Hermite Interpolation

Given n + 1 data points g < 1 < - -+ < x,,, and

w) =f(wo) ) =f) ) = S )
) =) =) = S )
A = 19 z0) ) = F ) e ) = 1,
) ) )
mo + 1 conditions mj + 1 conditions --- m, + 1 conditions
for some function f € C™]a, b], where m = max{mg, m1,...,my,}.
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@ Determine a polynomial P of degree at most IV, where

N = (ig m/,,> +n, (5)

to satisfy the following interpolation conditions:
P )=y", k=0,1,...m;, i=01,...,n. (6)

@ If n =0, then P is the mgth Taylor polynomial for f at xg.

@ If m; = 0 for each ¢, then P is the nth Lagrange polynomial
interpolating f on xzq,...,x,.

@ If m; =1 for each 7, then P is called the Hermite polynomial.
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Theorem

If f € Ca,b] and xg, ..., z, €
least degree agreeing with f and [’ at xq, ...

la, b] are distinct, then the polynomial of
, Ty, IS unique and is given by

Hopi1(7) = Zf(x])H n,j (2) "‘Zf (25) nj(w)
where
Hnj(®) = [1 =2 — )Ly j(z5)] L2 j(2),  Huy(z) = (2 — 2)L3 ;(2),
and
() — (&= 20) (2 — B )(® — Tj4a) - (T — Tn)
Fni(2) (w5 — wo) -+ (xj — w1 )(wj — Tjga) -~ (x5 — @)

Moreover, if f € C°™*

f(z)

= Hopy1(z) +

2[a,b], then 3 &(x) € [a, b] s.t.

(z — :1:0)2 - (x —:cn)2
(2n + 2)!

FE+(¢(2)).
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Proof: The representation
Hopt1(z) = Zf(xJ)H n,j () "‘Zf (z5) nj(x)

suggests that it suffices to construct Hn](:c) and H,, ;(x) with

Hy j(z;) =1 o
(o) L )= ) =0 %)

and

ﬁn’j(xj)zo () — BT N ..
{ [:\Iq/z,j(afj) =1 Hn’j(xz) _Hn,j(xz) =0 Ifz#]’

It is easy to see that deg H,, ; < 2n + 1 and deg H,, ; < 2n + 1.
Since deg ng,j = 2n and

L?%,](w’&) = (L%g)’(wz) = 0,for i # g
We can simply seek for H, ;(z) and H, ;(x) of the form
Hy j(z) = (a(z — ;) + 0) LG j(x), Hnj(z) = (@(x — z;) +b)L7 ;(z)
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The coefficients a, b and @, b can be easily solved from the conditions
Hn,j(wi) = 1, H”;L,j(aji) =0,

and
Hyi(z:) =0, H) (z:) =1,

respectively. []
Proof of uniqueness:

@ Since deg(P) < 2n + 1, write

P(x)=ao+a1x+ -+ a2n+1x2”+1.

@ 2n + 2 coefficients, ag, a1, ..., as>,11, to be determined and 2n + 2
conditions given

P(:EZ) = f(ZEz), P/(QTZ) = f’(azi), for ¢ = O, 2 oo e

= 2n + 2 linear equations in 2n 4+ 2 unknowns to solve
= show that the coefficient matrix A of this system is nonsingular.
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@ To prove A is nonsingular, it suffices to prove that Au = 0 has only
the trivial solution u = 0.

o Au =0 iff
P(ZCZ) — O, P/(CEZ) — O, for 1 = O,...,n.

= P is a multiple of the polynomial given by

n

a(@) = ][ (@ — )"
i=0
@ However, deg(q) = 2n + 2 whereas P has degree at most V.
@ Therefore, P(z) =0, i.e. u=0.

@ That is, A is nonsingular, and the Hermite interpolation problem has
a unique solution. []
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Divided Difference Method for Hermite Interpolation

Given the 2n + 2 condition pairs

(3707 f(xO))v (:I?(), f/(ZEO))a (:Ela f(xl))7 (331, f/(xl))a T (Zlfn, f(.il?n)), (.CEn, f’(il?n

Rename the z-coordinates as zg, 21, , 2241, Where
0 — k1 — XQ,R”R2 — 23 = X1,y 7Z2n—|—1 — Z2n—1—2 — Inp.

Note that 29 < 21 < --- < zn. If 2; were distinct, then the unique
Hermite interpolating polynomial in Newton's form is given by

2n—+2
Hons1(z) = flzol + ) flz0,21, -, 2zl(x — 20)(x — 21) - - (& — 25-1).
k=1

When k > 2, z; # z; 11, the k-th divided difference is well defined:

flezivt, zivo, - Zik) — flai, ziv1, - - -, Zigk—1]

f[Zz', Ri+1y -+ Z’H—k] — Zitk — <4
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However the first divided-difference formula has to be modified since
20; = Zpja1 = x; for each 7. Let

€
29 = X, Zoiy1 = T T €.

and let ¢ — 0. Formally, it suffices to replace the first divided differences
by

flz2i, 22i41] == 6"_% flz2, Z§i+1] — f,(z2i) = f/(CCi)
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2 f(2)
20 = X0 flz0] = f(z0) _
fleo, #4] = L=l
21 = zo+e | flf] = f(2]) flzo, 21, 22] = f[zl’zi:ico[zo’zl]
Flz, 2] = flzal = flz]
) Z2—2;
2 =11 flze] = f(1) flet, 22, 23] = f[z2’z§3e]:£1£z“zz]
e1 _ flzs]=flz]
f[Zz, Z3] — §§_Z2 ) )
zz3 = z1+e | fl25] = f(23) 6 flz2, 25, 2a] = f[z3,z;3:£2[z2,z3]
flzs, za] = LS
2a = To Flza] = f(2) 25, 2z, 28] = f[z4,z;§]:£§[z3,24]
e1 _ [flzs]l=flz4]
f[Z4, ZS] — %_24
z5 = xo+¢€ | flz] = f(z5)
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As € — 0, 2] — 21 := xo, f[21] — f(®0), fl20,21] — flz0,21] := f'(x0),
etc.

2 f(2)

20 = o | flzo] = f(x0)

flzo, 21] = f'(xo)

21 =20 | fla] = f=o) flzo0, 21, 22] = f[zlvzjz]:zc)['zo?%]
flz1, 22] = f[z;]:fl[zl]

2 =11 | flz] = f(z1) flz1, 22, 23] = f[Z2aZ;j:£1[21,zz]
flz2, 23] = f'(21)

z3 =121 | flas] = f(21) flz2, 23, 2] = Lzel= Sl
Fles, za] = flza]— fls]

24— 23

2 = | flza] = f(z2) flz3, 2a, 25] f[247252:£3[23,Z4]

flza, z5] = f'(22)

25 =22 | flzs] = f(x2)

2n—+-2
Honi1(x) = flzo] + Z flzo0,21, -, ze)](x — 20)(x — 21) - - - (z — 2p_1)-
k=1
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