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Euler’s Method
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Obtain an approximation to the initial-value problem

Z}; f(t,y), a<t<b, y(a)=cqa.

Subdivide [a, b] into n subintervals of equal length
h = (b — a)/n with mesh points {fy, t;, ..., t,} where

ti=a+ih, vi=0,1,2,...,n

Recall the Taylor's Theorem
, B , , N (R T
Y(t/—H) - }/(tl) + (t/+1 - tl).y (t/) + Ty (f/)
h2
= y(t)+hy'(t) + Ey//(fi) (1)

2
= () + Ay () + 2y (@)

for some & € (8, i 1).
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We have the formulation of Euler's method

tkt1 = +h,
Yot = Yk + hf(te, yk), Yo = c.

Use Euler’s method to integrate

dy _
&_X—Zy, y(0) =1.

The exact solution is

y = [2x . +5e—2X} .
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Example 1 for Euler method
T T T T
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0<(1+x)"<e™ vVx>-1, m>0.

Proof: Applying Taylor’s Theorem,

1
eX = 1 + X+ éxzeg,
where ¢ is between x and zero. Thus

’
0§1+x§1+x+§x295:eX

= 0<(1+x)"<e™
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Lemma

Ifs,te RT, {a; ﬁ‘zo is a sequence satisfying ap > —t/s, and
a1 <(1+98)a+t Vi=0,1,... Kk,

then

i t t
a1 <el*s g+ =) — -,
i+1 S o+ 3 E
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Proof:

aji1

IN A IA

(1+s)a +t
(1+s)[(1+s)a1+1]+t
(1+s){(1+s)[(1+s)a_o+t]+t}+t

(1+8)ao+ [1+(1+8)+ (1482 +-(1+5)]1

1—(1+s)+!
1—(1+59)

(1 + S)i+1 (30 + ;) — £

S
wﬂm<%+f>_f
S S

(1 + S)i+1 ap +
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Error analysis

Suppose f € C(D) and satisfies a Lipschitz condition with
constant L on

D={(t,y)la<t<b,—co<y< oo}
and 3 M with
ly"(t)] < M, Y t e [a,b]
Let y(t) denote the unique solution to (IVP)
y'=1(ty), ast<b, y(a)=a,

and yo, 1, - - -, ¥n be the approximations generated by Euler’s
method. Then

AM o _
y(t) =il < 57 [eL“ a)—q Vi=0,1,....n
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Proof: Since y(fy) = yo = «, itis true for i = 0.
Fori=0,1,...,n—1,

2
Y{tir) = y(8) + B, y(8) + 2y (&)

and
Yiv1 = Yi + hf(t, yi).
Consequently,

>
Y(tis1) = Yigr = y(&) — yi + h[f(t, y(8)) — £(t;, yi)] + %Y"(éi)
and

o,
ly(tiv1) = Yier| < |Y(ti)_YI|+h|f(tiaY(ti))_f(ti,Yi)’"‘EU’ (&)l

M
(1+hL)|y(t;) — yil + >

IN
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Referring to previous lemma and letting s = hL,t = H*M/2 and
a=|y(t)—y|vj=0,1,...,n, we see that

; M M
y(ti1) = yipq] < el <|Y(To) — Yol + 2hL> TR

_ % (e(i+1)hL71) _ %( (ti1—a)L _ 1)

since (i+1)h=t1—lh=1t1—a [ |
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Definition (Local truncation error)
The difference method

Yo = o
Yipkn = y,-+h¢(t,-,y,-),VI:0,1,...,n—1,
has local truncation error

Tipi(h) = y(ti+1)—[Y(ti)h+h¢(l‘i,}’(fi))]

= M= Y®) g ),

Vi=0,1,....,n—1.
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Taylor methods

For example, the local truncation error in Euler’s method at ith

step is
R L)
_ by Y =S g )

h
= éy”(f,') for some & € (i, tiyq).

If |y”(t)| < MV t € [a,b], then

>

. < =
T (B)] < oM,

so the local truncation error in Euler’s method is O(h).
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Taylor methods

selected difference-equations in such that their local truncation

To improve the convergence of difference methods, one way is
errors are O(hP) for as large a value of p as possible. |

Suppose the solution y to (IVP) has (n+ 1) continuous
derivatives. Consider the nth Taylor polynomial of y(t) at ¢,

h? h"
y(tiy1) = y(&)+hy'(6) + Ey”(ti) +oee ﬁy(")(fi)
hn+1
(n+1) (¢,
for some ¢ € (4, t.1). Since

y'ty = f(ty),
y,/(t) = f/(t’y)’

+

yRO@ = Dy,
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we get
h2
y(tis1) = Y(ti)"‘hf(ti’}/(ti))+Ef,(t,',y(t,'))—|—--~ 2)
h" n+1
+ﬁf("_1)(t/,Y(ti))+ mf(")(ﬁhy(&))- 3)

Taylor method of order n

Yo = «q
Vier = Yi+hTU(t,y), Vi=01,...,n—1,

where

h hnf1
T (8, 1) = f(t, i) + Ef/(tia}/i) SRR Tf("_”(ti,y/')-
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y=y-t+1, 0<t<2 y(0)=05.

