520058
4.6580160
5.3862944

t;

2-step

3-step

4-step

y(t;)

0.2
0.4
0.6
0.8
1.0

1.2529306
1.5700866
1.8738414
2.0787117
2.1196912

1.2529306
1.5712255
1.8757546
2.0803067
2.1199024

1.2529306
1.5712255
1.8750869
2.0789471
2.1178679

1.2529306
1.5712255
1.8750869
2.0789180
2.1179795
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5.6

5. Algorithm 5.4 gives the results in the following tables.

(a) L]

l;

wy

y(t;)

0.2
0.4
0.6
0.8
1.0

0.0269059
0.1510468
0.4966479
1.3408657
3.2450881

0.0268128
0.1507778
0.4960196
1.3308570
3.2190993

1.2
14
1.6
1.8
2.0

26187787
3.2710491
3.9519900
4.6579968
5.3862715

2.6187859
3.2710611
3.9520058
4.6580160
5.3862944

1.3666610
1.6857079
1.9749941
2.2446995
2.5003083

1.3666667
1.6857143
1.9750000
2.2444444
2.5000000

0.2
0.4
0.6
0.8
1.0

1.2529350
1.5712383
1.8751097
2.0796618
21192575

1.2529306
1.5712255
1.8750869
2.0789180
2.1179795

6. Algorithm 5.4 gives the results in the following tables.

(a} I

t;

w;

0.2
0.4
0.6
0.8
1.0

1.3461536
1.5516984
1.6175240
1.5851977
1.4998499

[:C} ——

t;

wi

1.2
1.6
2.0
24
2.8

—1.7142452
—1.4545197
—1.3312918
—1.2614431
—1.2159883

[:b} I

tg' wy

1.2 —1.2682994
1.4 —1.1422321
1.6 —1.0465369
1.8 —0.9712077
2.0 -0.9102149

t;

w;

0.2
0.4
0.6
0.8
1.0

1.0571822
1.2015654
1.3810423
1.5550968
1.7018941
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5.6

7. The Adams Fourth-order Predictor-Corrector Algorithm gives the results in the following

tables.

t w y(t) t w y(t)
1.2 1.0149520 1.0149523 4 0.4896842 0.4896817
1.4 1.0475227 1.0475339 1.8 1.1994245 1.1994386
1.6 1.0884141 1.0884327 2.2 22134701 2.2135018
1.8 1.1336331 1.1336536 2.6 3.6784144 3.6784753
2.0 1.1812112 1.1812322 3.0 5.8739518 5.8741000

t w y(t) t w y(t)
0.5 —1.5378788 —1.5378828 0.2 0.1627655 0.1626265
1.0 —1.2384134 —1.2384058 0.4 0.2048557 0.2051118
1.5 —1.0948609 —1.0948517 0.6 0.3762804 0.3765957
2.0 —1.0359757 —1.0359724 0.8 0.6458949 0.6461052

1.0 1.0021372 1.0022460
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5.6

8. The new algorithm gives the results in the following tables.

(a)

ti wi(p=2) wi(p=3) wi(p=4) y(ti)

1.2 1.0149520 1.0149520 1.0149520 1.0149523
1.5 1.0672499 1.0672499 1.0672499 1.0672624
1.7 1.1106394 1.1106394 1.1106394 1.1106551
2.0 1.1812154 1.1812154 1.1812154 1.1812322

ti wi(p=2) wi(p=3) wi(p=4) y(ti)

1.4 04896842 0.4806842 0.4896842 0.4896817
2.0 1.6613427 1.6613509 1.6613517 1.6612818
2.4 2.8767835 2.8768112 2.8768140 2.8765514
3.0 5.8754422 5.8756045 5.8756224 5.8741000

ti  wi(p=2) wip=3) wilp=4) y(t:)

0.4 —1.6200494 —1.6200494 —1.6200494 —1.6200510
1.0 —1.2384104 —1.2384105 —1.2384105 —1.2384058
14 —1.1146533 —1.1146536 —1.1146536 —1.1146484
2.0 -—1.0359139 —1.0359740 —1.0359740 —1.0359724

ti wi(p=2) wi(p=3) wi(p=4) y(ti)

0.2 0.1627655 0.1627655 0.1627655 0.1626265
0.5 0.2774037 0.2773333 0.2773468 0.2773617
0.7 0.5000772 0.5000259 0.5000356 0.5000658
1.0 1.0022473 1.0022273 1.0022311 1.0022460
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5.6

9. (a) With h = 0.01, the three-step Adams-Moulton method gives the values in the following
table.

i fi wy

10 0.1 1.317218
20 0.2 1.784511

(b) Newton’s method will reduce the number of iterations per step from three to two, using
the stopping criterion
|w£k}I — -wgk_1)| <1078,

10. Milne-Simpson’s Predictor-Corrector method gives the results in the following tables.

(a)

3 [ w; y(t;) i i w; y(t;)

2 1.2 1.01495200 1.01495231 2 1.4 0.48968417 0.48968166
5 1.5 1.06725997 1.06726235 5 2.0 166126150 1.66128176
T 1.7 1.11065221 1.11065505 T 24 287648763 287655142
10 2.0 1.18122584 1.18123222 10 3.0 5.87375555 5.87400998

i [ Wy y(t;) i i w; y(t;)

5 0.5 —1.53788255 —1.53788284 2 0.2 0.16276546 0.1626264%
10 1.0 —1.23840780 —1.23840584 5 0.5 027741080 0.27736167
15 1.5 —1.09485532 —1.09485175 7 0.7 050008713 0.50006579
20 2.0 —1.03597247 —1.03597242 10 1.0 1.00215439 1.00224598
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5.6

11. (a) For some & in (t;_1,t;),

Pty(e) = B (o) + LELED ey,

where Pj(t) is the linear Lagrange polynomial

(t—ti—1)

Pi(t) = T (b y(t) + (t— &)

mf{fz 1,Y(ti—1)).
Thus
fHPm Y ft(t%_‘.t( 13) E_‘“(t—ti_l) o +f(t1__:y_(:;_1)) f“u—t,-,) dat

:?j?—hf(ti, y(t;)) — gf(ti—b y(ti—1)).

