3.1

1. The mnterpolation polynomials are as follows.

(a) Py(z) = —0.148878z + 1; P,(0.45) = 0.933005;
|£(0.45) — Py(0.45)] = 0.032558;
Py(z) = —0.45259222 — 0.0131009z + 1; P5(0.45) = 0.902455;
|£(0.45) — P»(0.45)| = 0.002008

(b) Pi(z) = 0.467251z + 1; Py(0.45) = 1.210263;
|£(0.45) — P;(0.45)] = 0.006104;
Py(x) = —0.078002622 + 0.490652z + 1; P5(0.45) = 1.204998;
|£(0.45) — P5(0.45)| = 0.000839

(c) Pi(z) = 0.874548z; P;(0.45) = 0.393546;
|£(0.45) — P;(0.45)| = 0.0212983;
Py(x) = —0.26896122 + 0.955236; P»(0.45) = 0.375392;
|£(0.45) — P5(0.45)| = 0.003828

(d) Pi(z) = 1.031121z; P;(0.45) = 0.464004;
|£(0.45) — P;(0.45)] = 0.019051;
Py(z) = 0.61509222 + 0.846593z; P»(0.45) = 0.505523;
|£(0.45) — P5(0.45)| = 0.022468

2. The mterpolation polynomials are as follows.

(a) Pi(z) = —0.6969992408z + 0.1641422601; P;(1.4) = —0.8116566680;
I£(1.4) — Py(1.4)] = 0.1393998486;
Py(z) = 3.552379809z% — 10.82128170x + 7.268901887; Py(1.4) = —0.918228067;
|£(1.4) — Py(1.4)] = 0.0328284496

(b) Pi(z) = 0.6099204008z — 0.1324309760; P;(1.4) = 0.7214485851;
I£(1.4) — Py(1.4)] = 0.0153577147;
Py(z) = —3.18320283222 + 9.682048472x — 6.498845640; P5(1.4) = 0.816944669;
|£(1.4) — Py(1.4)| = 0.0801383692

(c) Pi(z) = 0.4012882937z — 0.0622776733; P;(1.4) = 0.4995259379;
I£(1.4) — Py(1.4)] = 0.0056240404;
Py(z) = —0.2532041643z2 + 1.122920162 — 0.5686860021; P3(1.4) = 0.5071220629;
|£(1.4) — Py(1.4)| = 0.0019720846

(d) Pi(z) = 34.28581783z — 31.92477833; P;(1.4) = 16.07536663;
£(1.4) — Py(1.4)| = 1.03071986;
Py(z) = 26.85344400x2 — 42.24649756z + 21.78210966; P»(1.4) = 15.26976332;
f(1.4) — Py(1.4)] = 0.22511655
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3.1

3. Error bounds for the polynomials in Exercise 1 are as follows.

(a) For Py(z):
For Py(z):
(b) For Py(z):
For Py(z):
(c) For Pi(z):
For Py(z):
(d) For Py(z):
For Py(z):

L9 (0.45 — 0)(0.45 — 0.6)

< 0.135;

£ (0.45 — 0)(0.45 — 0.6)(0.45 — 0.9)

f”2(5_1 (0.45 — 0)(0.45 — 0.6)

< 0.03375;

L2469 (0.45 — 0)(0.45 — 0.6)(0.45 — 0.9)

L9 (0.45 — 0)(0.45 — 0.6)
17 (0.45 — 0)(0.45 — 0.6)
I8 (0.45 — 0)(0.45 — 0.6)

L£718) (0.45 — 0)(0.45 — 0.6)

< 0.135;
(0.45 — 0.9)

< 0.06779;

(0.45— 0.9)

< 0.00397

< 0.001898

< 0.010125

< 0.151

4. FError bounds for the polynomials in Exercise 2 are as follows.

b
(c

(a)
(b)
)
)

a) For Pi(x): 0.1480440661; For Py(x): 0.062012553
For P;(x): 0.03359789466; There is no bound since the derivative goes to oc.
For Pi(z): 0.004169227026; For Py(z): 0.006080122747

(d) For Pi(x): 1.471951812; For Pa(x): 1.373821691

5. Interpolation polynomials give the following results.

(a)

) T0,T1y.-,Tn Pr(8.4) ) TO,T1y. ..+ Tn Pn(—1/3)
1 8.3, 86 17.87833 1 —0.5, —0.25 0.21504167
2 8.3, 86, 87 17.87716 2 —0.5, —0.25, 0.0 0.16988889
3 B83,86,87 81 17.87714 3 —0.5,-0.25,00, -0.75 0.17451852
(c) (d)

) To,T1 , Tn Pn(0.25) ) T, T1y...,Tn Pn(0.9)

