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QUESTIONS: Choose any three out of the following four problems
1a. Prove that any orthonormal family |ei >, i = 1, 2 · · · in L2

w(a, b) is
linearly independent,
1b. Let |f > and |g > be in L2

w(a, b) prove that | < f |g > | < ∞,
1c. Prove that the set of independent vectors |ei > (i = 1, 2, ...) form a basis
of L2

w(a, b) if and only if the Fourier coefficients with respect to the basis
|ei > satisfy Parseval’s relation

2. Define Tn(x) = cos(n cos−1 x), n ≥ 1, T0 = 1. Show that
a) Tn(x) is an n-th degree polynomial
b)

∫ 1
−1 Tn(x)Tm(x)(1− x2)−1/2dx = 0 when m 6= n,

= π/2 when m = n
c) Tn+1(x) = 2xTn(x)− Tn−1(x)
d)(1− x) d2

dx2 Tn(x)− x d
dx

Tn(x) + n2Tn(x) = 0

3. Consider the following sequence:

hn(x) =


0 if x ≤ −1

n
(nx+1)

2
if −1

n
≤ x ≤ 1

n

1 if x ≥ 1
n

(a) Prove that hn(x) → θ(x) where θ(x) is the step function and

(b) dhn(x)
dx

→ δ(x). Hence formally we may write that dθ(x)
dx

= δ(x)
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4. Prove the following:
(a) Let f(x) be a good function then its Fourier transform is also a good
function.
(b) Let f(x) be a good function. Then

G(t) =
1√
2π

∫ ∞
−∞

f(x) e−itx dx

implies

f(x) =
1√
2π

∫ ∞
−∞

F (t) eitxdx
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