Elements of Numerical Integration

The basic method involved in approximating the integration

b
/ f(x)dz, (15)

Is called numerical quadrature and uses a sum of the type

/ f(x)dr ~ Z i f(x;). (16)
1=0

The method of quadrature in this section is based on the polynomial
interpolation. We first select a set of distinct nodes {zg, z1,...,x,} from
the interval [a,b]. Then the Lagrange polynomial

Pu(r) = 3 Fa) i) = Z ) H —
1=0 ’
J#'&

is used to approximate f(x). With the error term we have
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n (n+1) w
F(@) = Pa@) + Bu(2) = 3 f@) Li(w) + L — S T (0 - 22),
— (n+1)! P

where (, € [a, b] and depends on x, and

/abf(x) da /ab P () dz + /ab E,(z)dz

= S o) N de e Y (AT —
= L) [ Lot gy [ [T -

The quadrature formula is, therefore,

n

b b n b
/ f(2) de ~ / Pu(x)dz =3 f(z:) / Li@)de = ef(xi). (18)
a a i—0 a

1=0

where

ci:/abLi(x)dx:/abﬁ LT gy (19)

(//B. —_ a’;.
j=0
J71
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Moreover, the error in the quadrature formula is given by

B= /ﬂWH”«>fo—mww (20)
—(n+1)! ) x 11 ? 9

for some (, € [a, b].

Let us consider formulas produced by using first and second Lagrange
polynomials with equally spaced nodes. This gives the Trapezoidal rule
and Simpson'’s rule, respectively.

Trapezoidal rule: Let z¢ = a,x1 = b,h = b — a and use the linear
Lagrange polynomial:

Pi(e) = 70 g0y ¢ ETE0) gy

(o — z1) (1 — 7o)

Then

/a fla)e — / : [(‘” — ). ) + L) )| d

o, L(To— 1) (1 — x0)

5 [ 1@~ 2o} — ) (21)

X
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Theorem (Weighted Mean Value Theorem for Integrals)
Suppose f € Cla,b|, the Riemann integral of g(x)

b n
[ s@ds = tim 3" ()

max Ax; —0 4
1=1

exists and g(x) does not change sign on [a,b]. Then 3 ¢ € (a,b) with

[ s =1 [y

o

Since (x — xg)(x — x1) does not change sign on [xg, x1], by the Weighted
Mean Value Theorem, 3 ¢ € (xg, x1) such that

[ 5@t~ a0)e e = Q) [~ o) — a1

I1

3 h?
_ f”(C) [% _ L1 —;ZEO 332 —+ :EoiCliC] — _Ff”(C)'

Lo
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Consequently, Eq. (21) implies that

. T — x1)2 T — x0)> 1 3
[ s = |y )| - )

2(:60 — 331) 2(:61 — 5130) o

L1 — X0

h3 /!
— > [f(x0) + f(z1)] — Ef (<€)
h h3 7,
= 5 [f(x0) + f(x1)] — Ef (€),

which is called the Trapezoidal rule.

VA
v = flx)

7'?/5» = Py()

a=x, x=b X
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If we choose g = a, 1 = 3(a+b), 12 =b, h = (b—a)/2, and the
second order Lagrange polynomial

(z — x1)(x — x2) (z — x0)(x — x2)

Py(z) = f(zo) + f(z1)

(o — x1)(z0 — 22) (1 — zo)(x1 — 22)
T f(a2) (z — x0)(x — x1)

(r2 — z0) (22 — 71)

to interpolate f(x), then

Y A

v = fx)

w ¥
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ro — x1)(T0 — x2)

(z — zo)(z — 1)
Twr—wo)az — 1)’ (5”2)] e

[l m =) o) g

/bf(a:)dx _ /‘KE2 [((x—l’l)(l‘—@) F(0) + (z — xo)(x — x2)

0

Since, letting x = xg + th,

2 (- — 2¢t—1 t—=2
o)l =) 4 h/ Tl
2 (@0 — z1)(z0 — 72) o 0—1 0-2

h

2 , h
= — t© —3t+2)dt = =

2 (a8 = — 2t—0 t—2
= wo)le = x2) 4, / L2y
2 (@1 — x0)(21 — T2) o 1-0 1-2

2 4h
— —h/(t2—2t)dt:—,
0 3
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o L L 2 . . 1
/ (r — x0)(z — 21) g h/ t—0 ¢ o
2 (T2 — x0)(T2 — 71) 0 2—0 2-1

h [, h
= — [ (t*—t)dt= =

it implies that

[ s = [Erten) + 25t + 2o
4 /xz (x — xo)(x — 21)(T — 22)

: fO(@)da.

which is called the Simpson’s rule and provides only an O(h*) error term
involving f3). A higher order error analysis can be derived by expanding f
in the third Taylor's formula about 1. V « € [a,b], 3 {; € (a,b) such that

0

flx) = f(2z1) + fl(z1)(z —21) + f//(;l) (z — x1)2
_I_f”,(xl)

(4)
- 3 f (CZL‘) (ZC —5131)4.
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b / T 4 T
f(ZC)dCC _ [f(xl)(x_xl)_l_ f(2 1)(£C—CC1)2—|— f (61)(37_561)3
e s b
0wt |+ g [ 196 - m2)* da

Note that (b — z1) = h, (a — 21) = —h, and since (x — x1)* does not
change sign in [a, b], by the Weighted Mean-Value Theorem for Integral,

there exists &1 € (a, b) such that

b (4)
/bf(4)(<x)($—ﬂf1)4dx: f(4)(€1)/ (33—331)4 Ay — 2f 45(51)h5.

