2.4

) For po = 0.5, we have piz = 0.567135.

) For pg = —1.5, we have pog = —1.414325.
(c¢) For pg = 0.5, we have py; = 0.641166.

) For po = —0.5, we have p2s = —0.183274.

3. Modified Newton’s method in Eq. (2.11) gives the following:
(a) For pp = 0.5, we have ps = 0.567143.
(b) For pg = —1.5, we have py = —1.414158.
(¢) For pg = 0.5, we have ps — 0.641274.
(d) For pp = —0.5, we have ps = —0.183319.
4. (a) For py = 0.5, we have py = 0.739087439.

(c¢) For pg = 3.5, we have p; — 3.14156793.

(a)
(b) For pg = —2.5, we have ps3 — —1.33434594.
)
(d) For pg = 4.0, we have p3 = —3.72957639.

5. Newton’s method with pg = —0.5 gives p13 = —0.169607. Modified Newton’s method in
Eq. (2.11) with pg = —0.5 gives p;; = —0.169607.

6. (a) Since

1
n
we have linear convergence. To have |p, — p| < 5 x 1072, we need n > 20.

(b) Since
1 2
e 2 B =y n
Ilm —————— = lIim — = lim =1,
———— |pn — pl n—oo  _y n—oo \nn+ 1

we have linear convergence. To have |p, — p| < 5 x 1072, we need n > 5.

7. (a) For k > 0,

[Pas1 —0) TE *
lm 221”0 _ i (ﬂ'tl] = lim =1,
——— |pﬂ — |:|| n—oc  =¢ nseo \n4+1

so the convergence is linear.
(b) We need to have N > 10™/k,
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2.4

8. (a) Since

.~ lppsr—0] . 1072 . 102"
lim 2 — ]

- ——— = lim —1.
n—teo |pp — 0 n—eo (10-27)2  noeo 1072717

the sequence is quadratically convergent.

(b) We have

. Apay1—0] . 10-MFDT o qp—(ntDF
111'11 _— 111'1'1 —_— = IIm —
nsee [pp —0F  noeo (j0-n*)?  noee 107207

— lim 102 HDF _ p qont @25 oo
—r00 —ro0

so the sequence p, = 10" does not converge quadratically.

9. Typical examples are

[:8.-) Pn = 10_3"
(b) pn =10"2"

10. Suppose f(z) = (x — p)™q(x). Since

m(z — p)q(z)
g(z) =7 - —
mq(z) + (z — p)g'(z)
we have ¢'(p) = 0.
11. This follows from the fact that
b—a
. 2n+1 1
nlll;lclac b— a - §
271.
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2.4

12.  If f has a zero of multiplicity m at p, then f can be written as

f(z) = (z —p)"q(z),
for = # p, where
Jim q(z) # 0.
Thus,
f'(z) = m(z — p)"q(z) + (z — p)"q'(2)
and f'(p) = 0. Also,
f"(2) = m(m —1)(z — p)" ?q(z) + 2m(z — p)" ¢ (z) + (= — p)"q" (x)
and f"(p) = 0. In general, for k£ < m,
k i(p — p)™ ) k . )
B =3 (k) P )" gy =3 (f;)m(m—l)-- (m—j+1)(z—p)™Ig*(z).

i dxd

Thus, for 0 < k < m — 1, we have f(¥)(p) =0, but f(™)(p) = m!lim,_,, q(z) # 0.
Conversely, suppose that
fe)=f@) =...= f" () =0 and f™(p)#£0.

Consider the (m — 1)th Taylor polynomial of f expanded about p:

1) =10) + 1@ )+ + L P | T o

Fm™ ()
m! ’

=(z—p)™

where £(z) is between x and p.

Since f(™) is continuous, let

(m) T
)= L)
Then f(z) = (¢ — p)™q(z) and
(m)
tim g(x) = L_®) 2 g

Hence f has a zero of multiplicity m at p.
13. If

M =0.75 and |pp—p|=0.5, then |p,—p|=/(0.75)""D/2|py — p|*".
Pn—P

To have |p,, — p| < 107® requires that n > 3.
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14, Lete, =p, —p. If
im lentil _y o

n—oo |6n|a‘

then for sufficiently large values of n, |e, 1| & Ale,|®. Thus,
|En| A )‘|en—1|a and |En—1| R A—Uﬁlenllf‘l_

Using the hypothesis gives

e“l)*_lfﬁlenllfﬂ, 50 |en|® & CA—lfa:—l|en|l+1;’a¢-

)"l‘gﬂlcE ~ |en+1| ~C

Since the powers of |e,,| must agree,

1++5
2 o]

a=1+1/a and a=

The number « is the golden ratio that appeared in Exercise 16 of section 1.3.
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