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€ Numerical Differentiation
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© Elements of Numerical Integration
@ Composite Numerical Integration

© Romberg Integration

@ Gaussian Quadrature
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Numerical Differentiation

(0) = lim f(xo+h) — f(a?o).

h—0 h

Question

How accurate is

f(xo + 1) = f(2o),
A .

Suppose a given function f has continuous first derivative and f” exists.
From Taylor's theorem

1
fl@+h) = f(z) + f(@)h+ S £ (),
where £ is between x and x + A, one has

f'(z) = f(x+h})L_f(x) _ gf”(‘f) _ f(x+h})L_f(x) +O(h).
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Hence it is reasonable to use the approximation

flz+h) — f(z)

, I,
f/(a) m B
which is called forward finite difference, and the error involved is
h’ !/ h !/
= < — t)l.
e z\f ()] < 2te(T,iﬁh)‘f (?)|

Similarly one can derive the backward finite difference approximation

which has the same order of truncation error as the forward finite
difference scheme.
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The forward difference is an O(h) scheme. An O(h?) scheme can also be
derived from the Taylor's theorem

flrth) = f@)+ F)h+ o f )2+ 2 f" (@)’

6
flr—h) = f(2)~ f@)h+ 3" @h® — % (e

6

where &1 Is between x and x + h and & is between  and x — h. Hence

Fla+h) = oz — ) =2 () + £ [f"(&) + " (@)

and
h) — — h 1
ey = TEERTEZR) e + e
Let
M= zE[:cn—]g,);Jrh] / (Z) and - m = zE[:chILl:]:c+h] / (Z)
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If f"” is continuous on [x — h,x + h], then by the intermediate value
theorem, there exists £ € [x — h, x + h] such that

F(6) = 517" (&) + (&)

f'(z) = Sz + h)z_hf(x — h) B éf///(ﬁ)hz _ Sz + h)2_hf(3j — h) 4 O(hz).

This is called center difference approximation and the truncation error is

e| = —f 7€)
Similarly, we can derive an O(h?) scheme from Taylor's theorem for f”(z)

/" _f(:E—l—h)—2f(CC)—|—f(:E—h) 1 4
f"(w) = - SETTAU L

where & is between £ — h and x + h.
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Polynomial Interpolation Method

Suppose that (zg, f(x0)), (1, f(x1)) - -, (xn, f(x)) have been given,
we apply the Lagrange polynomial interpolation scheme to derive

P(z) =Y f(@i)Li(x)
1=0

where
@)= I =
=07t
Since f(x) can be written as
- 1
F@) = 3 F@) L) + g ),
i=0 '

where
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we have,

fla) = Yo nf@)Lie)+

Note that

Hence a reasonable approximation for the first derivative of f is
fl(x) = ) f(@:)Li(x).
i=0
When x = ;. for some 0 < k < n,

w(zg) =0 and w'(xg) = H (rp — ;).
i=0,ik
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flo) = > @) Lilen) + +1),f(”+1)(€w) [ Ger). @

1=0,1#£k

which is called an (n + 1)-point formula to approximate f'(x).
e Three Point Formulas

Since
(= 2) (2 — 22)
Folx) = (o — z1) (w0 — 72)
we have
20 — 1 — T
olw) = (zo — w1) (w0 — 22)
Similarly,

2T — X9 — I1
(2 — x0) (22 — 21)

2T — X9 — Io
(r1 — 20)(21 — 22)
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Hence

(.. . - | 2513]'—5131_332 | . 2:Cj—a:0—x2
Fles) = o) | e w0 —aay) TV [<x1—xo><x1—x2>]

20; — 10 — 1

_ - 2
+  f(x2) +éf(3)(€j) I (@5 —a),

(2 — @o) (w2 — @1)_ 5=0 kot
for each y = 0,1,2. Assume that

xr1 =9+ h and xp = xg + 2h, for some h # 0.

Then
i 2
Flao) = 4 |3 0e0) +21(00) = 35(w)| + 5 1O o),
Fla) = 3 [-380)+ 21| - 0
Fla) = %_§f(:vo)—2f(:v1)+§f(wz)]+§f(3)(£z)-
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That is

, 17 3 1 h? 3
Flao) = 4 =3 F(e0) + 2f(aa+ )~ 3w+ 21) | + 5 1O (&)
, o 1] 1 1 - h* .3 ;
Flaoth) = 3 |=5000) + 3o+ 2m)| - G 16) (3
i 2
Flao+2m) = 4 [5FG0) = 2f(zo+ )+ 3o+ 20)| + 5 7O E)a)

Using the variable substitution xq for g + h and x¢ + 2h in (3) and (4),
respectively, we have

flao) = o [-37(x0) +&f(xo +h) — flzo+2h)] + = 1 (). (5)
Fao) = o [-f(ro—h) + flwo+ )] — O (&)

2
flwo) = o [f(xo—2h) —4f(xo — )+ 37(ao)] + = /(). (6)

Note that (6) can be obtained from (5) by replacing h with —h.
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e Five-point Formulas

1
12h

h4
o r(5)

f’(:ljo) = [f(fl?o — 2h) — 8f(£l?o — h) + Sf(CUo + h) — f(ZEo + Qh)]

where £ € (zg — 2h, xg + 2h) and

f'zo) = 157 [-25f(xo) +48f(xo+ h) — 36f(zo + 2h)

4
+ 16 f(zo + 3h) — 3f(zo + 4h)] + %f@(ﬁ),

where £ € (ZEo, xro + 4h).
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Round-off Error

Consider

Flao) = o [-flao—h)+ flao+ 1)) — = (),

where %2]"(3)({1) is called truncation error. Let f(zg+ h) and f(zo — h)
be the computed values of f(xg + k) and f(xg — h), respectively. Then

f(zo + k) = f(zo + h) + e(xo + h)
and

f(zo — h) = f(zo — h) + e(zo — h).
Therefore, the total error in the approximation

f($o+h)—f(fl?o—h) e(zo + h) — e(xo — h) _h2

fi(wo) = " - o 6

(&)

Is due in part to round-off error and in part to truncation error.
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Assume that

e(zo £ h)| <e and [fP)(&)l < M.
Then

£ h?
< —4+ —M = :
_h-l— ; e(h)

f(zo + h) — f(zo — h)

f(wo) - o

Note that e(h) attains its minimum at h = /3¢/M.
In double precision arithemetics, for example, € ~ | f(xo & h)| x 1071°.

The minimum is O(vV Me2) = O(10710).
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