Consider Taylor’s method of order two and four.

f(ty) = y—t2+1,

f(ty) = s;<y—t2+1):y’—2t:y—t2+1—2t,
f(ty) = gt<y—t2+1—2t):y’—2t—2

= y—-PP+1-2t—-2=y—2-2t—1,
f(ty) = s;(y—tz—Zt—1>:y’—2t—2

= y—-P+1-2t—-2=y—2-2t—1.
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So
(2) h,
T (G y) = f(l‘i,y/‘)+§f(fi,y/‘)
h
=yl (y, _ 2+ 1)
h
_ <1+2>(y,-—t,?+1)—ht,-
and

h? h3
6 f/,(tluyl) + ﬂf”/(tlayl)

:y—t1~|—1+h<y,— _ ot + 1)
e (g -20-1)+ 4 (- —20-1)

h,
TO(t,y) = f(t,-,y,-)+§f(fi,y/')
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That is
h hH h h K
@ (t v) = LI AV A LAIAIN IS
T, ) <1+2+6+24>(y, t) <1+3+12>ht,
pyhoer
2 6 24
The Taylor methods of orders two and four are, consequently,
Yo = 057
h
Yier = y,-+h[<1+2> <Yi—f/2+1)—hf/}
and
Yo = 05,
h hm h h h
yj+1 — y/+h|:<1+2+6+24>(yl_t,2)—<1+3+12>ht,
pyhoeor
2 6 24|



Higher-order Taylor methods
0O000000e00

Taylor methods

fh=02thenn=10and ;,=0.2iVi=1,2,...,10.
e The second-order method:

Yo = 05,
0.2 5 )
Vit = Yi+02|(1+5 (y,-—0.04/ +1) —0.04i
= 1.22y; —0.0088i? — 0.008i + 0.22.

e The fourth-order method:

B 0.2  0.04 0.008 2
yi+1 — y/+02 |:(1+2+6+24> (y,—0.04/ )
0.2 0.04 , 0.2 0.04 0.008
‘<1 +3+12) (0.047) +1 +2_6_24]

— 1.2214y, — 0.008856i° — 0.00856/ + 0.2186.
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e Exact solution y(t) = (t+ 1)2 — 0.5¢'.

Taylor Taylor
Exaot order 2 Error order 4 Error

4 y(#) w; [y(t) — wyl w; [y(#) — wil
0.0 0.5000000 0.5000000 0 0.5000000 0

0.2 0.8292986 0.8300000 0.0007014 0.8293000 0.0000014
04 1.2140877 1.2158000 0.0017123 1.2140910 0.0000034
0.6 1.6489406 1.6520760 0.0031354 1.6489468 0.0000062
0.8 2.1272295 2.1323327 0.0051032 2.1272396 0.0000101
1.0 2.6408591 2.6486459 0.0077868 2.6408744 0.0000153
1.2 3.1799415 3.1913480 0.0114065 3.1799640 0.0000225
1.4 3.7324000 3.7486446 0.0162446 3.7324321 0.0000321
1.6 4.2834838 43061464 0.0226626 42835285 0.0000447
1.8 4.8151763 4.8462986 0.0311223 4.8152377 0.0000615

2.0 5.3054720 5.3476843 0.0422123 5.3055554 0.0000834

e The fourth-order results are vastly superior.



Higher-order Taylor methods
000000000 e

Taylor methods

If y € C"[a, b], then the local truncation error of Taylor’s
method of order n is O(h").

Proof: From Eq. (3), we have
h
Vtar) — ¥(0) = h|f8H(0) + 5P y() +

L f(" N, y(t,))] (g, y(€)

(n+1)!

for some &; in (4, ti11). So the local truncation error is

tt) — y(t B
() = 2L o yy) = s 1006y,
Since y € C"t'[a, b], we have y(™1)(t) = f(")(¢, y(t)) bounded
onlabljand r; = O(h"), Vi=1,2,... N. [ ]
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