Divided Differences

@ Neville's method: generate successively higher-degree polynomial

approximations at a specific point.
@ Divided-difference methods: successively generate the polynomials

themselves.
Suppose that P, (x) is the nth Lagrange polynomial that agrees with f at
distinct xg, x1,...,x,. Express P,(x) in the form
P,(z) = ag+ai(x —x9)+ az(x — zo)(x — x1) + - -

+an(x — x0)(x — 1) -+ (x — Tp1).
@ Determine constant agp:
ao = Pp(70) = f(xo)

@ Determine az:

~ flz1) — f(fl?o).

f(z0) +ai(z1 — @o) = Palz1) = f(21) = a1 = T1 — T
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@ The zero divided difference of the function f with respect to z;:

flzi] = f(=:)

@ The first divided difference of f with respect to x; and x;11 is
denoted and defined as

f[xia xH-l] —

flziva] — flad]

Li+1 — Ly

@ The second divided difference of f is defined as

Li4+1s L2 — ;s Lit1
Flis, Tian. o] = flziv1, wiva] — flzi, i ].

Li+2 — Ly
@ The k-th divided difference relative to x;, x;11, ..., ;1% IS given by
. f[xi—l—la Lity2y ... aiUz'+k] — f[iUz', Litly--- ,$i+k—1]
fles, i1, .oy zigr] = -
Litk — Ly
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As might be expected from the evaluation of ag, a1,...,a, in P,(x), the
required coefficients are given by

ar = flxo, 21, .., Tk, k=0,1,...,n.

Therefore P,(x) can be expressed as

Po(z) = flzo] + Y  flwo, x1,. .., m)(z — zo)(z — 21) -+ (¥ — 2p—1).
k=1

This formula is known as the Newton's divided-difference formula.

XI; k = 0 k=1 k=2 k = 3
zo | flwo]
> flzo, 71]
r1 | flz] > flzo, 21, 22]
> flz1, x2)] > flzo,x1, 2, 23]
i | il > flr1, 22, 23]
> flxa, z3]
r3 | flzs]

Table: Dependency diagram of Newton's divided differences.
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Newton's Divided Difference

Step 0 INPUT (20,%0), -, (Tn,yn)- Set Foo = Yo, - , Frno = yn.
Stepl. Fori=1,2,---.,n
For k=1,2,--- ,1
Fir = Fi’k;:ii__;’k_l Fip = flzig, - 2z])
End k&
End 2
Step 2. OUTPUT FO,07F1,17 R ,Fn,n (Fi,z' — f[aio, I ,337;]), STOP.
XI; k=20 k=1 k=2 k=3
ro | flzo]
>
T > flxo, x1, 22]
> flry, 22 > flzo, x1, 22, 23]
z2 | flz2] > flzy, w2, 23]
> flzz, z3)
r3 | flzs]

Table: Divided differences generated from left to right, then from top to bottom.

Red: + = 0; green: ¢ = 1; blue: 7 = 2; black: 7 = 3.
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Newton's Divided Difference (Storage Saving Version)

Step 0 INPUT (QZO,y())," | 7(xn7yn)- Set FO — Yo, - 7Fn — Yn-
Stepl. Fork=1,2,---.,n

Fori=n,n—1,---,k
End ¢
End k&

Step 2. OUTPUT Fo,Fl, s ,Fn (Fz = f[xo, s ,ZIZ@]), STOP.
z; | k=0 k=1 k=2 k=3
zo | flxo]

>
X1 > f[SUo,CUl,CUQ]

> f[iUl,CEQ] > f[$0,$1,$2,$3]
T2 | flzo] > flx1, 22, 23]

> flxo, 3]
r3 | flzs]

Table: Divided differences generated from bottom to top, then from left to right.
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Example
Given the following 4 points (n = 3)

yi | 1

find a polynomial of degree 3 in Newton's form to interpolate these data.

1 3 5
2 6 7

y

Solution:

r, | k=0 k=1 k=2 k=3
0 1

> 1
1| 2 > 3

> 2 > — L5
3| 6 > —3

> 3
5 I

1 17
Therefore, P(x):1—|—x—|—§x(x—1)—on(:v—l)(a:—3).
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Theorem (11)

Suppose f € C"[a,b] and xg, x1,...,x, are distinct numbers in |[a,b].
Then there exists £ € (a,b) such that

™€)

nl

f[x07x17---7xn] —

Proof: Define
9(z) = fz) = Po(x).
Since P,(x;) = f(x;) fort =0,1,...,n, g has n + 1 distinct zeros in
la, b]. By the generalized Rolle's Theorem, 3 £ € (a, b) such that
0=g"(€) = f(€) - BM(©).
Note that
P () = nl flzg, 21, . . ., 2n]-

As a consequence

39
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Let
Ty — X0 .
h=— = T;11 — T4, 1 =0,1,....,n—1.
n

Then each x; = o +ih, i =0,1,...,n. For any = € [a, b], write
xr = xg + sh, s € R.

Hence x — x; = (s — ¢)h and

Pp(z) = flzo] + Zf[$07$17 - x] (T — zo)(x — 21) - (T — Tp—1)
k=1
= f(zo) + Y flwo,x1,. .., m](s — 0)h(s — L)h--- (s — k + 1)h
k=1
= f(zo)+ Y flwo,21,-..,mks(s — 1)+ (s — k + 1)h*
k=1

= f(xo)+Zf[xo,xl,...,xk]k!(]i)hk, (4)
k=1
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@ [he binomial formula

<Z> _ 3(3—1)--];!(3—/%1)

@ The forward difference notation A
Af(ai) = f(zip1) — f(z3)
and for: =0,1,....,n—1,
AP f(x) = A f (i) — AP fag) = A (Ak_lf(fﬁi)) -
@ With this notation,

f(x1) = f(zo) 1

flxo,x1] = —— — EAf(xO)
f[xnyl, CC2] _ f[371; 33;2] : i(l;ibo,xl]
lAf(xl) — lﬁf(ajo) 1
_ h A 1
; 2h _ 2h2A f(xO),
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@ In general

1
k! h¥

f[x()axla"')xk] — Akf(x‘o)

@ [he Newton forward-difference formula:

P(x)—f(xo)+2( ) (o).

e If x is close to g, the first few terms in the above summation also
gives good lower degree interpolating polynomials.
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@ In case x is close to x,,, we could rearrange interpolation nodes as
LnyLn—1,y--.,L0-
Pn(x) — f[wn] + f[xna mn—l](x — xn)
+flzn, Tn-1, Tn—2](z — zn)(x — 2p—1) + - -
+flxn, ..., xol(z — zp)(x — xp_1) - (x — x1).

@ If the nodes are equally spaced with

Ty — T0 .
h= " : r; = xn — (n —1)h, x = X, + sh,
n

then

Po(z) = flon]+ ) fl#n Tnot1,- .., Tp_g)sh(s + Dh---(s+ k — 1)h
k=1

= flzn) + Z flen, Tn-1, ... ,xn_k](_l)kk! <_]j> Bk
k=1

@ The first few terms in the above summation gives good lower degree
approximation for x near x,,.
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@ Binomial formula:

—$ —s(—s—1)---(—s—k+1 s(s+1)---(s+k—1)
(k): ( )k!( )~ -1y k! |

@ Backward-difference:
VEf(z) = Vi (@) = Vo (o) = V (Vk_lf(fﬂi)) :
then

flan tnal = VI @a), fln 21 20m] = 55V f (),

and, in general,

1
f[xnv Ln—1,--- ,CUn_k] — L1k ka(xn)

@ Newton backward-difference formula:
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