1 0.2, 0.3 —0.13869287 1 0.8 1.0 0.44086280

2 0.2,03, 04 —0.13259734 2 0.8, 1.0, 0.7 0.43841352

3 02,03 04,01 013277477 3 0.8, 1.0,0.7,0.6 0.44198500

(b)
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3.1

6. Interpolation polynomials give the following results.

(a) Pi(z) = 4.278240000z + 0.579160000; P;(0.43) = 2.418803200
|£(0.43) — P;(0.43)| = 0.055642506;
Py(x) = 5.550800000z2 + 0.115140000z + 1.273010000; P(0.43) = 2.348863120;
£(0.43) — P,(0.43)| = 0.014297574
Ps(z) = 2.912106668z° + 1.182639999z2 + 2.117213334z + 1.0; P5(0.43) = 2.360604734;
|£(0.43) — P5(0.43)| = 0.002555960e

(b) Pi(z) = —1.062498000z + 1.066405500; P;(0.0) = 1.066405500
|£(0.0) — P;(0.0)| = 0.066405500;
Py(z) = 1.81250933472 — 1.062497999z + 0.9531236670; P(0.0) = 0.9531236670;
1£(0.0) — P»(0.0)| = 0.0468763330

Pa(x) = —1.000010667x* 4 1.312504000x2 — 0.9999973330x + 0.9843740000; P5(0.0) =
0.9843740000;

|£(0.0) — P3(0.0)] = 0.0156260000

(¢) Pi(z) = —2.7074748z — 0.01930238; P;(0.18) = —0.506647844
|£(0.18) — P;(0.18)| = 0.0014756204;
Py(z) = 0.8762550000z2 — 2.970351300z — 0.0017772800; P2(0.18) = —0.5080498520;
|£(0.18) — P,(0.18)| = 0.0000736124

Pa(x) = —0.485533333423 + 1.167575000z2 — 3.023759967x + 0.0011359200; P5(0.18) =
—0.5081430745;

|£(0.18) — P5(0.18)| = 0.0000196101

(d) Pi(z) = 0.3915288000z + 1.0986123; P;(0.25) = 1.196494500
|£(0.25) — P1(0.25)| = 0.0074245609;
Py(z) = 0.110344380022 + 0.3363566100z + 1.098612300; P(0.25) = 1.189597976;
1£(0.25) — P5(0.25)| = 0.000528045

P3(z) = 0.014140360002° 4 0.1103443800z2 + 0.3328215200x + 1.098612300; P3(0.25) =
1.188935147,;

1£(0.25) — P3(0.25)| = 0.000134784

7. Interpolation polynomials give the following results.

(a)

n  Actual Error Error Bound 1 Actual Error  Error Bound
1 0.00118 0.00120 1 40523 x 102 45153 x 10~2
2 1367x107° 1.452x 1075 2 46206 x 1073 4.6206 x 1072

i Actual Error  Error Bound Actual Error  Error Bound

T
1 59210x10~* 6.0971 x 10— 1 27296 x 10~* 1.4080 x 10-2
2 1.7455x10~* 1.8128 x 10~* 2 51789 x10~% 9.2215x 103
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3.1

8. FError bounds when n = 1 and n = 2 are as follows.

10.

11.

12.

13.

14.

15.

16.

17.

0.06850070205 and 0.02409356045
0.2656250000 and 0.09375000000
0.001552099938 and 0.0001109161632
0.007740087700 and 0.0007457301283

a
b
c

d

— T

)
)
)
)

_—

We have y = 4.25.
The largest value is z; = 0.872677996.

We have P3(1.09) ~ 0.2826. The actual error is 4.3 x 1075, and an error bound is 7.4 x 1079,
The discrepancy is due to the fact that the data are given to only four decimal places, and
only four-digit arithmetic is used.

The approximation is cos0.75 & 0.7313. The actual error is (0.0004, and an error bound is
2.7 x 1078, The discrepancy is due to the fact that the data are given only to four decimal
places and four digit arithmetic is used.

(a) Py(z) = —11.22388889z2 + 3.810500000z + 1.
An error bound 1s 0.11371294.

(b) Pa(z) = —0.1306344167=% + 0.8969979335x — 0.63249693.
An error bound is 9.45762 x 10~4.

(¢) Ps(z) = 0.1970056667z° — 1.0625905522 + 2.532453189z — 1.666868305.

An error bound is 10~4.

(d) Pa(z) = —0.07932z3 — 0.54550622 + 1.0065992% + 1.
An error bound is 1.591376 x 1073,

(a) 1.32436

(b) 2.18350

(c) 1.15277,2.01191

(d) Parts (a) and (b) are better due to the spacing of the nodes.