Consequently,

b 1" (4)
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Finally we replace f”(x1) by the central finite difference formulation

fzo) = 2f (1) + fz2) f© )(52)

[ (1) = h2 12

for some & € (a,b), to obtain

b
/ fe)dz = 2hf(m)+ 3 (F(z0) —2/(x2) + f(x2)

f(4)(§2) f(4)(§1)
36 60

= h [gf(ib‘o) + %f(ﬂ?l) + %f(l’z)]

1 (3 5
= |2 f(4) _ Z (4 5
3 [2f (&) = 5f (52)] h”.
It can show that there exists £ € (a, b) such that

fOE) 5
90

/ fla) dr = 3 [f(xo) +4f(e1) + f(2)] -

This gives the Simpson's rule formulation.
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Definition
The degree of accuracy, or precision, of a quadrature formula is the largest
positive integer n such that the formula is exact for z*, when

Ek=20,1,...,n.

@ The Trapezoidal and Simpson’s rules have degrees of precision one
and three, respectively.
@ The degree of accuracy of a quadrature formula is n if and only if the

error £ = 0 for all polynomials P(x) of degree less than or equal to
n, but £ # 0 for some polynomials of degree n + 1.
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Newton-Cotes Formulas

Definition (Newton-Cotes formula)

A quadrature formula of the form

b n
/ fa)de ~ S eif (x:)
a i=0

is called a Newton-Cotes formula if the nodes {xg, x1,...,x,} are equally
spaced.

Consider a uniform partition of the closed interval [a, b] by

x;=a+1th, 1=0,1,....,n, h= :

where n is a positive integer and h is called the step length.
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By introduction a new variable ¢ such that x = a + ht, the fundamental
Lagrange polynomial becomes

L —x; L a+ht—a—jh t—9
Lz’ — L= = ;| 1t).
() Ha:i—a:j Ha—l—zh—a—]h H = wilt)

7=0
JFi J#z JFi

Therefore, the integration (19) gives

/L(x)daj—/o (1)t = / ::jdt, (22)
J#z

and the general Newton-Cotes formula has the form

n

B b
[ s dx—hzfm) /] f_jdt+(nj1)! [ 109 [
975@

1=0
(23)
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Theorem (Closed Newton-Cotes Formulas)

Suppose that > " o a;f(x;) denotes the (n + 1)-point closed
Newton-Cotes formula with o = a,x, =b and h=(b—a)/n. Ifn is
even and f € C""?[a,b], then

hn—|—3f(n—|—2)

b n 5 n
/af(a:)d:c:hiz;aif(%)Jr L [ - na
(24)

and if n is odd and f € C""[a,b], then

hn—l—Qf(n—l—l)(g) n
(n+1)! 0

b n
[ $@yde =nY" aif(w) + - 1) (- )t
¢ i=0

(25)

n

where ¢ € (a, b) andozz-:/ 1] - Jdt fori=0,1,....n.
0 =0, j#i

t =17
Consequently, the degree of accuracy is n + 1 when n is an even integer,
and n when n Is an odd integer.
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@ n = 1: Trapezoidal rule

b b—a h3
[ f@)de =20 @) + 100 - 1€, a <€ <.

@ n = 2: Simpson's rule

FA(€)
90

° 1 4 1
/ f(x)dx =h lgf(afo)+§f(w1)+§f(:vz) = h°, a < & <b.
@ The error term of the Trapezoidal rule is O(h3).

@ Since the rule involves f”, it gives the exact result when applied to
any function whose second derivative is identically zero, e.g., any
polynomial of degree 1 or less.

@ The degree of accuracy of Trapezoidal rule is one.

@ The Simpson's rule is an O(h°>) scheme and the degree of accuracy is
three.
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Another class of Newton-Cotes formulas is the open Newton-Cotes
formulas in which the nodes

x; =x9+th, :1=0,1,...,n,

where
b—a
n+2’

ro=a+h and h=

are used. This implies that x,, = b — h, and the endpoints, a and b, are
not used. Hence we label a = x_1 and b = z,,..1. The formulas become

g Ln+1 n
[ = [ e~ 3 afte)

1

where

b
ai:/ Li(x)dx.

The following theorem summarizes the open Newton-Cotes formulas.
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Theorem (Open Newton-Cotes Formulas)

Suppose that > ", a;f(x;) denotes the (n + 1)-point open Newton-Cotes
formula with x_1 = a, tn41 =band h=(b—a)/(n+2). If n is even and
f € C""2[a,b], then

hn—l—3f(n—|—2) (5) n+1

(n 7 2) y t2(t—1)--- (t —n)dt,

b n
/ fa)de =S aif(ai) +
¢ i=0

(26)
and if n is odd and f € C""[a,b], then

hn+2f(n—|—1)(§) n-+1

b n
/ fl@)de =hY o f(a) + t(t—1)---(t —n)dt,
a i=0

(n+1)! -1
(27)
Whereﬁé(a,b)andozz-:/ ——dt fort =0,1,...,n.
1 P 2y |
j=0,571

Consequently, the degree of accuracy is n + 1 when n is an even integer,
and n when n Is an odd integer.
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The simplest open Newton-Cotes formula is choosing n = 0 and only using
the midpoint xg = “TH’. Then the coefficient and the error term can be
computed easily as

1 /"
a0:/ dt =2, and hf (5)/ t2 dt = —f”(§)h3

—1

These gives the so-called Midpoint rule or Rectangular rule.
Midpoint Rule:

a+b

b
[ F@)dz =2nf (o) + 37O = (- a)f (") + 3 £OR, (29

for some £ € (a,b).
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