Since (t — t;)(t — t;_1) does not change sign on (¢;,%;11), the Mean Value Theorem for
Integrals gives

/ 1 y(€))(E — ) (E — i)

5 dt =

I, y(,u)) f e

B hzf"(,u-, y(n))
N 12 '
Replacing y(t;) with w;, for j =i — 1,4, and i + 1 in the formula

) =3+ [ fey0) &

gives
Wiy = wy + h 3/t wi) _Qf(ti_h Wi_l)],
and the local trunecation error 1s
5h2, e
rea(n) = 2L,

for some p in (t;—q,ti41).
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5.6

(b) Using the backward difference polynomial with m = 4 gives

[ reatey a =§v’=f(ti,y(tinh(—1)‘= [ ()

5 1

4 % s(s + 1)(s +2)(s + 3)FD (&, y(&)) ds.

From Table 5.10 we have,
[ Heu©) de = 1 y(e) + 5V nle) + 19 )
+ 3V y(t)|

5 1
+37 [, s+ Dls+2(s + 3V (&) ds.
Since
V (s, y(t) = (b, y(t:)) — f(tim1, y(ta1)),
V2 f (b y(ts)) =F (o y(t:) — 2f(ti1, y(tio1)) + f(ti2, y(ti—2)),
V3 f(ts, y(t:)) =F(t, y(ts)) — 3f (tim1, y(ti1)) + 3F (tim2, y(ti2)) — f(tizs, y(ti3)),
and s(s + 1)(s+ 2)(s + 3) does not change sign on (0, 1), we can simplify this and use the

Mean Value Theorem for Integrals to obtain

[ w0 de =550 p(e)) = 597t y(ti-1) + 37 1 9t:2)

h? '
— 0/t lti-a)) | + 575D ) [ sl + 16+ 2)(5+3) i,

for some p in (¢;_a,t;11). The local truncation error form follows from the fact that

1 =4
s(s+1)(s+2)(s +3) ds = 22
0 30
12. Using the notation y = y(t:), f = f(tz,y(ti}] = fi(ti, y(ti)), ete., we have

y+hf+ (f: + ffy) LB (fﬂ + fofy + 2ffm + 24 P fyy)

=y +ahf +bh [f —h(fe+ 1)+ 5 (fer + fefo +2f for + £ + 2 fn)

tch [f = 2h(fe+ [ F0) + 207 (foo + fofy + 20 fue + F T2+ [P 1)) -
Thus i 1 1
a+b+ec=1, —b—?c:i, and EB—FQc:E.

This system has the solution
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5.6

13.

14.

Newton’s divided-difference formula gives

FU69(8)) = (¢ = ) (¢ = 1) a1, 9(1)) = (6 = tia)( — tas) (b0, (1)
ot — tea) (€ — £ e, Ultern)) + o FE U — )t~ ) tir),
[ o a= [ e @
and
yttrn) —ole) LD [ ety ae- LI [y a
# el e [ -t

-

—h 2h 5h
:Ef(ti_l,y(ti_l)} + Tf(tigy(ti}] + ﬁf(fz'+1|y(ti+1))

¢ s f = i)t — )(E — tipa) .

The last part follows from Theorem 4.2. Further integration yields Formula (5.37) and the
local truncation error.

We have

ylteas) = olter) = [ Feue)i

h h5
=3 [f(tim1, y(tio1)) + 4f (s, y(t) + f(tivr, y(tisr))] — ﬁf(@(@ y(£))-
This leads to the difference equation

hf(ticr,wio1) +4f (i, wi) + f(tiy1, wiv1)]
3 ,

Wit = Wi—1 +

with loecal truncation error

_ R4,(5)
ra(h) = 2L
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5.6

15. To derive Milne’s method, integrate y'(t) = f(t,y(t)) on the interval [t;_3, t;+1] to obtain
tit1
o) —ultis) = [ Ftu(e) dt.
Li—g

Using the open Newton-Cotes formula (4.31) on page 201, we have

y[:ti+1) _ y(ti—S] — 4h[2f(tz: y{ti]) — f{ti—lv y:gti—l}] + Qf(ti—ﬂv y{ti—2})] + 14h5f(4i5()‘£! y(&)) )

The difference equation becomes

R[8f(ti,w;) — 4f (tiz1, wi—y) + 8f (ti—2, wi—2)]
3 .

Wiy = Wi—3 +

with local truncation error

14R*y®)
rea(h) = 2VTE)

16. The entries are generated by evaluating the following integrals:

;f;zn:(—l)kﬁ1 (‘;) dszf ds = 1,

k=1 (—1)’“[;(;) ds:—ful—sdsz_

kzz:(_”kf (—k) dszfs(s;nd _E

k:4:(_1)k[31 (_;) ds:[;S(SH}{sQIZJ(HS) dt%, o
k:5:(_1]k/01 (_;:) dS:_j:_s(s+1}(s+122]f]5+3)(s+4) ds:gggﬁg'
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