Using 10 digits gives P3(z) = 1.3026370662°—3.51133311822+4.0711419362—1.670043560, P3(1.09) =
0.282639050, and | £(1.09) — P5(1.09)| = 3.8646 x 10~.

0.7317039560

The largest possible step size is 0.004291932, so 0.004 would be a reasonable choice.
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3.1

18. (a) We have

—0.021587833352° + 213.3039543z* — 843021.81927° + 166586109z>
— 1.645882427 x 10z + 6.504424241 x 10,

which gives P(1940) = 642397, P(1975) = 230863, and P(2020) = —1754557.

(b) The actual population in 1940 was approximately 132,165,000 as compared to the approx-
imation of 642,397,000, does not lend confidence to the other approximations. Further,
the 1975 estimate is also too large and the estimate for 2020 is negative. This is a very

poor approximating polynomial.

19. (a) Sample 1: Ps(z) = 6.67—42.6434z +16.142722—2.094647% 4 0.126902z* — 0.003671685 +
0.0000409458z5;
Sample 2: Ps(z) = 6.67—5.67821z+2.9128122—0.4137992%+0.0258413x*—0.0007525465°+
0.000008361602°

(b) Sample 1: 42.71 mg; Sample 2: 19.42 mg

20. (a) We have

r  erf(x)

0.0 0

0.2 0.2227
0.4 0.4284
0.6 0.6039
0.8 0.7421
1.0 0.8427

(b) Linear interpolation with zop = 0.2 and =1 = 0.4 gives erf[é) /s 0.3598, and quadratic
nterpolation with zo = 0.2, 21 = 0.4, and z2 = 0.6 gives erf(%) ~ (0.3632. Since erf(é) S
0.3626, quadratic interpolation is more accurate.

21. Since g(z) = g(xp) = 0, there exists a number ¢ between x and =z, for which ¢'(£;) = 0.
Also, g'(zg) = 0, so there exists a number £; between zp and &;, for which g”(£3) = 0. The
process 1s continued by induction to show that a number £, 1 between xg and &, exists with
g™ t1(£,,1) = 0. The error formula for Taylor polynomials follows.

22. Since g’ ((j + %) k) =0,

o (3+5)n) ot + 0wt} = max (0.57),

max [g(z)] — max{lg(jh)h

so |g(z)| < h?/4.
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3.1

23. (a) For (i) we have

= 50 §)0-o7 0+ () §)o-o7- () B0+ ()

1 2
:3-(5) (1 -2z + %) +3- (ﬁ) (22— )4 = -2 4+ 4+ 22 -2 4 PP =2

For (i) we have

Ba(z) = ZE: (2)&(1 _ ko @(1 Py @:{1 g4 (g);-:z{l _o)+ @ﬁ

k=0
=(1-zP+3-z(1-22+2)+3- (2 —2*) +°
=(1-324+322—2%)+ 3z — 622+ 323 + (322 -3 + 22 =1

(b) We have

E (n\ k n! B (n—1) B (n— 1) _(n—1
E(k) Tn o KHmr-k k-_Din—k! F-D({rn-1—(k-1) (k—l)'

(c) First we need to show that when f(z) = 1 and n > 0 we have B,(x) = 1, and when
f(z) = z and n > 1 we have B,(x) = . The first of these follows directly from the
Binomial Theorem. For the second we will use mathematical induction on n.

When f(z) =z and n = 1 we have

Bl{zjzg(;) G) F o) =04 112 =2

3
3

)+
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3.1

Now assume that for an arbitrary positive integer n we have B,(z) = z. From part (b)

we have
n+1
n+1 k 1
o= B ()0

k=0

(1) ()

(;: 1) (1 — )ik

I
+ |l
[

k=1
Let j—k— 1.

= IZ (j)Ij{]. — I]ﬂ_j = I- ]_ = T.
4=0

This establishes the fact that when f(z) =z, B,(z) =z for all n > 1.
Now consider the case of f(z) = z2. For this function the nth Bernstein polynomial is

(:) (%):kil _ )k
((D %) (%) *(1 — z)" "
k=1 (:: 1) (E) *(1 — )"k

B,(z) =

Let j =k—1. Then

Bn(z) — ( -1

B E ) oo
= ( 1) J::1L 1 (n; 1) (ﬁ) (1 —z)" 17 (%) Eg (ﬂ'; l)zj(l )
- (=)

- $+(1)$-1:n_1$2—|—l$.
n
(d) = > 250,000

;:I
,_

w,
Il
|—I‘_‘l

Eﬂ

s,
Il
=]

:3

=

mn T
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