MATH 543
METHODS OF APPLIED MATHEMATICS I
First Homework Set

For September 28, 2009

QUESTIONS

1. In an inner product space, we define the norm of an element z of a vector
space X to be ||z|| = /< x,z > (we use the notation of the lecture notes).
Prove the following

a. ||z|| > 0if x # 0.
b. [[az|| = |a|l|z]].

c. | <zy>|<|zl|lyll-

d. [lz +yll <|lz] +[ly]|.

N+ yl?+ [z = yl? = 2/]2|* + 2[|y[ >

f. If <,y >=0, then ||z + y||*> = ||z||* + ||y]|>.

@

Remark: Inner Product Spaces. Let X be a linear vector space over the
C. Let x,y,z € X and a. Then an inner product space X over the complex
numbers with an inner product <, > satisfy the following conditions

< x,y > is a complex number.
< xy >=<y,T >.
<ax,y>=a<z,Y >.
<z, >>0ifx #0.
<zHy,z>=<z,2>+ <Y,z >.
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2. Show that the space Cla, b] with sup norm is a Banach space (a complete
normed space).

3. Show that the space C[a,b] with L? norm is not Banach space (a com-
plete normed space). Prove this by counter example. Let the interval be
I = [—1,1] and define a sequence fi(z) as



fulz) =1, for 1 <z <1,
filz) =12 for =L <z <4
fulz) =0, for -1<z<—1

Prove that this is a Cauchy sequence but does not converge to continuous
function.



