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1. Let S be an infinite dimensional inner product space. State and prove
the theorem on Bessel’s inequality.

2. Let Pn(x), (n = 0, 1, 2, · · ·), x ∈ [−1, 1] with the weight function w = 1 be
the Legendre polynomials where the Rodriquez formula is given by

Pn(x) =
(−1)n

2n n!

dn

dxn
(1− x2)n

where

Pn(x) = knx
n + Poln−2(x), kn =

(2n)!

2n (n!)2

Here Poln−2(x) is a polynomial of degree less or equal to n− 2. Furthermore
||Pn||2 = 2

2n+1
. Prove the following:

a)
(1− x2)P ′′

n − 2xP ′
n + n(n + 1)Pn = 0

b)
(n + 1)Pn+1 = (2n + 1)xPn − nPn−1

c) ∫ 1

−1
P5(x) P3(x) P2(x)dx =

5

231

3. Consider the following sequence:

hn(x) =


0 if x ≤ −1

n
(nx+1)

2
if −1

n
≤ x ≤ 1

n

1 if x ≥ 1
n

(a) Prove that hn(x) → θ(x) where θ(x) is the step function and

(b) dhn(x)
dx

→ δ(x). Hence formally we may write that dθ(x)
dx

= δ(x)
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